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A Nonlinear Integral Model of Electron Devices for
HB Circuit Analysis
Fabio Filicori, Giorgio Vannini, Student Member, IEEE, Vito A . Monaco, Senior Member, IEEE
Abstract-A technology-independent large-signal model of
electron devices, the Nonlinear Integral Model (NIM), is proposed. It is rigorously derived from the Volterra series under
basic assumptions valid for most types of electron devices and
is suitable for Harmonic-Balance circuit analysis. Unlike other
Volterra-based approaches, the validity of the NIM is not limited to weakly nonlinear operation. In particular, the proposed
model allows the large-signal dynamic response of an electron
device to be directly computed on the basis of data obtained
either by conventional measurements or by physics-based numerical simulations. In this perspective, it provides a valuable
tool for linking accurate device simulations based on carrier
transport physics and Harmonic-Balance circuit analysis algorithms. Simulations and experimental results, which confirm
the validity of the Nonlinear Integral Model, are also presented.

I. INTRODUCTION
HE development of Monolithic Integrated Circuits for
microwave applications [ 11-[4] is strongly dependent
on the availability of efficient and reliable CAD tools,
since post-processing tuning is very difficult or practically
impossible in MMIC’s. At present, state-of-the-art CAD
approaches [5]-[ 181, implemented in commercially available software packages, provide efficient tools for the performance evaluation and optimization of MMIC’s. Electron device modeling plays a very important role in this
context, since device performance prediction is the basic
step for reliable circuit design. In this perspective, physics-based electron device models [ 191-[25] are a valuable
tool since they provide a direct link between physical parameters and electrical performance, by taking into account the basic equations of charge transport in semiconductors. In particular, the capability of predicting the
influence of technology-related parameters on circuit performance is important for optimal “tailoring” of devices
and for production yield optimization [ 171, [ 181. Unfortunately, accurate numerical solution of the physical device equations is highly time-consuming since it involves
two- or three-dimensional discretization of nonlinear partial derivative equations. Computational problems are
particularly relevant in the case of nonlinear circuits,
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where many repeated evaluations of the device response
are needed in the iterative procedures for nonlinear circuit
analysis.
For the above reason numerical device analysis can only
be carried out “off line” with respect to nonlinear circuit
analysis, so that intermediate “behavioral” models are
needed for the computationally efficient linking of numerical physics-based models with circuit analysis tools
based on Harmonic-Balance (HB) techniques [6]-[8],
[ 161. To this end, “lumped” nonlinear equivalent circuits
[3], [26]-[29], which have the advantage of being not only
computationally efficient but also sufficiently accurate and
reliable in most cases, can be derived from the results of
numerical device simulations [2 11. However, when largesignal operating conditions at microwave frequencies are
considered, the identification of a nonlinear equivalent
circuit is a relatively complex task. Owing to the presence
of important nonlinear and parasitic phenomena, it can be
rather difficult to identify the “lumped” equivalent circuit structure that best describes the electrical behavior of
an electron device. Moreover, the “lumped” representation itself may not be sufficiently accurate, especially at
very high frequencies, where it also may be necessary to
consider “distributed” phenomena.
For the above reasons suitable approximation procedures, possibly based on numerical optimization, are
needed to determine the parameter values which best “fit”
an equivalent circuit to the electrical device characteristics. The need for special-purpose procedures to extract
equivalent circuit parameters from numerical device simulations has the disadvantage of introducing an “indirect, complex link.between physical device parameters
and circuit performance. Moreover, the topology of
equivalent circuits is strictly related to the particular
structure of each type of electron device, so that the intrinsic flexibility of general purpose numerical device
simulators is somehow lost. A better solution to the problem would be a general-purpose (i.e., purely mathematical [32], [33]) behavioral modeling approach that does
not necessarily involve “lumped” approximations of the
frequency-domain device response.
In this paper a technology-independent approach, which
does not require complex parameter extraction procedures, is proposed for the circuit-oriented modeling of
electron devices. It is based on the “Nonlinear Integral
Model” (NIM) that is derived from the Volterra series by
applying suitable consideration valid for most types of
electron devices. In particular, the NIM allows the largesignal dynamic response of electron devices to be directly
”
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computed on the basis of bias- and frequency-dependent
small-signal admittance parameters and dc characteristics; these can be either directly measured or computed by
“off-line” physics-based device simulations.
The paper is structured as follows. In the next section,
after briefly recalling the Volterra series, the Nonlinear
Integral Model is derived. In Section I11 the identification
of the NIM and its practical application to Harmonic-Balance circuit analysis is discussed. Finally, some practical
results, which confirm the validity of the modeling approach proposed, are presented.
11. THE NONLINEAR
INTEGRAL
MODEL
The difficulties related to circuit-oriented large-signal
modeling of microwave electron devices are mainly due
to the simultaneous presence of nonlinear and dynamic
phenomena. By considering, for simplicity, a single port
device’, the terms “nonlinear” and “dynamic” imply
that the current i(t) at any time instant t is nonlinearly
dependent not only on the applied voltage u(t) at the same
instant, but also on past values u ( r ) in the time interval
t - 7, Ir < t , where r, represents the practically finite
duration of the “memory” effects associated with dynamic phenomena in the active device (e.g., charge-storage effects, carrier transit times, etc.). The relation between the parameter r m and the high-frequency, largesignal performance of an electron device will be discussed
in the following.
The most general, rigorous modeling approach for systems characterized by nonlinear dynamic phenomena is
the well-known Volterra series [34]-[38]. This approach
is based on the description of the nonlinear dynamic effects by means of multi-dimensional convolution integrals
which can be considered to be a generalization of the onedimensional convolution integral for dynamic linear systems; the nonlinear effects, in particular, are described by
means of a multi-dimensional integral polynomial representation which is analogous to the Taylor series expansion for purely algebraic nonlinear systems. On these
bases the current/voltage response of a single-port device
under large-signal operation can be expressed in the time
domain by means of the Volterra series:

