Ideals of varieties parameterized by certain symmetric tensors

Alessandra Bernardi

ABSTRACT. The ideal of a Segre variety P™ X ... x P < P+ (4D =1 i gonerated by the 2-minors
of a generic hypermatrix of indeterminates (see [TH] and [Gr]). We extend this result to the case of Segre-
Veronese varieties. The main tool is the concept of “weak generic hypermatrix” which allows us to treat
also the case of projection of Veronese surfaces from a set of generic points and of Veronese varieties from a
Cohen-Macaulay subvariety of codimension 2.

1 Introduction

In this paper we study the generators of the ideal of Segre-Veronese varieties and the ideal of projections of
Veronese surfaces from a set of generic points and, more generally, of Veronese varieties from a Cohen-Macaulay
subvariety of codimension 2.

A Segre variety parameterizes completely decomposable tensors (Definition 2.1). In [TH] (Theorem 1.5) it is
proved that the ideal of a Segre variety is generated by all 2-minors of a generic hypermatrix of indeterminates.

In this paper we prove an analogous statement for Segre-Veronese varieties (see [CGG]). Segre-Veronese
varieties parameterizes certain symmetric decomposable tensors (see Section 3); we prove (in Theorem 3.11)
that their ideal is generated by 2-minors of a generic symmetric hypermatrix (Definition 3.5).

The idea we use is the following. We define “weak generic hypermatrices” (see Definition 3.8) and we prove
that the ideal generated by 2-minors of a weak generic hypermatrix is a prime ideal (Proposition 3.10). Then
we show that a symmetric hypermatrix of indeterminates is weak generic and we can conclude, since the ideal
generated by its 2-minors defines, set-theoretically, a Segre-Veronese variety.

An analogous idea is used in Sections 4 and 5 in order to find the generators of projections of Veronese
varieties from a subvariety of codimension 2.

Denote with Y, 4 the Veronese variety obtained as the d-uple embedding of P" into p("a9)-1, We construct a
hypermatrix in such a way that its 2-minors together with some linear equations generate an ideal I that defines
set-theoretically a projection of the surface Y5 4 from a finite set of s generic points, with s < (;l) Then we
prove that such hypermatrix is weak generic. Finally in Theorem 4.7 we prove that I is actually the ideal of the
projected surface.

This construction can be generalized to projections of Veronese varieties Y,, 4, for all n,d > 0, from a sub-
variety of codimension 2 and of degree s = (t'gl) +k < (g) for some non negative integers ¢, k, d such that
0<t<d-1and0<k<t (see Section 5).

I want to thank A. Gimigliano for many useful talks and suggestions.

2 Preliminaries

Let K = K be an algebraically closed field of characteristic zero, and let Vi,...,V; be vector spaces over K of
dimensions nq, . .., n; respectively. We will call en element T'€ V] ® --- ® V; a tensor of size nj X - -+ X ng.
Let Ej = {e;q,--- ,Qjmj} be a basis for the vector space V;, j =1,...,t. We define a basis E for Vi ®---@V;

as follows:
E = {Qz‘l,...,it =€ D Dey, 1< ij <mnj, Vj=1,... Jt}. (1)

A tensor T'€ V1 ® - - - ® V; can be represented via a so called “hypermatrix” (or “array”)

A= (i )1<05<ny =100t



with respect to the basis F defined in (1), i.e.:

T= E Qiy,.ie€iy, iy

1<i;<nj, j=1,...,t

Definition 2.1. A tensor T € V1 ® --- ® V; is called “decomposable” if, for all j = 1,...,t, there exist v; €V
such thatT =v; ® -+ ®v,.

Definition 2.2. Let E; = {e

j,1a'-"§j,nj} be a basis for the vector space V; for j = 1,...,t. Let also v; =

S ajqigj; €Vj for j=1,...,t. The image of the following embedding

P(h) x - xP(V;) = P(he- o)
(a5 e s ) = [ ®0u]=
= Zlgijgnj,jzl,_..,t[(al,il T at,if,)ﬁil,...,it]

is well defined and it is known as “Segre Variety”. We denote it by Seg(V1 @ --- @ V).

Remark: A Segre variety Seg(V; ® - -- ® V;) parameterizes the decomposable tensors of V} ® --- ® V;.

A set of equations defining Seg(V; ® --- ® V;) is well known (one of the first reference for a set-theoretical
description of the equations of Segre varieties is [Gr]). Before introducing that result we need the notion of
d-minor of a hypermatrix.

Notation:

e The hypermatrix A = (24, .. i,)1<i;<n; ,j=1,...,t i said to be a generic hypermatriz of indeterminates (or
more simply generic hypermatriz) of S := K[x;, .. i,]J1<i;<n; ,j=1,..¢ if the entries of A are the independent
variables of S.

e We denote by S; the homogeneous degree t part of the polynomial ring S.
e We will always suppose that we have fixed a basis E; for each V; and the basis E for V1 ®---®V; as in (1).

e When we will write “A is the hypermatrix associated to the tensor T” (or vice versa) we will always assume
that the association is via the fixed basis E. Moreover if the size of T is ny X --- X ng, then A is of the
same size.

It is possible to extend the notion of “d-minor of a matrix” to that one of “d-minor of a hypermatrix”.

Definition 2.3. Let Vi,...,V; be vector spaces of dimensions ni,...,n;, respectively, and let (Ji,J2) be a
partition of the set {1,...,t}. If J1 = {h1,...,hs} and Jo = {1,...;t}]\J1 = {k1,.. ., ki—s}, the (J1,J2)-
Flattening of V1 ® --- ® V; is the following:

Vi@V =WVh® - aV,,)® Ve eV, ).

Definition 2.4. Let V;, ® V), be any flattening of Vi®---®@V; and let fy, j, - P(Vi®---@V;) = P(Vy, ®@Vy,) be
the obvious isomorphism. Let A be a hypermatriz associated to a tensor T € V1 ®---@Vy; let [T'] = fy,,5,([T]) €

P(Vy, ® Vy,) and let Ay, 5, be the matriz associated to T'. Then the d-minors of the matriz Ay, j, are said to
be “d-minors of A”.

Sometimes we will improperly write “a d-minor of a tensor 77, meaning that it is a d-minor of the hyperma-
trix associated to such a tensor via the fixed basis E of V1 ® -+ ® V4.

Example: d-minors of a decomposable tensor.
Let Vi,...,V; and (J1,J2) = ({h1,...,hs}, {k1,...,ki—s}) as before. Consider the following composition of
maps:
]P)(Vvl) X X P(V;f) L ]P)(VJI) X P(Vb) = IED(VJI ® VJz)



where Im(sy x s2) = Seg(Vy,) x Seg(Vy,) and I'm(s) is the Segre variety of two factors.

Consider the basis (made as F above) Ej, for V;, and Ej, for V;,. In terms of coordinates, the composition
so(s1 X s9) is described as follows.

