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Abstract

In this paper, we study the scattering wave operators for a diatomic
molecules by using the Born-Oppenheimer approximation. Assuming that
the ratio h? between the electronic and nuclear masses is small, we con-
struct adiabatic wave operators that, under some non trapping conditions,
approximate the two-cluster wave operators up to any powers of the pa-
rameter h.
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1 Introduction

In this paper, we discuss the scattering process of a diatomic molecule that
dissociates into two ions. The complexity of the problem is due to the rather
large number of particles, and, to overcome this difficulty, we apply the so called
Born-Oppenheimer approximation. The idea of this method is based on the fact
that, since the nuclei are much heavier than the electrons, their moving is slower
and then the movement of the electrons, being almost instantaneous, is perceived
by the nuclei as a surrounding electric field, if the parameter h, that represents
the square root of the ratio between the electronic and nuclear masses, is small.
Since the pioneering work of Born-Oppeneheimer (cfr.: [BoOp]) in 1927, many
works are devoted to the investigation of Born-Oppenheimer approximation in
spectral theory (cfr. :[CDS, Hal, Ha2, Ha3, Ha4, Ha5, Ha6, HaJo, KMSW, Mal,
MaSo1, MaSo2, PST, SpTe, Te]), but only few (cfr. :[Ra, KMW1, KMW2, Jel,
Je2, Je3, Jed]) investigate the applications of this method to scattering theory
for molecules. In this papers, the authors provide a mathematical justification
of the Born-Oppenheimer approximation for the two-cluster wave operators in
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diatomic molecular scattering. In particular, they construct an adiabatic wave
operators that gives, under some non trapping assumptions, an approximation
of the cluster wave operators modulo terms of order O(h), as the parameter
h tends to 0. The purpose of this paper is to improve the results of [KMW1]
by obtaining, in the case of smooth interactions, a good approximation of the
cluster wave operators up to any power of h. Following the idea of [NeSo, So,
MaSo1l, MaSo2|, we construct a quasi-invariant subspace and wave operators
acting on such invariant subspace that approximates the original wave operators
up to any order in h.

To begin with, let us introduce some notations.

Consider the Hamiltonian of a diatomic molecule with N electrons:

N N
P = _thwl - thwz - ZAyg + Z (Wl,j(yj - .%‘1) + W2,j(yj - 33‘2))
j=1 j=1
+ Yo Viglwi —yy) + Wias — ). (1.1)
i,j€{1,..,N}
i#j
Here x1, 22 € IR" denote the positions of the two nuclei of mass M, y; € IR",j =
1,.., N, the positions of the IV electrons with mass m and h := %

In the following we assume that M is large enough with respect to m so that h
can be regarded as a semiclassical parameter.

Moreover we assume that the potentials are smooth and short range.

Let C' = {C1, Ca} be a cluster decomposition with C; = {j}UC%, C; C {k, k =
1,..,N}, 7 =1,2. The cluster Hamiltonian is given by,

P, = —h?A,, — h®*A,, + Qo(x)

where,

Qo) =Y (D (=B, + Wegl —a0)) + Y. Viawi—w))  (1:2)
k=1 jeC, i,jEC],
i#j

and P can be written as,
P=—h*A,, —h*A,, +Q(z) = P. + I.(2)
where
Q(z) = Qo(x) + Le(x)
and
I(z) = W(wa—z)+ > Wy, —m2)+ Y Wiy, —a1)
JeC] jecy

+ Y Viiwi—u)+ D Vilwi— ). (1.3)
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Let us fix m eigenvalues é;(h) < éa(h) < ... < é,,(h), (dependent of h) of the
cluster Hamiltonian P, that one obtain from P, by fixing the center of mass and
let us denote by E the spectral projection associated to these eigenvalues.

In the following, it will be shown that é;(h) = e;4+O(h?) where e; are eigenvalues
of Qo(z) (that are independent of x, since Qp(x) is translation invariant).

Let f € C§°(IR) be some cutoft function.