where the integration interval is limited to the practically
finite duration r, of the “memory” effects in the device.
The functions h, ( r l , . . . , r,), which are known as Volterra kernels of order n , represent multi-dimensional impulse responses which describe the dynamic nonlinear
characteristics of the device.
The Volterra series can be efficiently used only when
weakly nonlinear operation is considered since, in such
conditions, the finite number N of kemels h, which are
required in order to have a good approximation of series
(1) is small (typically N = 3 - 5 ) [36]-[40]. When the
amplitude of the signals becomes large with respect to the
nonlinearities of the device, the number N of kemels
which must be taken into account substantially increases
and the Volterra modeling approach becomes impractical.
Moreover, at microwave frequencies, suitable instrumentation for the measurement of the kernels [32], 1391, [40]
is still lacking; this limits the practical usefulness of the
Volterra series.2
In order to improve the convergence properties of the
Volterra series in the case of electron device modeling, it
is convenient to define the “dynamic deviations” :
e(r,, r ) = u(r,) - u(t)

i

1, 2,

=

..

(2)

between the voltages u ( r , )at the time instants r, < t and
the voltage u(t). In particular, by using (2), ( 1 ) leads to
the Nonlinear Integral Series3:

where the functions F D C and gk are related to the Volterra
kernels h, (see Appendix) by
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‘The following mathematical development can also be made for multiport devices as shown in the Appendix.
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In spite of this drawback, the Volterra series has been used for microwave circuit design, by means of analytical or numerical calculation of the
keyels [ 3 2 ] , [36], [ 3 7 ] .
The mathematical demonstration is given in the Appendix for the more
general case of a two-port device.
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with:

(l)

n!
=

(n - k ) ! k ! ‘

The nonlinear function F D C in ( 3 ) , coincides with the
static characteristic of the device since, in dc steady-state
operation, the terms e(Tl,t ) = u ( T , ) - v ( t ) in the integrals
are identically zero. So, the strictly dynamic phenomena
are described by the multi-dimensional convolution integrals in terms of the nonlinearly voltage-controlled impulse-response gk and the voltage dynamic deviations
e ( ~t )~. ,
Equation ( 3 ) provides fast convergence when the dy, small enough since, in such
namic deviations e ( ~t )~are
conditions, the multi-dimensional integrals quickly decrease; this happens even in the presence of large-voltage
amplitudes, provided that the practically finite duration r,
of memory effects is sufficiently small. This condition, as
will be shown in the following, is satisfied for the most
common types of electron devices in typical analog applications. In particular, even under large-signal and
strongly nonlinear operating conditions, the dynamic deviations C ( T ~ ,r) are almost always small enough to make
negligible the integrals of dimension greater than one in
( 3 ) ;this leads to the following equation:
i(t>= FDC{v(t)) +

1‘
f

gl

-

- i-In

7)

~ ( t )dr
]
(6)
which defines the Nonlinear Integral Model and consists
of a single-fold convolution (nonlinearly controlled by the
instantaneous voltage v ( t ) ) with respect to the voltage dynamic deviations e(7, t ) = U ( T ) - v(t).
In order to understand why the voltage-controlled
expression (6) can correctly describe even the strongly
nonlinear response of an electron device, a few considerations, besides the experimental and simulated results
given in Section IV, are needed. To this end, it should be
taken into account that any spectral component V(U) of
the voltage v(t) gives a contribution to the dynamic deviation U ( T ) - v(t) which can be expressed in the form
Re { V(w)[eJ“‘ - e’““]); clearly, this contribution may
have a small amplitude, even for a large amplitude of
V(U), provided that the “short-term” memory condition:
[u(T)

-

max ( t -

T) =

r,

<<

1

U

(7)

holds for any angular frequency w where large-amplitude
voltage spectral components (i.e., large enough to stimulate nonlinear behavior) are present. Thus, it can be said
that the NIM (6) is valid provided that r, << l/BLs,
where BLs represents the large-signal bandwidth of the
applied voltage (that is, the maximum angular frequency
where spectral components V(U)are present with an amplitude large enough to directly stimulate nonlinear behavior in the electron device). It should be noted that sim-
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ply considering the maximum angular frequency U,,, of
v(t) (i.e., the maximum frequency where non negligible
spectral components can be found) would have been more
restrictive than strictly necessary. In fact, in order to
guarantee the validity of (6), inequality (7) must be satisfied only for large-amplitude spectral components; no
constraint needs to be imposed on those spectral components whose amplitude is not large enough to autonomously generate nonlinear behavior4, although the same
amplitude is not negligible for accurate circuit analysis
(owing to important reactive phenomena).
Under typical large-signal operating conditions, the
amplitude of the higher-order signal spectra components
decreases quite quickly with increasing frequency, so that
BLs does not usually exceed the second- or third-order
harmonic component of the fundamental frequency ; consequently, for typical applications of electron devices, BLS
will not generally be much higher (i.e., it has the same
order of magnitude) than the maximum operating frequency given by the manufacturer.
The “short-term” memory condition r, << l/BLs is
verified for most types of electron devices when described
in a voltage-controlled form. This property, which can be
intuitively explained by considering that nonlinear dynamic effects in electron devices are mainly associated
with voltage-controlled charge-storage phenomena or very
short transit times, is also confirmed by experimental evidence. For instance, the duration of the current transient
responses to voltage pulses applied either to the source or
gate terminals of GaAs MESFET’s, is generally much
smaller than the inverse of the typical operating frequency
given by the manufacturer (see for instance Figs. 1 and 2
where the gate and drain current responses to an ideal
voltage pulse applied to the gate are shown for the devices
in Table I).
Similar results can be found for other electron devices
(e.g., bipolar transistors, junction diodes, etc.) provided
a voltage-controlled description is used and the intrinsic
device (i.e., the “active” part of the device) is not subject to dominant parasitic effects; this is generally true for
devices used in monolithic circuits or discrete devices in
“bare-chip’’ form. In the case of packaged discrete devices, the package parasitics may slow down the impulse
response of the device and make the assumption of shortterm memory not completely acceptable for very high operating frequencies; under such conditions good accuracy
can still be achieved with the NIM provided that conventional techniques for “deembedding” from the linear parasitics are used [ 3 ] .
The above discussion of short-term memory effects
should not lead to doubts about the capability of the NIM
to take into account reactive effects in an electron device
under typical high-frequency nonlinear operation. In fact,
although the current responses to ideal voltage pulses are
‘It must be emphasized that (6) is intrinsically “exact” in small-signal
operation, since, under such conditions, it reduces to the linear convolution
integral.
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class of "short-memory'' effects, such as the low-frequency dispersion of electrical characteristics in GaAs
electron devices. In particular, under small-signal operation, the NIM is intrinsically exact whatever frequency of
operation is considered; this applies also for low-frequency dispersion phenomena. As far as the direct influence of these phenomena on the large-signal performance
of an electron device is concerned, theoretical considerations and experimental results confirming the validity of
the NIM are given in [41].
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Fig. 1 . Gate current responses to a gate voltage pulse for the GaAs MESFETs in Table I. The responses have been normalized to their peak value
in order to make the comparison between different devices easier.
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111. THE NONLINEAR
INTEGRAL
MODELFOR HB
CIRCUITANALYSIS
The Nonlinear Integral Model described by (6) could
be used for time-domain circuit analysis by applying conventional numerical integration techniques [8]. However,
when microwave applications are considered, circuit
analysis is more conveniently carried out in the frequency
domain by means of Harmonic-Balance techniques [6][8], [16]. It can easily be shown that (6) can be written,
by applying well known properties of the Fourier transform, in a new form which is particularly suitable for HB
circuit analysis. To this end, by considering the Fourier
transforms V(w) of v(t),and GI { v ( t > , U } of gl { v ( t ) ,7):