Let v; = (aj1,...,0ipn,) € Viforeachi=1,...,tand T =0, ® ---Qv, € V1 ®--- ® V}; then:

51 X 52([(a1717 T 70'17"1)]7 A [(ablv T ’atmt)]) = ([(y17-~,1) o Ynpyenng )]7 [(21,-4-717 Ce s BNy ey )])
where y;, . 1. =ap, 1, Qh, 1., fOr Ly =1, . ,n, and m=1,...,s;
and 2y, .5,  =Qky Ok o0y, fOT Iy =1,... npandm=1,...,t—s.
If we rename the variables in V;, and in Vy, as: (y1,..1,- -+ Ynp, oo, ) = (Y1, - -+, YNy ), With Ny = np, -,
and (21,1, -5 Zny, i, ) = (215- -5 2N, ), with No =ng, -+ ny,_, then:

s([(yla s YNy )]7 [(217 ) ZNz)]) = [(q1,17q1,27 s qu1,N2)] = ((81 X 82) o S)([T]),

where ¢; ; = y;zj fori =1,...,Ny and j = 1,..., No. We can easily rearrange coordinates and write ((s1 X s2) o
$)([T]) as a matrix:
qi,1 - q1,N,
(51 x s2)os)(T]) = | a0 )
ANy, 1t Ny N

A d-minor of the tensor T is a d-minor of the matrix ((s1 X s2) o s)([T]) defined in (2).
Example: The 2-minors of a hypermatrix A = (a;,,...s,)1<i;<n;, j=1,...,c are all of the form:

Qiy,yyigsenis ly sl by ™ Qi i Ay il
for 1 <i;,l; <n;,j=1,...,tand1 <m <t

Definition 2.5. Let A be a hypermatriz whose entries are in Kuy, ..., u,]. The ideal I;(A) is the ideal generated
by all d-minors of A.

Example: The ideal of the 2-minors of a generic hypermatrix A = (x;, .. z‘t)lgz’jgnj,jzl ,,,,, T

Io(A) = (Tiy,itieTgrgisede = Titseoosfiseeie Tt soemyitseeesje I=1eots 1505, G <y, k=Lt

It is a classical result (see [Gr]) that a set of equations for a Segre Variety is given by all the 2-minors of a
generic hypermatrix. In fact, as previously obseved, a Segre variety parameterizes decomposable tensors, i.e. all
the “rank one” tensors.

In [TH] (Theorem 1.5) it is proved that, if A is a generic hypermatrix of a polynomial ring S of size
ny X -+ X ng, then I5(A) is a prime ideal in S, therefore:

I(Seg(Vi®---®@V;)) = I2(A) C S.

Now we generalize this result to another class of decomposable tensors: those defining “Segre-Veronese
varieties”.

3 Segre-Veronese varieties

3.1 Definitions and Remarks

Before defining a Segre-Veronese variety we recall that a Veronese variety Y, 4 is the d-uple embedding of P"

into P(n:d)fl, via the linear system associated to the sheaf O(d), with d > 0.



Definition 3.1. A hypermatrizc A = (aihm,id)1§i].§n’j:1w,d is said to be “supersymmetric” if a;, . i, =
for all o € &4 where &4 is the permutation group of {1,...,d}.

Aiy1y,srio(a)

With an abuse of notation we will say that a tensor 7' € V®? is supersymmetric if it can be represented by
a supersymmetric hypermatrix.
") obtained as the quotient S = S/I where S =
77777 VoeGy.
The hypermatriz (Iil7,,_7id)1§ij§n7j:1,,_ﬂd whose entries are the indeterminates of S, s said to be a “generic
supersymmetric hypermatriz”.

Definition 3.2. Let S be a ring of coordinates on i

id]léijén,jzl,...,d and I is the ideal generated by all z;, .. ;, — Tiy 1y eio(ays

Remark: Let H C V® be the ("+g_1)—dimensional subspace of the supersymmetric tensors of V®? ie. H
is isomorphic to the symmetric algebra Symg(V). The ring S above is a ring of coordinates for P(H). The
n4+d—1

Veronese variety Y;,_1 4 C P(""a" )1 can be viewed as Seg(V®Y) NP(H) C P(H).
Let A = (4,,....iy)1<i;<n, j=1,..,d be a generic supersymmetric hypermatrix, then it is a known result that:

.....

I(Yn—l,d) = IQ(A) cS. (3)

See [Wa] for set theoretical point of view. In [Pu] the author proved that I(Y,,_1 q) is generated by the 2-minors
of a particular catalecticant matrix (for a definition of “Catalecticant matrices” see e.g. either [Pu] or [Ge]). A.
Parolin, in his PhD thesis ([Pa]), proved that the ideal generated by the 2-minors of that catalecticant matrix
is actually I5(A) with A a generic supersymmetric hypermatrix.

In this way we have recalled two very related facts:

e if A is a generic ny X --- X ng; hypermatrix, then the ideal of the 2-minors of A is the ideal of the Segre
variety Seg(V1 ® - - @ W);

e if A is a generic supersymmetric n X - -+ X n hypermatrix, then the ideal of the 2-minors of A is the ideal
—_——

d
of the Veronese variety Y,,_1 g, with dim(V') = n.

Now we want to prove that a similar result holds also for other kinds of hypermatrices strictly related with
those representing tensors parameterized by Segre varieties and Veronese varieties.

Definition 3.3. Let Vi, ..., V; be vector spaces of dimensions ny,...,n; respectively. The Segre-Veronese variety

.....

by sections of the sheaf O(dy, ..., d:).
Le. S4p,...a, (Vi @---® V) is the image of the composition of the following two maps:

vay X vy (M- p(MT) -1

1

P(Vi) x -+ x P(V;)

and
nit+d;—1 nptdg—1
d

]P)( dq )71 x...x]P)( t )71 L]PNﬁl
where Im(vy X -+ X vy) =Y, 1.4, X -+ X Yy, _1,4, and Im(s) is the Segre variety with t factors.

Example: If (dq,...,d;) = (1,...,1) then &1, 1 (V1 ® - Q@ V) = Seg(V1 ® --- @ V).
Example: If t =1 and dim(V') = n, then Sq(V') is the Veronese variety Y, _1 q.

Below we describe how to associate to each element of Sy, 4, (V1 ® --- ® V;) a decomposable tensor T €
‘/'1®d1 ®"'®‘/t®dt'

Definition 3.4. Letn = (n1,...,n) andd = (di,...,d;). If V; are vector spaces of dimensionn; fori=1,... t,
an “(n,d)-tensor” is defined to be a tensor T belonging to V1®d1 R ® Vt®d‘.



Definition 3.5. Let n and d as above. A hypermatriz A = (ail’l’.“’il)dl;“.;itﬁl’“,}itydt)1§2’jykgn]-’k;:l}“,’d]-’jzl’,“’t 18
; « <0 . . . . :
said to be (@’ d)'symmetmc Zfail,hm,il,dl‘-,~~;it,1,~~7it,dt = Qi (1,1)5 by (1,dy )5 ioy (81) sty (¢,dg) for all permutations

0; € Gq; where &y, is the permutation group on {(j,1),...,(j,d;)} forall j=1,...,t.

An (n,d)-tensor T € VE" @ - @ V¥ is said to be an “(n, d)-symmetric tensor” if it can be represented by
an (n, d)-symmetric hypermatrix.