In this paper we are interested in the Born-Oppenheimer approximation of the
two cluster wave operators restricted to the the range of Fie. , denoting by P
the operator that one obtain from P by removing the kinetic energy of the total
center of mass, we study the wave operators

SEf(P)=s5— lim eitPe *”PLEf(]E’)

t—too

in L2(IR"N+2),

Assuming that there there are exactly m eigenvalues \j(z2 —x1),7 = 1,..,m, of

Q(z) that converge to e; when |zo — x1| — +00, we will show that there exists

an orthogonal projection IT that almost commutes with P and that converges to

E as |y — x1| — 400, such that, on the range of E, the cluster wave operators
S can be decomposed into,

QLEf(P.) = QXAPQLP f(P.)

where . I
QP f(P.) =s— lim MPHe=itPepr(p)

t—+oo

is the adiabatic wave operator and

QQAD — s tliinoo eitﬁ’efitﬁf’ﬁﬂf(ﬂpﬂ)

is the non adiabatic wave operator. Moreover, if F is of rank one and a non-
trapping condition on ITPII holds, one can prove that

QAP = T4+ 0(h™)

and that Q4P is unitary equivalent to the cluster wave operator of the heavy
particles and the action of the electrons contributes as a small perturbation.
Our results are formulate in a slightly different way with respect to the one of
[Ra, KMW1, KMW2, Jel] since, here, we have preferred to keep the original
coordinates instead of working in cluster atomic coordinates as in the articles
mentioned above. The reason of the choice of this different coordinates system
is related on the fact that, in cluster atomic coordinates, all the potentials be-
come h-dependent and the construction of the projector II is more difficult to
obtain. On the other hand, it is easy to check that our results improve the one
of [KMW1] by giving an approximation of the wave operators up to any power
of the parameter h.

The plan of the paper is the following:



In Section 2 we fix some notations and we state some preliminary results.

In Section 3, following the method of [NeSo, So, MaSol, MaSo2], we construct
two pseudodiffential operators with operator valued symbols, fIg and Eg (de-
pending on some cutoff function g with Supp f C {g = 1}), that are both
projectors and almost commute with P and P, respectively, modulo terms of
order O(h*). Moreover, if the kinetic energy remains bounded, Eg approximate
E, modulo error terms of order O(h™).

In Section 4, we prove the existence of Q47 and QY4P and the decomposition
properties mentioned before.

In Section 5, assuming that the rank of E is one and that some non trapping
conditions holds, we prove that the adiabatic wave operators are good approxi-
mation (modulo terms of order O(h*°)) of the cluster wave operators restricted
to the range of E.

2 Some preliminaries

Let C = {C1,C2} be, as before, a cluster decomposition with C; = {j} U Cj,
Ci C{k,k=1,..,N}. Let us consider the cluster Hamiltonian,
Pe=~h*Ayy — h* Ay, + Qo(2)
with Qg given by (1.2), and the molecular Hamiltonian,
P=—mN; — BNy, + Q(z) = Pe + L(2)

with Q(z) = Qo(z) + I.(z) and I.(z) given by (1.3).
In the following, we assume that all the potentials are smooth and short range,
that is
(H1) W, Wy ;,Ws ;,and V; j,i,5 =1,...,N, i # j, are smooth and
[OSW (2)] + 102 W13 ()| + 08 Wa,j(2)] + |02 Vi (2)] < Ofz) 071!

for any a € IN", for some § > 1.
Let us remark that P commutes with all the translations
Ty : LR ) — L2 (IR"VH2),
Tru(zy, 2, y1, - yn) = u(zy + k,xo + k,y1 + k, ..;yn + k), k € R™, (2.1)
and that P. commutes also with the translations
T¢ 4, (RO @ L2(RM)) — LRy @ L2 (R™)),
Ty by = Tk, @ T,
(T, &) (@i, (yj)jecy) = d(@i + ki, (y; + ki)jecy) ki € R™,i=1,2. (2.2)
Let us consider now, in each cluster, the change of variables U = U; ® Uy where
U;, 1 =1,2, is given by
zi +h* Y ecn v
1+ h2|Cy|
g = yi—x, JjeC

Ri =



for ¢ = 1,2, where R; represents the center of mass of the cluster C; and g; the
relative positions between the electrons and the nucleus in the cluster. Such a
coordinate system defines a decomposition

LQ(_ZRn(N+2)) _ L2(B2TL) ®L2(BnN)
and we have
UP.U™" = (—a1(h)Ag, — az(h)Ag,) ® I +1© Qo(h)

h2

= ———— and
o ™

where «;(h)