MWT3HP
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P Tm
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Tm

0
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8
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time (ps)

Fig. 2 . Drain current responses to a gate voltage pulse for the GaAs MESFETs in Table I. The responses have been normalized to their peak value
in order to make the comparison between different devices easier.
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GI { v ( t ) ,o>v(w)e'"' do

(10)

where the time-domain convolution has been expressed as
the inverse Fourier transform of the product GI (v(t>,
U > V(w).
By taking into account (9) and letting:
f{v(t),

very fast, this does not mean that reactive effects are
somehow neglected or underestimated; roughly speaking,
reactive effects are related not only to the duration of the
pulse responses, but also to the area of those responses
which can be very large due to the extremely high displacement currents corresponding to ideal voltage pulses.
Equation (6) can be directly used in the case of multiport devices, as shown in the Appendix, by interpreting
the functions FDc, g, and i(t), v ( t ) respectively as matrices
and vectors of suitable dimensions.
The Nonlinear Integral Model can also take into account certain other phenomena which do not belong to the

(9)

and developing the product inside the integral in (6), the
latter can be written in the form:

TABLE I
TYPICAL
OPERATING BANDAND CURRENTGAIN
CUTOFF FREQUENCY fjGIVENBY THE MANUFACTURER
FOR GaAS MESFET's

Device

g , ~ t )71, e - - j a T d7

U>

=

=

GI { ~ ( t )a}
,
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-

GI {NO, 0 )

Tm

g , { v ( t ) , 71 [ e - j a r - 11 d7

(11)

(10) becomes:
i(t) =

FD, { U ( [ ) }

+ 2~

S

+m
-m

P(v(t),U } V(o)e'"' do

When we are concerned with Harmonic-Balance circuit
analysis, discrete-spectrum voltages and currents are considered which can be expressed by means of the well-
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known Fourier representations:

This type of characterization can easily be obtained when
a suitable tool for the physics-based simulation of semi+P
+P
conductor devices [ 191-[21] is available. The identificai(t) =
IpeJWPf,v(t) =
VPeejWp‘ (13) tion of model (14) can be carried out also on the basis of
p = -P
p = -P
experimental data (e.g., bias-dependent S-parameters and
where P represents the practically finite number of har- dc characteristics). The availability of automatic network
monic components, while Vp and V - , = V z (and, analo- analyzers and automatic dc source/monitor equipment
gously Ip and I - , = I ; ) are complex conjugate phasors at makes this task relatively simple.
Once the dc characteristic F D C and the small-signal adthe angular frequencies up and w P p = -up (with wo =
mittance Y have been computed (or measured), (14) and
0)*
Under such conditions, (12) can be more conveniently (16) can easily be used, by applying suitable interpolation
techniques6, for large-signal performance prediction in the
expressed in the Harmonic-Balance oriented form5:
framework of Harmonic-Balance circuit analyses.
+P
The simplicity of identification which characterizes the
i(t) = C I p e j W p f
Nonlinear Integral Model, makes it very suitable for use
p = -P
with physical simulators in order to obtain a computationi P
ally
efficient link between accurate physics-based device
= FD,(v(t)}
E(v(t), u p }VpejWPt. (14)
p = -P
simulations and HB circuit analysis, Moreover, in comThe term P i n (14) represents a voltage-dependent “dy- parison with equivalent circuit models, it presents several
advantages. In small-signal operation, the NIM reduces
namic” admittance which describes the purely dynamic
to
the small-signal admittance parameters directly comphenomena in the device, since for w = 0, according to
puted (or measured). Thus, under small-signal condi(1l), y{ v(t), U } = 0. The dynamic admittance P is nonlinearly dependent only on the instantaneous voltage ~ ( t ) ; tions, the model proposed does not require any approximation of the frequency response of the device, and is
this is justified by the hypothesis of short-term memory
intrinsically exact7. It must be observed that when a
and is consistent with similar assumptions used in the de“lumped” equivalent circuit model is adopted the frerivation of some nonlinear equivalent circuits [3], [26].
quency response of the electron device is necessarily apThe dynamic and nonlinearly voltage-controlled admittance P(v(t), U } is related to the classical bias-de- proximated. In particular, this is one of the reasons for
pendent small-signal admittance Y by a very simple rela- the need of numerical fitting procedures in parameter extraction.
tion. In fact, by considering a small sinusoidal “test”
Moreover, the model proposed is particularly suitable
voltage superimposed on a given dc bias voltage V,,
when
the designer is concerned with computing the senlinearization of (14) with respect to the small signal, leads
sitivity $! = a B / a P of a circuit performance B with reto the following expression:
spect to a process-dependent parameter P . To this end, it
must be emphasized that the NIM allows the closed-form
expression (14) to be used for computation of the largesignal response of an electron device, directly in terms of
dc characteristics and small-signal admittance paramewhere g D c = (dFDc/dv)vEis the dc differential conduc- ters. Thus the computation of the sensitivity S ; requires
tance of the device.
only knowledge of the sensitivities of the dc characterisEquation (15) shows that the identification of the math- tics and Y-parameters with respect to the process-depenematical model proposed here is really straightforward as dent parameter P . These sensitivities can be efficiently
it can be carried out directly, without requiring numerical obtained when suitable tools for physics-based simulation
fitting procedures, on the basis of dc characteristics and of active devices are available [42].
small-signal admittance parameters computed (or measured) for several dc bias conditions and operating fre‘Since, in practice, only a “discrete” (i.e., discrete in the space of the
quencies over the range of interest. On the basis of (15), controlling voltages) electrical characterization of the device can be carried
out by means of numerical device simulations or measurements, interpot_he nonlinearly voltage-controlled dynamic admittance lation techniques are required to compute the dc characteristic FDc{ v ( f ) )
Y{ U, up} can be found by computing or measuring Y and and the dynamic admittance P{ v ( r ) , u p )for each value of the voltage v ( t ) .
When using Harmonic-Balance analysis, the choice of the interpolation
g D c parameters for each value of U = V,:

c

+

P{’?