Definition 3.6. Letn = (n1,...,n¢) and d = (dy,...,d;) and let Ry, g be the ring of coordinates on PN-1 with
t n;+d;—1 ; _ ; ;

N = (Hi:1( 4 )); obtained from S = KT iy g 5sis1riva, 1<is o <ny, k=1,....d;, j=1,...,t via the quotient

modulo Ly 1yesin dysoeiit, 1ot dy — Ligy (1,1) 0 sboq (1dg) 3 ilog (,1) 5oy (tdy) ? for all gj € 6dj and j =1,....t.

The hypermatriz (E—l)l,,_,,il,dl;...;it,l,...,it,dt 1<ij p<nj, k=1,...,d;, j=1,...,t of indeterminates of R[ﬁ,d]f is said to be a
“generic (n,d)-symmetric hypermatriz”.

Remark: Let H; C V;®d" be the subspace of supersymmetric tensors of V;®d" for each i = 1,...,t, then
H @ @ H c V2" ... 0 V2% is the subspace of the (n,d)-symmetric tensors of V" @ ... @ V2%, The
ring Ry, q above is a ring of coordinates on P(H; ® --- ® Hy). It is not difficult to check that, as sets:

P(H ®- - ®H)NSeg(VEM @ - @ V%) =84, 4, (Vi®--- @ V,); (4)

ie. Sgy....4,(V1 ®---®V,) parameterizes the (n,d)-symmetric decomposable (n, d)-tensors of Vl‘g’d1 R ® Vt®dt.
A consequence of this fact is that a Segre-Veronese variety is set-theoretically given by the 2-minors of an (n, d)-
symmetric hypermatrix of indeterminates.

In Section 3.3 we will prove that the ideal of the 2-minors of the generic (n,d)-symmetric hypermatrix in
Ry g is the ideal of a Segre-Veronese variety. We will need the notion of “weak generic hypermatrices” that we
are going to introduce.

3.2 Weak Generic Hypermatrices

The aim of this section is Proposition 3.10 which asserts that the ideal generated by 2-minors of a weak generic
hypermatrix (Definition 3.8) is prime.

Definition 3.7. A k-th section of a hypermatriz A = (x4, ... i,)1<i;<n;j=1,...,t 15 a hypermatriz of the form

Ai=1 = (zil,n-,it)1gijgnj,j:1,...,1%,...,t,ik:z~

Remark: If a hypermatrix A represents a tensor T' € V; ® --- ® V;, then a k-th section of A is a hypermatrix
representing a tensor 7" € V1 ® - -+ ® Vi®--®V,.

We introduce now the notion of “weak generic hypermatrices”; this is, in some sense, a generalization of the
one of “weak generic box” in [TH].

Definition 3.8. Let Klus,...,u,] be a ring of polynomials. A hypermatric A = (fi, .. i, )1<i;<n;,j=1,...t, where
all fir...ip € Klua,...,us]1, s called a “weak generic hypermatriz of indeterminates” (or briefly “weak generic
hypermatriz”) if:

1. all the entries of A belong to {us,...,u,};

2. there exists an entry fi, i, such that fi, i, # foy,. g Jor all (K1, ... k) # (i1,...,0), 1 <k;j <nj, j=
1.t

3. the ideals of 2-minors of all sections of A are prime ideals.

Lemma 3.9. Let I,J C R = KJus,...,u,| be ideals such that J = (I,u1,...,uq) with ¢ <r. Let f € R be a
polynomial independent of uy,...,uq and such that I : f =1. Then J: f =J.



Proof. We need to prove that if g € R is such that fg € J, then g € J.

Any polynomial g € R can be written as g = g1 + g2 where g1 € (u1,...,uq) and go is independent of
Ui, ..., uq. Clearly g1 € J. Now fgo = fg — fg1 € J and fgo is independent of uy,...,u,. This implies that
fg2 € I, then g5 € I C J because I : f = I by hypothesis. Therefore g = g1 + g2 € J. O

Now we can state the main proposition of this section. The proof that we are going to exhibit follows the
ideas the proof of Theorem 1.5 in [TH]|, where the author proves that the ideal generated by 2-minors of a
generic hypermatrix of indeterminates is prime. In the same proposition (Proposition 1.12) it is proved that also
the ideal generated by 2-minors of a “weak generic box” is prime. We give here an independent proof for weak
generic hypermatrix, since it is a more general result; moreover we do not follow exactly the same lines as in
[TH].

Proposition 3.10. Let R = Kluy,...,u,] be a ring of polynomials and let A = (fi, .. i, )1<i;<n;,j=1,...t be a
weak generic hypermatriz as defined in 3.8. Then the ideal I5(A) is a prime ideal in R.

Proof. Since A = (fil,.“,z't)lgz‘jgnj,j:l,...,t is a weak generic hypermatrix, there exists an entry f;, . ;, that
verifies the item 2. in Definition 3.8. It is not restrictive to assume that such f;, . ;, is fi,. 1.

Let F,G € R s.t. FG € I(A). We want to prove that either F' € I5(A) or G € I,(A). Let Z ={ff | |k>
0} C R and let Rz be the localization of R at Z. Let also ¢ : R — Rz such that

Sinaa s fa
sp(f.jl’“w.jt) == t—1 =,
1.1
o(K) = K and ¢(u;) = u; for u; € {u,...,u-}\{fi ..., } if not empty. Clearly p(m) = 0 for all 2-minors
m of A. Hence ¢(I3(A)) = 0. Since F (..., fj1,...ji>-- )Gy fir,gir---) € Io(A) then F(...,0(fiy,.5,)s---)
G(...,o(fj1....j1)s--.) = 0gr,. Thelocalization R is a domain because R is a domain, thus either F'(...,o(fj,,..j,)s--.) =

Or,,or G(...,o(fj,...5.)s---) = Or,. Suppose that F ( . M7 .. ) = Ogr,. This implies that

,,,,,

v, f1 15
F(oo\ fi, fjt,m):F(..., R N} (5)

1,..,1

. t—1
where H belongs to the ideal (fj,,. j, L= fiaae g 1< <n, k=1,...t C Rz.
_ t—1
Now let Hy—1 = fj,,..j.f1, .1 — fiva.a- fi,..1,5,- Then

t—2 t—2
Hi v = fiygorgifinynfiy T, + e finge = frgoge fio O f5 75—
—[1gosenge fingsede  Fingio11 =1(A4)

FrgiiFin et 120 = Fgongi Fin e Fivdian = Hioa.
Proceeding analogously for H;_o, ..., Hy, it is easy to verify that Hy;_1 € Is(A). Hence H belongs to the ideal
of Ry generated by I5(A). This fact, together with (5), implies that also F' belongs to the ideal of Rz generated
by Iz(A). Therefore we obtained that if p(F) = Og,, then there exists v > 0 such that

U aF G fign ) € 2(A) CR. (6)

,,,,,

Clearly I2(A) C (I2(A), fu,,...n.), hence, by (6), fI 1 F € (I2(A), fn,,...n.)- Now, because of our choice of
fi,...1, ft .1 is independent of f,, . ., then, by Lemma 3.9, the polynomial F' belongs to (I2(A), fn,,....n,)-
Hence we can write F' = Fy + F; where Iy € I5(A) and Fy € (fn, ... n,), that is to say F' = F} + fnh_“,mﬁ‘g with
deg(Fy) < deg(F). We want to prove that F € I5(A); we proceed by induction on deg(F). If deg(F) = 0, since
@(F) = Or,, we have F' =0 € I2(A). Now let deg(F') > 0.