Qo(h) = Qo+ 12> (Y Dy,)’ (2.3)

k=1 jecCy
where )
Qo= (D (<25, +Wis @) + Y Vig@i—3)).  (24)
k=1 jecC; i,j€CY,
i#]
Assume that Qo has at least m eigenvalues e; < e; < ... < e, repeated

with their multiplicity, below its essential spectrum. By (2.3) and standard
perturbation theory, it is easy to show that there are m eigenvalues of Qq(h),
é1(h) < éz(h) <...<ép(h), such that

éj(h) =e; + O(h2)
Let 7 be the projection onto the eigenspace associated to
6o(h) = {é1(h), é2(h), ..., ém ()}

In this paper we are interested in the Born-Oppenheimer approximation of the
two cluster wave operators projected onto the eigenspace 6¢(h), i.e. to the study
of,
QLE =s— lim e p,
t—+oo
in L2(IR"™*?)) where,
E=U"'I®#)0U. (2.5)

Since P, P, and F all commute with the translations (2.1) then P, P, and E
also commute with the kinetic energy of the total center of mass of the system
given by,

h? al 2
K= 5y g (Do + Dos + 2Dy
i=
Hence, denoting by
P:=P-Kgp, P.:=P.—Kg, (2.6)



we have:

Q%L =s— lim e ™ p =5 lim P p.
t— oo t—=+oo

Moreover, denoting by S, the unitary operator on LQ(ZR"‘C“) ® Lz(ﬂ%"lcél),
given by,

Sw = Swl & Sazzv (S:Ek(b)(y) = ¢((yz + Jfk)iec,g)7 k= 17 27
we have R
QO(:E) = SIQOSLQE
with Qo defined in (2.4), and

Q) = 5:Q(x2 —21)S ¢

where R ~ R
Q(r2 —21) = Qo + Ic(x2 — 71)
I(wy—m1) = Wlma—z1)+ Y Wa(y; — (32 — 11))
jecy
+ Y Wil @ —z))+ Y Vigly — s+ (2 — 1)),
JjeC) 1€Cy,jeC)

This shows that the spectrum of Qo () is independent of x and that the one of
Q(x) depends on z9 — 1 only.
Let (x4 — 1) be the essential spectrum of Q(x), X := liminf X(ze — 1)

|z2—z1]|—+00
and let us assume that e, < Xy. Then (see also Lemma 2.1 in [KMW1]), since

[e(z2 — 21)| < Clza — 21) % (y)°, (2.7)

we have,

lim Q(z2 —x1) = Qo

|zg—z1|—~+00
in the sense of strong resolvent convergence in L? (]R”N ). Hence, every point in
the spectrum of Qu(z) is a limit of elements in Sp(Q(zy — x1)).
By using the decay of the eigenfunctions of Qo (z) associated to the eigenvalues
ej, we can show that there are at least m eigenvalues of Q(z) counted with their
multiplicity that converges to some e; as |xo — 21| — +o0.
In the following we assume that they are stable, that is,

(H2) There are exactly m eigenvalues \;(z2 — x1), j = 1,..,m, (counted with

their multiplicity) of Q(z2—z1) (and then of Q(x)) such that, for any j = 1,..,m,

lim )\j(lL’Q 71’1) =€
|z2—21|—+00



and, setting o(ze — x1) 1= {A\ (22 — x1), Aa(T2 — 1), ...y An (2 — 1)}, one has
dist (Sp(@(xg — xl)) \ o(xe — xl)),a(xg — xl)) >c>0.

Now, let us take a complex oriented single loop I'(x2 — 1) surrounding the set
o(zy — x1) and leaving the rest of the spectrum of Q(xy — 1) in its exterior.
Without loss of generality one can suppose that I'(ze — x1) converges to I'g, a
complex oriented single loop surrounding o := {e1, ea, ..., ey }, and leaving the
rest of the spectrum of Q in its exterior.

The spectral projection of Q(x) associated to o(xs — x1) can be written as

My (a) = - / Qe (2.8)

© 2ir

Under assumption (H2), one can also suppose that there exists R > 0 sufficiently
large such that
Sp(Q(z))NTy =0, for|zy — x| > R.