=

’

c

u p ] = y[VB,

with

U =

V,.

u p ] - gDC[l/,]

(16)

5As already stated for the Nonlinear Integral Model ( 6 ) , (14) can be directly used in the case of multi-port devices by interpreting the functions
FDc, f and i(t), u(t), V p , respectively as matrices and vectors of suitable
dimensions.

method for the NIM is not very critical, in the sense that particular properties of regularity (differentiability) are not required. This is due to the
“smoothing” properties of the Fourier Transform algorithms which are
used to express, in the frequency domain, the time-domain response of
active devices. Thus, conventional piece-wise linear interpolation techniques can be adopted. However, the choice of a higher-order “smooth”
interpolation method can considerably improve the accuracy of the NIM,
without the need for increasing the refinement of the “discrete” numerical
(or experimental) characterization.
’Obviously apart from possible numerical (or measurement) errors in the
computation (or measurement) of small-signal admittance parameters.
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Fig. 3. Plots of the time-varying drain current in a GaAs MESFET amplifier with sinusoidal input at 5 GHz (P,N= 10 dBm, V,,, = -2 V , Voso
= 4 V). The large-signal performance predicted by the NIM (-)
is in
good agreement with 2D physics-based numerical device simulation
(---). The Total Harmonic Distortion is 4 3 % .
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Fig. 5. Plots of the current spectra associated with the time-varying waveare in good
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agreement with those obtained by means of 2D physics-based numerical
device simulation (---).
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Fig. 4. Plots of the time-varying drain current in a GaAs MESFET amplifier with sinusoidal input at 10 GHz (P,N = 13 dBm, VGso = - 3 V ,
VDso = 4 V). The large-signal performance predicted by the NIM (-)
is in good agreement with 2D physics-based numerical device simulation
(---). The Total Harmonic Distortion is 41 %.

When an equivalent circuit model is adopted to predict
the large-signal response of an electron device, the computation of the sensitivity $ is not a simple task since it
requires calculating the sensitivities s$ = aC/aP of model
parameters C with respect to the process-dependent parameter P . Such a computation can be quite cumbersome,
since the determination of the parameters C of the equivalent circuit is camed out by means of numerical fitting
procedures, and a direct link between such parameters and
process-dependent variables is not available.
IV. SIMULATIONS
AND EXPERIMENTAL
RESULTS
As has been stated, the NIM represents a useful approach to electron device modeling for circuit analysis
purposes, since it provides a direct link between conventional measurements or accurate device simulations based
on carrier transport physics and those based on HarmonicBalance circuit analysis. In order to verify the validity of
the approach proposed, a comparison of the results ob-
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Fig. 6 . Plots of the current spectra associated with the time-varying waveare in good
forms in Fig. 4 . The results obtained by the NIM (-)
agreement with those obtained by means of 2D physics-based numerical
device simulation (---).

tained in circuit analysis by means of the NIM and those
obtained by means of physics-based simulations has been
carried out.
In particular, a medium power X-band GaAs MESFET
with 0.4 pm gate length, grown by Molecular Beam Epitaxy, has been considered. Physics-based numerical simulations [20], [21] have been camed out in order to obtain
a complete dc characterization and the small-signal admittance parameters of the MESFET for several bias
points (about 500 in the VGso, VDso space) and for 10 harmonic frequencies (with fundamental at 5 and 10 GHz).
On the basis of this characterization and by means of (14),
obviously considered as a matrix representation, the HB
analysis of a class-AB amplifier at the frequencies of 5
and 10 GHz loaded with a 50 fl impedance has been carried out. The nonlinearly voltage-controlled dynamic admittance P{ u G S ( t ) , uDS(r), U > which describes the purely
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soidal input ( & = 8 GHz). Experimental results ( A ) are in good agreement
with those predicted bv the NIM (-),