Obviously f{  1fay,..n 2= f{ 1F—f{ 1F1 € L(A).
Let’s notice that, since ¢(G) # Og,, from (6), if G = fj)L...,jt and if F'G € I5(A) for some A > 0 and some entry
1,5, of A, then there exists v > 0 such that f{ | F € I5(A).

.....

We deduce that there exists u > 0 s. t. fif_‘flﬁg € I(A). Now, by induction hypothesis on the degree of F', we
have that Fy € I5(A). Therefore F € I,(A). O



3.3 Ideals of Segre -Veronese varieties

Since a Segre-Veronese variety is given set-theoretically by the 2-minors of an (n,d)-symmetric hypermatrix of
indeterminates (see (4)), if we prove that any (n,d)-symmetric hypermatrix of indeterminates is weak generic,
we will have, as a consequence of Proposition 3.10, that its 2-minors are a set of generators for the ideals of
Segre-Veronese varieties.

Remark: If A = (ail,Ai,7id)1§ij§n;j:17___7d is a supersimmetric hypermatrix of size n X --- x n, then also a
d
k-th section A;, —; of A is a supersymmetric hypermatrix of size n x - -+ X n.
————
d—1
In fact, since A is supersymmetric, then a;, . ;, = Qi (1o () for all o € &,4. The section A;, —; is obtained
from A by imposing i), = I. Therefore A;,—; = (ai, .. ip=1,...i,) is such that @i, i =i,..ix = Qi ),iog=lsiow
for all o € &4 such that o(k) = k, hence such ¢’s can be viewed as elements of the permutation group on the
set {1,...,k—1,k+1,...,d} that is precisely G4_1.

Remark: If [T] € Y,,_1 4, then a hypermatrix obtained as a section of the hypermatrix representing 7', can be
associated to a tensor 7" such that [T'] € Yi,—1 4—1.

Theorem 3.11. Let n = (ny,...,n) and d = (dy,...,d;). Let H; C Vi®di be the subspace of supersymmetric
tensors 0fVi®di fori=1,...,t and let Ry, 4 be the ring of coordinates on P(H,®---®@ Hy) C ]P’(Vfg)d1 -+ -®Vt®dt)
defined in Definition 3.6. If A is a generic (n,d)-symmetric hypermatriz of Ri, q), then A is a weak generic
hypermatriz and the ideal of the Segre- Veronese variety Sq,,...a, (Vi @ --- ®@ V) is

I(Sdly__,,dt(vi R Vt)) = IQ(A) C R[ﬂ,d]
with d; >0 fori=1,...,t.
Proof. The proof is by induction on Zle d;.

The case Zle d; = 1 is not very significant because if dim(V;) = nq, so S1(V1) = Yy, —1,1 = P(V1), then
I(81 (V1)) = I(P(V)) i.e. the zero ideal (in fact the 2-minors of A do not exist).

If Z§=1 d; = 2 the two possible cases for the Segre-Veronese varieties are either So(V1) or 81 1(Vi, Vo). Clearly,
if dim(V1) = nq, then S2(V1) =Y, _1,2 is Veronese variety and the theorem holds because of (3). Analogously
S11(Vh, Vo) = Seg(Vi ® V) and again the theorem is known to be true ([TH]).

Assume that the theorem holds for every (n,d)-symmetric hypermatrix with 22:1 d; < r —1. Then, by
Proposition 3.10, the ideal generated by the 2-minors of such an (n,d)-symmetric hypermatrix is a prime ideal.

Now, let A be an (n, d)-symmetric hypermatrix with Z§=1 d; = r. The first two properties that characterize
a weak generic hypermatrix (see Definition 3.8) are immediately verified for A. For the third one we have to
check that the ideals of the 2-minors of all sections A;, ,—; of A are prime ideals.

If we prove that A;,  —; represents an (n, d')-symmetric hypermatrix (with d' = (di,...,d, —1,...,d;))) we will
have, by induction hypothesis, that A;  —; is a weak generic hypermatrix and hence its 2-minors generate a
prime ideal.

The hypermatrix A = (ail,lv--»il,dl?---?'L‘t,lv--wit‘dt J1<is w<ng, k=1,....d;, j=1,...,t 18 (1, d)-symmetric, hence, by definition,
for all permutations o; € Sq4; where Gy, is the

Qg 15eeyin g 3o iit,1sesit,dy — Qo (1,100 sloy (1,d1) 3oy (£,1) 5 sboy (+,dg)

permutation group on {(j,1),...,(j,d;)} forall j=1,...,¢.

. . . . . . /
The hypermatrix A;, =1 = (@iy 1,... i1 4,50 vip.g=lsie1,vie.a, )» ODtained from A by imposing i, = I, is (n,d')-
symmetric because
@iy 1yeyit,dy5eeeip g =loeesiit, 15t dy aial(m),--~>ial(1,d1);»--;iap(p.1)7-~~7ip,q:l,»--io,,(p,dp);~~»;iat(z.1)7-~~7iat(t,dt)
forall o; € &4;, 5 =1,...,p,...,t, and for 0, € &4, 1, where &4, 1 is the permutation group on the set of

—

indices {(p,1),...,(p,q), ..., (p,dp)} (this is a consequence of the first Remark of this section). Hence I5(A;, ,—1)
is prime by induction, and A is weak generic, so also I5(.A) is prime.

Since by definition Sg, .. 4,(V1®---®@ V) =P(H1 ®---® Hy)) N Seg(V1 ® --- ® V;), we have that I3(A) is a
set of equations for Sg, .. 4,(Vi ® --- ®V;) (see (4)), hence, because of the primeness of I>(.A) that we have just
proved, I(A) C Ry q) is the ideal of Sy, . 4,(V1 ® - @ V). O



4 Projections of Veronese surfaces

In this section we want to use the tool of weak generic hypermatrices in order to prove that the ideal of a

d+2
projection of a Veronese surface Y5 4 C P(“e*)=1 from a finite number s < (g) of generic points on it is the prime
ideal defined by the order 2-minors of some particular tensor.

In [TH] the case in which s is a binomial number (i.e. s = (tgl) for some positive integer ¢t < d — 1) is done.
In this section we try to extend that result to a projection of a Veronese surface from any number s < (g) of
generic points.
Notice that in [Gi] and in [GL1] the authors study the projection of Veronese surfaces Y;,_1 4 from s = (1) +£,
0 < k < d, for some non negative integer k, (this corresponds to the case of a number of points between the two
consecutive binomial numbers (g) and (d'gl)).

Let Z = {P1,...,Ps} C P? be a set of generic points in P?, where s = (HQ'l) + k< (‘21) with 0 <t <d—1 and
0 < k <t (actually we may assume ¢ < d — 2 because the case t = d—1 and k = 0 corresponds to the known case
of the “Room Surfaces” - see [GG]). Let J C S = K[wy, ws, ws] be the ideal J = I(Z), ie. J=p1N---Ngs
with p; = I(P;) C S prime ideals for i = 1,...,s.