Consequently, for |z1 — x2| > R, we can write the spectral projection onto the
eigenspaces associated to oo and o(ze — 1) respectively as,

Eo(m):%/r (2= Qo) ' dz, To(z) = — /F(Z—Q(x))_l d.

~ 2
Our first result is the following (see also Theorem 2.2 in [KMW1]):

Proposition 2.1. Under the previous assumptions, one has, for any o € IN®

105 (Mo (x) — Eo(@)ll (22 (rny) = Oz — 1) ") (2.9)

Proof: We set, for p € IR,

Gl) = (@a—2) P+ Y (ra—y) P+ D> (wi—y) P+ D (wi—y)”

jeCy jeCy i€Cy,jeC)
kp(z) = Z (y; —=1)* + Z (y; — x2)".
JECT JECY

Then, for |z; — z2| > R, we have,

() — Eo(x) = - / (2~ Q) L(x)(z — Qo(x)) " dz,

" 2ir
and, taking into account (H1) and applying standard commutator method, we
get

165 ()~ (o (2) — Eo(2))ll g (z2(mnnyy = O(1). (2.10)



Let us remark that, thanks to the exponential decay of the eigenfunction of Qg

or Q(z2 — 1) associated to e; and Aj(x2 — 21),j = 1,...,m, one has, for any
p>0,

kp () Eo ()| o (2(mnny)y + [1kp(@) o (@) 2 (L2 (mnvy) = O(1). (2.11)
Moreover, since for any p > 0 there exists a positive constant C' such that
Gp(z) < Cl — 21) Phy(2), (2.12)

from (2.11) and (2.12) one get,
16 (@) Mo (@)l £ (r2(mnv ) + (6o () Eo(@) [l g (r2(mrny) = O({z2 —21)77)  (2.13)
for any p > 0. Writing
Ho(z) — Eo(x) = Ho(x)(Io(z) — Eo(x)) + (Io(z) — Eo(z)) Eo(x)  (2.14)

and using (2.10) and (2.13) we obtain (2.9), for a = 0.

Suppose we have already proven the statement (2.9) for |o| < k and let us prove
it for |a] =k + 1.

Using the identity (2.14), the inductive assumption and taking into account
that 9TIo(z) and 92 Eo(x) are bounded operators on L*(IR™), one has, for
ol =k +1,

0y (Ip(z) — Eo(x)) = H(x)9; (Ilo(z) — Eo(w))
+ 0%(Ily(z) — Eo(z))Eo(z) + Oz — 1) 7%). (2.15)
Then, since
9 ((z—Qo(x)™Y), 95((z=-Qx)™)

are also bounded operators on L2(IR™Y) for z € Ty, by assumption (H1), we
obtain that

[1¢s(2) 108 (o () — Eo(2)) || g(p2(mnvy) = O(1)
and then, using (2.15) and (2.13), we get (2.9) for |a| =k + 1. o

3 Construction of a Quasi-Invariant Subspace

Let us construct here two orthogonal projections that almost commutes with
the operator P and P, defined in (2.6). We have the following:

Theorem 3.1. Assume (H1)-(H2). Then, for any g € C§°(IR), there exist
two orthogonal projections 11y, E4 on LQ(IR(HN)”), that commute with the
translations Ty, and Ty ,,, defined in (2.1) and (2.2) respectively, and verify,

I1, =H0+O(h), £, =E0—|—O(h) (31)



Moreover, T, and E, are h-admissible operators on L?*(IR*"; L?>(IR")) uni-
formly bounded as operators from L?(IR*; L2(IR"™)) to L*(IR*"; H*(IR""))
and, for any f € C§°(IR) with Supp f C {g =1}, and any ¢ > 0, one has

PUf(P),I,] = O(h>®),  PLf(P.), By = O(h™) (3.2)
and,
C;l(Hg - Eg) s_’l = O(l) (3-3)
CHPIA(P), ) — PEF(P.), Bg)C " = 0(1)

uniformly with respect to h > 0, if s + s’ = 4.