rying out the corresponding analyses by means of the
physics-based full two-dimensional simulator [20], [ 2 11,
at the cost of a very long computation time, are also
drawn. The good agreement between circuit analyses carried out on the basis of the NIM and the large-signal prediction obtained for the same circuit by means of an accurate physics-based numerical simulator, confirms that
the Nonlinear Integral Model can be used as an accurate,
computationally efficient tool for linking numerical device simulators with HB analysis algorithms.
An experimental validation has also been carried out
for the Nonlinear Integral Model. In particular, validation
tests have been carried out at the frequency of 8 GHz on
a large-signal amplifier using a K, band GaAs MESFET.
Figs. 7 and 8 show, respectively, plots of the output power
associated with different order harmonics and the poweradded efficiency as functions of the input power. Also in
this case, the agreement between the results provided by
the model proposed and large-signal measurements confirms the accuracy of the NIM.
V. CONCLUSION
A new technology-independent modeling approach for
the large-signal performance prediction of electron devices has been proposed. The Nonlinear Integral Model
has been derived from the Volterra series through suitable
modifications, so that fast convergence can be achieved
under the assumption, valid for most types of electron devices, of only “short-term” memory effects. The model,
which can be directly used for Harmonic-Balance circuit
analysis, enables the large-signal response of electron devices to be directly computed by means of a closed-form
expression based on dc characteristics and small-signal Yparameters computed (or measured) for different bias conditions over the frequency range of interest. This property
makes the Nonlinear Integral Model particularly convenient for the computationally efficient linking of numerical device simulators with Harmonic-Balance circuit analysis algorithms. Moreover, the computation of the
sensitivities of circuit performance with respect to process-dependent parameters is a relatively easy task when
using the Nonlinear Integral Model.
The comparison of both accurate physics-based device
simulations and performance measurements with the results provided by Harmonic-Balance circuit analysis USing the Nonlinear Integral Model has confirmed the validity of this mathematical modeling approach.

dynamic phenomena in the device, was computed accordAPPEND
Ix
ing to (16), for each pair of instantaneous voltage vGS(t),
Derivation of the Nonlinear Integral Model from the
V D , ( ~ ) , occurring in the HB analysis, by using piece-wise
linear interpolation techniques in the two-dimensional Volterra Series
vGSO, vDSO space.
Let us consider the Volterra series (1) in its bivariate’
Figs. 3 to 6 show the time-varying waveforms of the form 1341, 1381:
drain current iD(t)and the associated spectra, obtained
by the HB circuit
for the above-mentioned am‘The following demonstration can be directly extended to devices with
plifier. In the same figures, the results obtained by car- any number of ports.
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By inverting the order of the summations in (19), and
taking into account that according to the same equation
there are no terms with indexp > k , q > n, the following
expression can be obtained:
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where the superscripts ( k ) , (n) denote the dimensions of
the integrals’; U,0 are the voltages at the two ports of the
device and i any of the associated currents.
The multi-dimensional impulse responses hkn represent
the Volterra kernels which are symmetric functions of
their arguments [ 3 5 ] , in the sense that the sequence of the
arguments can be interchanged in hknwithout modifying
the results.
In order to derive the Nonlinear Integral Model the
voltages B ( f k ) , O(?,) must be expressed, according to the
considerations made in Section 11, in terms of the dynamic
t ) , 2(Fn, t):
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The latter can also be rewritten, by collecting from the
summations in k , n the terms independent of k , n in the
form:
m
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By substituting (18) into (17) and applying the symmetry
property of the kernels to collect in a single term all the
integrals of the same dimension which differ only in the
position of the integration variables, we can write:
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By defining Gpqas the terms inside the square brackets in
(22), the same equation can be written as

where:
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In (19) the term corresponding to ( p , q) = (0,0) depends
only on the instantaneous values of the voltages 3,D, and
represents the dc characteristic:
w
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which represents the Bivariate Nonlinear Integral Series.
Under the hypothesis that the dynamic deviations 2, 2
are small enough to make the integrals of dimension
greater than one negligible in (23) (see Section II), the
Bivariate Nonlinear Integral Model is obtained:

- fn)

. . d?k d?l . . . d?,

(20)

’The term corresponding to (k,n) = (0,O) does not need to be taken into
account when electron device modeling is concerned, since an electron device under “zero-voltage” excitations has “zem-current” response.
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As has been stated in Section 11, (24) could also be obtained by meanS Of a simple vectorial extension of the
one-dimensional Nonlinear Integral Model (6).
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