Let J; be the degree t part of the ideal J and let Blz(P?) be the blow up of P? at Z. We indicate with Ji

d+2)_s_1 i

the very ample linear system of the strict transforms of the curves defined by J;. If ¢, : P2 --» p(
the rational morphism associated to Jq and if ¢ 5 : Blz (P%) — P(“*)=5=1 ig the morphism associated to Jy, the
variety Xz 4 we want to study is Im(g,,) = Im(pj,). This variety can also be viewed as the projection of the
Veronese surface Y3 4 C P("2) ! from s generic points on it.

The first thing to do is to describe J; as vector space.

4.1 The ideal of generic points in the projective plane

There is a classical result, Hilbert-Burch Theorem (see, for instance, [CGO]), that gives a description of the
generators of J. Le. the ideal J C S = K[wy,ws, ws] is generated by ¢t —k+ 1 forms Fi,..., F;_j41 € St and by
h forms Gy,...,Gy € Siy1 where h =01if 0 < k < t/2 and h = 2k — d if t/2 < k < ¢. What follows now is the
constructions of the F;’s and the G;’s (the same description is presented in [GL1]).

If t/2 <k < t, for a generic choice of points Py,..., Ps, the generators of J can be chosen to be the maximal
minors of:
Liv - Lipk—y Qu1 - Qii—k+1
L= : : : : € My +1(5) (7)
Lii -+ Liok—t Qra - Qki—kt1

where L; ; € Sy and Qpg € Sy foralli,h=1,...,k, j=1,...,2k—tand [ =1,...,t =k + 1L

The forms F}; € S; are the minors of £ obtained by deleting the 2k —t+ j-th column, for j =1,...,t —k+1;
the forms G; € Sy+1 are the minors of £ obtained by deleting the i-th column, for ¢ =1,...,2k —¢.

The degree (t 4+ 1) part of the ideal J is clearly Ji11 =< w1 Fy, ..., wsFi_k+1,G1,...,Gok—y >. If we set
C;'i’j =w;Fjfori=1,2,3,j=1,...,t —k+1 we can write:

Jis1 =< Gia,.. o, Gap kr1, Gy, Gagy >
Notice that w F; = él,l, o wsF g = ég,t_kﬂ are linearly independent (see, for example, [CGO]).

If 0 <k < t/2, then J is generated by maximal minors of:

Qi1 - o Qui—km

Qr1 -+ - o Qri—kel
L= ’ ' € Myi_p i S 8
L1 Lyt ki1 t—kt—kt1(S) (8)

Lok -+ oo o Liogg—kt1



where L; j € Sy and Qg € Spforalli=1,...,t =2k, j,l=1,...,t —k+1land h=1,... k.

The forms F; € S; are the minors of £ obtained by deleting the j-th column for j =1,...,t —k + 1.
Again Jyy1 =< w1 Fy, ..., w3F;_p+1 > but now those generators are not necessarily linearly independent.
Using the same notation of the previous case one can write:

Jt+1 =< C~¥1717 ey éS,t—k-{-l > .
Clearly if t/2 < k < t then: }
Jg =< MditilGiJ’,MditilGl > (9)

fori=1,2,3,j=1,...t—k+1,1=1,...,2k —t and w?t"1G = {wilft*lG, wi7d72w2G, e ,w‘;*t*lG}.
If 0 < k < t/2 then:

Jg =< wd_t_léi,j > (10)
fori=1,2,3and j=1,...,t —k+ 1.
Denote
21 = wf_t_l,
29 1= wi_d_zwg,
Zy = wg_d_l

where u = (d_é"’l); or z, for w® = W wwg?, if @ = (1, a2,a3) € N3, |a] = d —t — 1 and we assume that the

a’s are ordered by the lexicographic order.

Let N be the number of generators of J;, and let K[iﬁh;i,j,mh}l] be a ring of coordinates on PVN-1 with
l=1,...,2k —tonly if t/2 < k <t (in the other case the variables xj; do not exist at all) and h = 1,...,u;
i=1,2,3;7=1,...,t —k+1in any case. The morphism ¢ : P?\ Z — P¥~! such that

o([wr, wa,w3)) = [21G1 1, -+« 2uGa0— k41, 21G1,4 - -+, 2uGar—], if /2 < k < 8,

or
o([wr, we,ws3]) = [21G11, - .-, 2uG3 -], if 0 <k < t/2,

gives a parameterization of Xz 4 into PN~1. Observe that Xza = @j,(P?\ Z) is naturally embedded into

d+2 ~ . . .
p(" )_S_l, because dimg (Jy) = (d;2) — 5. In terms of the Zp; ;’s and the x5, ;’s, since the parameterization of
XZ,d is:
Thyi,j = 20Gijs (11)
xh,1 = 2nGy,

the independent linear relations between the generators of J; will give the subspace P(< Im(p jd) >) =
d+2

P("2*)=5=1 of PN~1. The number of such relations has to be N — (d;r2) + s.
If t/2 < k < t, the number of generators of Jy given by (9) is (d_;“) t—k+1)+ (d_t;1+2)(2k’ — t); hence
there must be (d;t)k independent relations between those generators of Jj.

If 0 < k < t/2, the number of generators of Jy in (10) is (*"272)(t — & + 1), hence there must be (45" (t —
k) — k(d — t) independent relations between those generators of Jg.

There is a very intuitive way of finding exactly those numbers of relations between the generators of J; and
this is what we are going to describe (then we will prove that such relations are also independent).

If t/2 <k <t, assume that 3 = (81, 32, 33) with |3| = d —t — 2. The determinant obtained by adding to the

matrix £ defined in (7) a row ( QELM e MELLQk,t QEQM e MEQi,t7k+1 ) clearly vanish for
alli=1,...,k:
det ( wﬁLm MéLi,Qkft Mé?i,l MéQi,tkarl > —0.



Computing those determinants, for i = 1,...,k, one gets:

2k—t t—k+1
Z MéLi,rGr + Z MéQi,pr =0 (12)
r=1 p=1

where the G,’s and the F,’s are defined as minors of (7).
Since L; . € Si, there exist some A;,; € K, fori=1,...,k, r=1,...,2k —t and [ = 1,2, 3, such that

3
Li,r = E )\i,r,lwl;
=1

analogously, since @Q);, € S, there exist some v;,;, € K, for i =1,...,k, p=1,...,t —k+1 and
l,h =1,2,3, such that

3
Qiyp= E Vip,l, AW W, -
Lh=1

Before rewriting the equations (12), observe that

3 3
QipFp = Z Yip L, hWWh | Fp = Z Vip, kWG h ps
I,h=1 Lh=1

and set:

° . _ Ai,’r',la lf o= g + Ql7
Hiar =1 9 otherwise,
fori=1,...,k |a|=t—d—1and ! =1,2,3 and where ¢; = (1,0,0), e;, = (0,1,0) and e5 = (0,0, 1);

_ _J Yipan fa=B+e¢;
¢ Hiaph _{ 0 otherwise,
fori=1,...;k;p=1,...;t—k+1;,h=1,23and |[a| =d—t — 2.