Proof. The key point in the proof of the theorem is (as in [NeSo, So, MaSol,
MaSo02]) the construction made in the following lemma:

Lemma 3.2. Under the previous assumptions, there ezist functions

7~Tj($,f) = Z aoz,j(x)gaa éj(.’[,f) = Z boz,j(x)ga

|| <y | <j

polynomial of degree j with respect to &, with smooth coefficients aq (), bq ;(x) €
L(L?(IR™)), that commute with the translation Ty, and 1%, 1, defined in (2.1)
and (2.2) respectively, and such that the formal symbols

ﬁ'(l’,f,h) = HO(I)+Z7~1’j($,£)hj

jz1
&z, &h) = Eolx)+ > &z, N
j>1
satisfy, at a formal series level,
T =7 = THT, € = &% = é#é, (3.5)
T#p — p#T =0, E#Ppe — Pe#e =0, (3.6)
T#D — p#T =0, E#Pe — De#e = 0. (3.7)
and, in addition, one has, for any o € IN*™ and for any j > 1,
165(2) 7102 (i (%) = baj (@)l (z2(mny) = O(1). (3.8)

Here, we have denoted by p(x,§) = & +& +Q(x) the symbol of P (resp.: p(x, &)
the symbol of P), by pe(x,&) = & + &5 + Qo(x) the symbol of P. (resp.: pe(, &)
the symbol of P.) and by # the Weyl composition of symbols.

Proof: The construction of a symbol 7 satisfying (3.5) and (3.6) can be done
following the same arguments used in the proof of Lemma 3.1 of [So] (see also

[S52])-



Let us consider I'(z,£) = {z € € ; 2 — & € T(x2 — x1)}, (vesp.: [o(€) ={z €
C N Z—fg Ero}).
For z € I'(z,€) (resp.: z € Tg(€)), p(x,§) — z (resp.: pe(x,§) — 2) is invertible

and gO(xag;Z) = (p(x7£) - Z)_l (resp.: 98(37,57«2) = (pc(xvg) - Z>_1) is smooth
and bounded.
Let us define the symbol 7(z, &; h, z) (resp.: re(z, & h, 2)), as

(p(.%',f) - Z)#QO(xvg; Z) =1- T(l’,g; h7 Z)7
(resp. (pe(x,8) — 2)#95(x, & 2) =1 —re(2, 6 h, 2))
and the symbol g(x,&;h,2) = Zj hg;(z, & h, 2) (respectively, 9°(x, & hy2) =
Z] hjgjc(’rvg7 ha Z)) as,

9= go +g0#Zr#j, (resp.: g° = g§ +98#erj).

j>1 j>1

One can check that, for j > 1, g;(z,&;h, 2) (resp.: g5(z, &5 h, 2) ) is given by
(see e.g. [Bal)

9i

.::13

l
—

9o Z Z CM((O‘)i» (8):)

L((ai),(B:))€B !

¢ 932 S Culle)i(8))

m=1((c;),(8:))EE i

(020¢p)g)  (39)

,,:13

I
-

((020¢'p)gs)  (3.10)

8
Il

where EJ, = {((0), () € (22" x (%" Zavlleﬁz\fJ} and

Cm((@);, (8);) are universal constants. Let us deﬁne

Fa,&h) = To(z)+ Y 7w, h

j=>1
éx,&h) = Eo(x)+ Y &z, h
j>1
where
- )
Wj(x,f) = 27 gj(xvgvz) dZv (311)
T JT(x,6)
)
G@06) = ¢ g 2) de (3.12)
’ 2m To(&) !

Then 7, € satisfies (3.5) and (3.6) and, by making the change of variable z —

10



z — €2 in the integrals (3.11), (3.12), one can easily check that

1

B = gof  wiln&ere)de= aizjaa,j(x)s“,
éj<x7€) = i% gj(x gaz—’_f dZ— Zbaj

la|<j

are polynomials operator-valued functions of degree j, with smooth coefficients.
Let us show that the construction of 7(x,&; h) is unique. If

#(x, & h) = —i—Zﬂ']xf

j>1

is an other formal series with 7;(x, ) polynomials operator-valued functions of
degree j, with smooth coefficients that satisfy (3.5), and (3.6), then

g — g#m = 0.