Therefore the equations (12), for ¢ = 1,...,k, can be rewritten as follows:
Z /‘i,g,rﬂgGr + Z ﬂi,g,p,h@géh,p = 0, (13)
ol =d—t—1 ol =d—t—1
1<r<2k-—t 1<p<t—k+1
h=1,2,3
which, for i =1,...,k, in terms of 24, and Z4 5, defined in (11) becomes:

Z Pisa,rTa,r + Z Pi,a,phTahp = 0- (E1)
o =d—t—1 ol =d—t—1
1<r<2—t 1<p<t—k+1
h=1,2,3

There are exactly k of such relations for each § and the number of §’s is (d;t). Hence in (13) we have
found precisely the number of relations between the generators of J; that we were looking for; we need to
prove that they are independent.

If 0 <k < t/2, the way of finding the relations between the generators of J; is completely analogous to the

previous one. The only difference is that in this case they come from the vanishing of two different kinds

of determinants: 5 5
det( w=L; 1 . WEL; ¢ jot1 ) _0 (14)

10



fori=1,...,t =2k, || =d —t—1 and L defined as in (8); and
det < w? Q1

for j =1,...,k, |§'|=d—t—2and£deﬁnedasin (8).

Proceeding as in the previous case one finds that the relations coming from (14) are of the form

Z AiarizaGhr =0 (E)
ol =d—t—1
1<r<t—k—1
ILbh=1,2,3

/@/
w2 Qji—kt1 ) _ 1
: ) =0 (15)

for some A; q,; € K and the number of them is (“271) (¢ — 2k).

The relations coming from (15) are of the form

Z ﬂi,gmlzgéhm =0 (EE)
la] =d—t—1
1<r<t—k+1
ILh=1,2,3
for some fi; o ;1 € K and the number of them is (d;t)k.
The equations (E) and (EE) allow to observe that Xz q is contained in the projective subspace of
defined by the following linear equations in the variables Z, p, .

IP;Nfl

X laj=d—t—1 Marifanr =0
1<r<t—k-1
Lh=1,23 i (B»)
> jal=d—t—1 HiariFane =0
1<r<t—k+1
Lh=1,2,3

The number of relations (Es) is (‘F;H) (t—2k)+ (d;)k‘, that is exactly the number of independent relations
we expect in the case 0 < k < t/2.

Now we have to prove that the relations (E7), respectively (Es), are independent.

Notation: Let M be the matrix of order ((d;t) k;) X ((de) (2t — k + 3)) given by the p; o, and the fi; o p.1

appearing in all the equations (E;). We have already observed that there exists an equation of type (E;) for

each multi-index over three variables 3 of weight |3| = d —t — 2, and for each i = 1,...,k. We construct the
matrix M by blocks Mg, (the triple multi-index a is such that [a| =d —t —1):
M = (Mp,a)|5|=d—t—2,|a|=d—t—1 (16)

and the orders on the 3’s and the a’s are the respective decreasing lexicographic orders. For each fixed 8 and
a, the block Mg, is the following matrix:

Hla1 0 Hla2k—t Bla11 ' Blat—k+1,3
My = . . ; )

s X

Mol “°° Hka2k—t Hkall " Bkat—k+1,3

Analogously we construct the matrix N of order ((‘F;H) (t—2k)+ (dgt) k) X (3 (tfgﬂ) (t—k+ 1)):

Ng.o
N::( Sa

Ny (17)

) laj=|8l=d—t—1, |8’ |=d—t—2
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where

AMa11 o Mat—k—1,3 Mlal,1 0 Blat—k+1,3
Nﬁa = and N§/7g = .

AM—2ka1,1 ' M—2kat—k—1,3 Pkall  © ° fkat—k+1,3

where the Aj 4 ;’s and the ji; o »;’s are those appearing in (E) and in (EE) respectively.
Proposition 4.1. The matrices M and N defined in (16) and (17), respectively, are of mazimal rank.

Proof. Without loss of generality we may assume that P = [0,0,1] ¢ Z and that F; (i.e. the first minor of the
matrix £ defined either in (7) or in (8)) does not vanish at P.

For the M case, one can observe that every time a # B+ ¢;, [ = 1,2,3, the block Mg, is identically zero,
and we denote Mp g1, with A; for 1 =1,2,3. B a

Consider M the maximal square submatrix of M obtained by deleting the last columns of M (recall that we
have ordered both the columns and the rows of M with the respective decreasing lexicographic orders).

All the blocks Mg o on the diagonal of M are such that the position of § is the same position of « in their
respective decreasing lexicographic orders. Since |3 = |a| — 1, then the blocks appearing on the diagonal of M
are Mp g, = A for all f’s. B
If = (f1,P2,03) and a = (a1, az, a3), the blocks Mg , under the diagonal are all such that 51 < a3 — 2, hence
they are all equal to zero. B
This is clearly sufficient to prove that M has maximal rank; then M has maximal rank too.

The N case is completely analogous. O

With this discussion we have proved the following:

Proposition 4.2. The variety Xzq C PN~ = P((K[Zp,i5, Th]1)*) verifies either (E1) if t/2 <k <t, or (Ez)
if 0 < k <t/2. Moreover the relations (E1), respectively (Es), are linearly independent.

Remark: There exist other linear relations between the . ;’s and the z,; coming from the fact that w;G}, ; =
wpGy j for i,h =1,2,3 and all j’s. If we denote 251, = wlw; (with |3| = d —t — 2), we have that 28+e,Ghj =

Zg+e, G j, that is equivalent to:
LB+e;h,j = LB+e,ii.5-
The proposition just proved and the fact that the span < Im(yp jd) > has the same dimension of the subspaces

of PV defined by either (Ey) or by (E3), imply that those relations are linear combinations of either the (Ej),
or the (E3).

Now the study moves from the linear dependence among generators of J; to the dependence in higher degrees.

4.2 Quadratic relations

Remark:

1. Let X := (Zp;i j@n,1)nsi,5, be the matrix whose entries are the variables of the coordinate ring K |[Zp; j, Tn,1]1

where the index h =1,..., (d_é'H) indicates the rows of X, and the indicies (¢, 7,!) indicate the columns
and are ordered via the lexicographic order, ¢ = 1,2,3, j = 1...,t —k+ 1,1 =1,...,2k — ¢ (when it
occurs).

The 2-minors of X are annihilated by points of Xz 4. Denote this set of equations with (XM).

2. The z;’s satisfy the equations of the Veronese surface Y5 4—¢—1, i.e. the 2-minors of the following catalecti-
cant matrix:

21 k2 &3 0 Zu—2
C .= 22 24 Ry vt Zu—1 (18)
3 &5 26 " Zu
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with u = (d_;""l).
Multiplying C' either by éi,j, or by Gy, foreach i =1,2,3;j=1,...,t —k+1land Il =1,...,2k — t, one
obtains either

T, ° Tu—2iij T1g 0 Ty—2y

T2i,5 0 Tu—ljijy |, O Tal r Ty—1y

Taig 0 Tuiyg T3 Ty
Therefore on Xz 4 C PN~1 the coordinates 1. j,...,%u;j, for alli =1,2,3and j =1,...,t —k+1, or
10y, %y, foralll =1,...,2k — ¢, annihilate the 2-minors of those catalecticant matrices, respectively.