Hence, by construction of II,

and
(1 — )il — )i = (1 — 7).
Since, on the other hand, (1 — 7)#7& = O(h) then (1 — 7)#7 = (1 — 7)#7 = 0.
Thus
T—a=(1—-7)#r— (1 —1)#7 —7#7T + 7H#7=0.
In the same way one can prove that é(x,&; h) is unique.
Let us define now

(2, & h) = To(z) + Y 7j(x, §h? é(x, & h) : (@) + > éj(z,&n
j>1 jz1
with
Z Tkaa j T—kf ) 6 Z Tk1 k2 7J Tckl —kzga
|| <4 || <j

Then, 7 and é satisfy (3.5) and (3.6) and then, by the uniqueness, one obtain
that 7;(z,§) = 7;(x,§) and é;(z,§) = €;(z,§).

Hence aq ;(x) and b, j(x) commutes with T} for any & € IR" and this proves
that (3.7) holds. By writing, for |z2 — x| > R with R sufficiently large,

A6 = 608 = 5 f (65 +E) = g5 6z +€) ds

To

and using (3.9), (3.10) one can easily prove the decay properties (3.8 ) as
|xe — 1] — o0. o

11



End of the proof of Theorem 3.1: To end the proof of the theorem, let us follow
the idea of [So] and [MaSo2].
Let g € C°(IR). Let us denote by II; and Ej the differential operator with
(Weyl) symbol 7; and €&;. Writing g(PYE, = g(P)(P. + i)N(P. + i) NEy
and g(P PV, = g(P)(P + i)N (P + i)~ NIy, we see that the operators g(P)IIx,
g(P.)Ey, (k > 0) are all h-admissible operators. In particular, they are all
bounded, uniformly with respect to h and it is easy to show that, by (3.8), one
has

1¢s(2) " Hg(P)Iy, — §(Pe) Ex)Cor (2) "o r2(mevy) = O(1) (3.13)

if s+ 5" = 6 Moreover, one can resum in a standard way the formal series of

operators Zh g(P.)Ey, th P)I(see, e.g., [Ma2] Lemma 2.3.3), in such

k=0
a way that, if we denote by E( ) and II(g) such resummations, (see also Lemma

6.2 in [MaSOQ]) for any ¢ > 0, one has,

IPL(E(9) = E(9)")l o2 (mmev+oy + IP(T(g) = TH(9)*) |l ¢ (2 (mevrry = O(h).
(3.14)
and,
165 ()~ (I(g) — E(9))Csr () Ml g (z2(mnnyy = O(1)
if s+ s =4. We set,

E, = E(9) + E(9)" = 5(9(P) E(9)" + E(9)g(P:)) + (1 — g(P.))Eo(1 — g(P:))

~ N 1 A . ~ N ~
I, := I(g) + 11(9)" — 5 (9(P)L(9)" + IL(9)g(F)) + (1 — g(P)Io(1 — g(P))-
Then, E’g, 1:19 are selfadjoint h-admissible operator, and since II(g) = g(P)HO +
O(h), E(g) = g(P.)Eo + O(h), we have,
||ﬁg - H0||L(L2(R"(N+2))) + ||ﬁ3 - ﬁgHL(L2(B"<N+2>)) = O(h)
||Eg - E0||L(L2(R”<N+2))) + ||E§ - Eg||L(L2(Rn<N+2>)) = O(h)- (3-15)
Arguing as in [MaSo2], Theorem 6.1, we obtain that, for any f € C§°(IR) such
that Suppf C {g =1},

1PITF(Pe) Egllle zamnivenyy + 1P LF(P), Hglllg (pa(reeveny) = O(h™) (3.16)

and

PUE] — Eg)f(P.) = 0(h™),  PYIT; —T0,) f(P) = O(h*) (3.17)
for any ¢ > 0.
Moreover, one has

165 (2) ™ (ILg — Eg)Csr (@) le (2 mmny) = O(1) (3.18)

12



and one can easily check that
165 ()" (PALF(P), TLg) = BELf(Pe), Egl)Cor () (2 mmnyy = O(1). (3.19)

if s+ = 0. Then, following the arguments of [Nel, Ne2, NeSo, So, MaSol,
MaSo2], for h small enough, we can define the following orthogonal projections:

! (B, —2)" " dz, II, : ! (I, — 2)~* dz.