Denote the set of all these equations with (Cat).

3. Forallh=1,..., (d7;+1), on Xz q we have that é” = Zp,,;/7n and G| = /2, therefore on Xz g X

Y5 g—+—1 the following system of equations is satisfied for all A’s:

Thiij21 = T15,5%h

ih;i,jzu = iu;i,jzh (Sh)
Th, %21 = T1,l%Zh

Thizu = Lu,lRh

Proposition 4.3. Let Q : [Fnijonl, h=1,..., ("5, i=1,23, j=1....t —k+1landl =1,...,2k — t,
such that the equations (XM) are zero if evaluated in Q. Then there exists a point P : [21,...,2,] € P“~! such
that P and Q satisfy the equations (Sy) for all h’s.

Proof. Since Q : [Z1,.11,--- ,x(d—;+l))2k_t} annihilates all the equations (XM), the rank of X at @ is 1, i.e., if
we assume that the first row of X is not zero, there exist ap, € K, h = 1,...,u, such that the coordinates of @
verify the following conditions:

Thij = OpT15,; and Ty = apTiy
forh=1,.... ("), i=1,2,3,j=1....t—k+landl=1,...,2k — L.
We are looking for a point P : [z1,...,2,] such that if the coordinates of Q) are as above, then P and @Q verify
the systems (Sp,). If @ verifies (S3), then the coordinates of P are such that:

0o .- 0 .
—as9 ay 0 !
=0
—a, O ay Zu
that is to say apz; = 2z for h=2,... u.
The solution of such a system is the point P we are looking for, i.e. P: [aq,...,ay]. O

4.3 The ideal of projections of Veronese surfaces from points

Theorem 4.4. Let Xz 4 be the projection of the Veronese d-uple embedding of P? from Z = {Pi,...,Ps}
generic points, s < (g) Then the equations (XM) and (Cat) together with either (E1) if t/2 <k <t, or (E3) if
0 <k <t/2, describe set theoretically Xz 4.

Proof. Obviously Xz 4 is contained in the support of the variety defined by the equations in statement of the
theorem.

In order to prove the other inclusion we need to prove that if a point ) verifies all the equations required in
the statement, then Q € Xz 4.

If Q : [Zh; 5, xp,] annihilates the equations (XM), then, by Proposition 4.3, there exists a point P : [z1,. .., 2]
such that P and @ verify the systems (Sp,). Solving those systems in the variables Zj,; ;, zp,; allows to write the
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point @ depending on the z1, ..., z,. We do not write the computations for sake of simplicity, but what it turns
out is that there exist ¢; j,¢; € K, withi=1,2,3,j=1,...,t—k+1landl=1,...,2k—t (only if t/2 < k <)
such that the coordinates Zp; j,xp,; of Q are Tp;; = C; j2n and Tp = c2p:

Q : [Zhsij, Thit) = [Cijzn, cizn).

Since such a @, by hypothesis, verifies the equations (Cat), then there exists an unique point R : [wq, we, w3] €
P? such that z; = w1 29 = w¥ " 2wsy, ..., w§ 7L, therefore

Q : [ jw*, cw?]

with |a| =d -t — 1.

Assume that R ¢ Z, that corresponds to assuming that @) lies in the open set given by the image of ¢ ;,
minus the exceptional divisors of Blz(P?).

Now, if t/2 < k < t, the point @ verifies also the equations (F7), while if 0 < k < t/2 the point @ verifies
the equations (Es). Therefore if ¢/2 < k < ¢, then ¢; ; = béi’j and ¢ =bG; fori=1,2,3,j=1,...,t —k+1
and [ =1,...,2k —t; if 0 < k < t/2, then ¢, ; = bém fori=1,2,3and 5 =1,...,t —k+ 1, for some b € K.
This proves that @ € Xz 4. O

Now we want to construct a weak generic hypermatrix of indeterminates A in the variables Zj; j, zn, in such
a way that the vanishing of its 2-minors coincide with the equations (XM) and (Cat). Then I3(A) will be a
prime ideal because of Proposition 3.10. so it will only remain to show that the generators of I»(.A), together
with the equations either (E4) or (Es), are generators for the defining ideal of Xz 4.

Let C = (¢iy,i,) € Ms,q—1—3(K) be the Catalecticant matrix defined in (18). Let the Zp,; ; and the z; be
defined as in (11). For all i; =1,2,3,i3=1,...,d—t—3and i3 =1,...,7r wherer =2t —k+3ift/2 <k <t
and r =3(t —k+ 1) if 0 < k < t, construct the hypermatrix

A= (a'ihiz,i?,) (19)
in the following way:

iy igis = Ehyiyj i €y iy =2p for h=1,..., (‘F;H), and i3 = 1,...,3(t — k+ 1) is the position of the index (3, j)
after having ordered the éi,j with the lexicographic order,

iy inyis = Thyig—3(t—k+1) if Ciyiy = 2n for h=1,..., (d_§+1) andis —3(t—k+1)=1,...,2k -t ift/2 <k <t.
Proposition 4.5. The hypermatriz A defined in (19) is a weak generic hypermatriz of indeterminates.
Proof. We need to verify that all the properties of weak generic hypermatrices hold for such an A.

1. The fact that A = (&p;; j, n,) is a hypermatrix of indeterminates is obvious.

2. The variable Z; 1,1 appears only in position a; 1,1.

3. The ideals of 2-minors of the sections obtained fixing the third index of A are prime ideals because those
sections are Catalecticant matrices and their 2-minors are the equations of a Veronese embedding of P2.
The sections obtained fixing either the index i; or the index iy are generic matrices of indeterminates,
hence their 2-minors generate prime ideals.

O

Corollary 4.6. Let A be defined as in (19). The ideal I(A) is a prime ideal.
Proof. This corollary is a consequence of Proposition 4.5 and of Proposition 3.10 . O
Now, we need to prove that the vanishing of the 2-minors of the hypermatrix A defined in (19) coincide with

the equations (XM) and (Cat).
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Theorem 4.7. Let Xz g4 be as in Theorem 4.4, then the ideal I1(X 7 4) C K[Zpy j,%n, ], with h=1,. (d ;"H)
1=1,23,j=1...;t—k+1andl=1,...,2k —t is generated by all the 2-minors of the hypermatmw .A defined
in (19) and the linear formss appearing ezther in (B1)ift/2<k<torin (Fy)if0<k<t/2

Proof. In Corollary 4.6 we have shown that I5(A) is a prime ideal; in Theorem 4.4 we have proved that the
equations (XM), (Cat) and either the equations (E7) if t/2 < k < t or the equations (Fs) if 0 < k < t/2 define
Xz 4 set-theoretically. Then we need to prove that the vanishing of the 2-minors of A coincide with the equations
(XM) and (Cat) and that either (I3(A), (E1)) for t/2 < k <, or (I2(A), (Es)) is actually equal to I(Xz 4) for
0<k<t/2.

Denote with I the ideal defined by I3(A) and the polynomials appearing either in (E;) in one case or in (Fs)
in the other case. Denote also V the variety defined by [

The inclusion ¥V C Xz 4 is obvious because, by construction of A, the ideal I3(A) contains the equations
(XM) and (Cat), therefore I contains the ideal defined by (X M), (Cat) and either (Ey) or (Es).

For the other inclusion it is sufficient to verify that each 2-minor of A appears either in (XM) or in (Cat).
This is equivalent to prove that if Q € Xz 4 then Q € V, i.e. if Q € Xz 4 then @) annihilates all the polynomials
appearing in I.

An element of I5(A) with A = (a, 4,,i5) 1S, by definition of a 2-minor of a hypermatrix, one of the following:

1. iy ig iz Aj1,j2,53 — Aj1,iz,is iy, j2,535
2. iy ig iz Ajy,j2,53 — Qiy,ja,is X1 iz, jss
3. iy ig,iz Ay ,ja,gs — Qinyiz,js Xjr,g2,is-

We write for brevity z;, ;, instead of z, if (i1,42) is the position occupied by z;, in the catalecticant matrix C
defined in (18). We also rename the G ;’s and the Gy’s with G} := G, j if | = 1,...,3(t — k 4 1) is the position
of (i,7) ordered with the lexicographic order, and G := Gis@—it1) 1 =3t —k+1)=1,...,2k - t.

With this notation we evaluate those polynomials on @) € Xz 4.

1. @iy g ig gy o s — iz i Qi o, s 72G13G (Zir,i2 %514 ) — Zj, i %iy,j») that vanishes on Xz 4 because, by def-
inition, 21 = wj] , 29 = wlf “fwa, ..., Z, = wg  , hence the z; ;’s vanish on the equations of the
Veronese surface Y3 4_;—1. The polynomial inside the parenthesis above is a minor of the catalecticant

matrix defining such a surface, so the minor of A that we are studying vanishes on Xz 4.
2. The above holds also for the case @i, i,,is 0 jo.js — Qir,jois Wjr sia,js-
3. Qiy in,iz Ay ,jo,gs — Qinyin,js Ar,jasis = zi1,i1Gi3'zj1,j2Gj3 - Zi1,i2Gj3zj1,szi3 = 0, evidently.

This proves that the vanishing of the 2-minors of A coincides with the equations (XM) and (Cat).
For the remaining part of the proof, we work as in ([TH]), proof of Theorem 2.6.
Consider, with the previous notation, the sequence of surjective ring homomorphisms:

Kloig) % Ket)] % KweG)]

zig o wty = weG

where the exponent « appearing in ¢(z; ;) is the triple-index that is in position ¢ after having ordered the w’s
with the lexicographic order.

The ideal IQ(A) is prime, so I2(A) C ker(¢).

Let J C K[w?t;] be the ideal generated by the images via ¢ of the equations appearing either in (E;) or in
(E2). The generators of J are zero when t; = G;, then K[w%t;]/J ~ K[w®G;]. Hence J = ker(¢)).
Since it is almost obvious that a set of generators for ker(¢ o ¢) can be chosen as the generators of ker(¢) together
with the preimages via ¢ of the generators of ker(y), then I = ker(¢ o ¢). This is equivalent to the fact that
I(Xzaq)=1 O
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5 Projection of Veronese varieties

Here we want to generalize the results of the previous section to projections of Veronese varieties from a particular
kind of irreducible and smooth varieties V' C P™ of codimension 2.

Since we want to generalize the case of s generic points in P2, we choose V of degree s = ("5') + &k < (4) for
some non negative integers ¢, k, d such that 0 <t <d—1and 0 <k <t.

Moreover we want to define the ideal I(V) C Klzo,...,x,] of V as we defined J C K[zg, 21, 22] in Section
4.1 (with the obvious difference that the elements of I(V) belong to K|zo,...,z,] instead to K[zg, 21, x2]). To
be precise: let L; ; € K[xo,...,Z,]1 be generic linear forms, and let Qp; € K|[xo,...,2,]2 be generic quadratic

forms for i,h = 1,...,k, j=1,....,2k—tand l =1,...,t —k+1ift/2 < k < t; and for i = 1,...,t — 2k,
jl=1,...;t—k+land h=1,...,kif 0 < k < ¢/2. Define the matrix £ either as in (7) or as in (8). The forms
F; and Gy are the maximal minors of £ as previously. For each index j there exist n+ 1 forms (?” = w; I with
i=0,...,n, because now w = (wy, ..., wy). Then the degree d part of I(V') is defined as Jg in (9) if t/2 < k <t
and as Jy in (10) if 0 < k < t/2.
This will be the scheme:

(V,I(V)) C (P", K[z, . ..,xy)). (20)

Remark: Let W C P" be a variety of codimension 2 in P". Let Yy be the blow up of P" along W. Let
E be the exceptional divisor of the blow up and H the strict transform of a generic hyperplane. In [Co] (Theo-
rem 1) it is proved that if W is smooth, irreducible and scheme-theoretically generated in degree at most A € Z7T,
then |dH — E| is very ample on the blow up Yy for all d > A+ 1.

Remark: If deg(V) = s = (t;rl) +k < (‘21), 0<t<d-—1and 0 <k <t then I(V) is generated in de-
grees t and ¢t + 1.

A consequence of those remarks is the following;:

Proposition 5.1. Let V C P" be defined as in (20), and let d > t+1. If E is the exceptional divisor of the blow
up Yy of P™ along V' and H is the strict transform of a generic hyperplane of P, then |dH — E| is very ample.

Let Xyq C P(H°(Oy,, (dH — E))) be the image of the morphism associated to |dH — E|.

The arguments and the proofs used to study the ideal I(Xz 4) in the previous section can all be generalized
to I(Xv,q) if d>t+1,deg(V) = ("}") + k< (3)-
Now let S be the coordinate ring on P(H°(Oy,, (dH — E))), constructed as K|[; ;,xp,] in the previous section:
S" = K& j,any) withi = 0,...,n; j = 1,...,t —k+1 h=1,..., (""" and | = 1,...,2k — ¢ only if
t/2 <k <t (in the other case the variables xj; do not exist).

Let (E’) and (E”) be the equations in S’ corresponding to (E;) and (E2), respectively.

Let C’ be the catalecticant matrix used to define the Veronese variety Y,, 4—i—1.

The hypermatrix A’ that we are going to use in this case is the obvious generalization of the hypermatrix A
defined in (19); clearly one has to substitute C' with C".

Now the proof of the fact that I5(A") C S’ is a prime ideal is analogous to that one of Corollary 4.6, and
pass through the fact that A’ is a weak generic hypermatrix, hence we get the following:

Theorem 5.2. Let (V,1(V)) C (P*, K[z, ...,x,]) be defined as in (20), let Yy be the blow up of P™ along V
and let Xy q be the image of Yy via |dH — E|, where d > t + 1, deg(V) = (tgl) +k < (g), H is a generic
hyperplane section of P™ and E is the exceptional divisor of the blow up. The ideal I(Xy,q) C S’ is generated by
all the 2-minors of the hypermatriz A" and the polynomials appearing either in (E') if t/2 < k <t or in (E") if
0<k<t/2, where S', A', (E') and (E") are defined as above.
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