7 T 21 Jjam1=1
Using [So|, Formula (3.9), and [Nel], Proposition 3, we obtain from (3.17),
PYUE, — E)f(B)=0(h>®), P, —11,)f(P)=0(h*™), (3.20)

and, using (3.15), (3.16) (3.18) and (3.19), we complete the proof of the Theo-

rem. L]

Remark 3.3. Writing, for any f € C§°(IR) with Supp f C {g =1},
PP, = [A(P)P.TL,) - (F(P)LTLIP
f(Po)[ P, Eg] = [f(P)F, Eg] — [f(Fe), Eg]Pc
and applying the results of Theorem 3.1, we also get
F(P)P Tl = O(h™),  f(P)[Fe, Bg] = O(h™) (3.21)

and, o o
GHF(P)P ) = f(P.)[Pe, Bg))¢ot = 0(1) (3.22)
uniformly with respect to h > 0, if s+ s =9.

Let us show now that F is a good approximation of E. We have the following:

Proposition 3.4. For any g € C5°(IR) and for any g € C§°(IR) with Supp g C
{g = 1}, we have

(Eq — E)j(Pe) = O(h™).

Proof: Since E is a spectral projection of P,, from (3.21) we also have
J(P)E, Eg] = 0(h™)
for any g € C§°(IR) with Supp g C {g = 1}. Hence
(1 - Eg)E(l - Eg)Eg(Pc) - (1 - Eg)Eg(Pc) + o(hoo)

and, since (1 — E,)E = O(h), we easily deduce,

(1 Eg)Eg(P.) = 0(h>).
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By the same arguments one also obtains that
By(1 = E)j(P.) = O(h™).
Thus

(Ey — E)g(P:) = By(1 = E)g(P.) — (1 = E)EG(P.) + O(h™) = O(h™).

Remark 3.5. By using Theorem 3.1 and Proposition 3.4 one easily obtains
that, for any N € IN, there exist ey ; € IR, j = 2,...,N, and Cny > 0 such that,

N
‘ék(h) — € — Zek,jhj‘ < CNhN+1
j=2

fork=1,....m.
Theorem 3.6. Under assumption (H1)-(H2), for any g € C3°(IR), there exists

an orthogonal projection fIg on L? (]Z%(2+N)"), that commute with the transla-
tions Ty, defined in (2.1), and verifies,

I, = T+ 0O(h). (3.23)

Moreover, fIg is an h-admissible operator on L?(IR®™; L>(IR™)) uniformly
bounded as operators from L?(IR*"; L?(IR™)) to L*(IR*"; H*(IR"")) and for
any f € C§°(IR) with Supp f C {g =1}, and one has

G, - E)f(P)¢ = 0(1) (3.24)

and o
¢HA(P)IPIIGIC = O(R™), (3.25)

uniformly with respect to h >0, if s +s' =¢ and 1 < §' < 4.

Proof: For g as in the theorem, let us choose § € C§°(IR) with Supp g C {g =1}
and Supp f C {g = 1} and let us define the selfadjoint operator

ﬁg = Hg - Q(Pc)(Eg - E) - (Eg - E)Q(Pc) + g(pc)(Eg - E)Q(PC) (3-26)

Taking into account Proposition 3.4, we have that 1:19 =11, + O(h*) =11y +
O(h), and moreover we have

(ly — E)f(Pe) = (Ily — Ey) f(P2). (3.27)

Using Remark 3.3, Proposition 3.4, (3.21) and taking into account that [Pc, E] =
0 and the fact that P = P. + I.(x) , a straightforward computation gives,

f(fj)[pvﬁg] = f(P)[p’HQ] + f(ﬁ)[lc(x)aﬁq - Hg] - f(p)g(pc)[PcaEQ]
—  [(P)[Pe, B)|g(P.) + [(P)G(Pe) [P, Bglg(P.) = O(h™).(3.28)
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Moreover, since
My — B = (Il — By) = (1= §(P)) (Ey = B)(1 - §(P))
and f(P.)(1 — §(P.)) = 0, another straightforward computation gives,

f(P)[P.II,] = f(P)[P,1]— f(P)[Pe, Ey]
+ (f(PYP+1i) = f(P)(Pe+ ) (P +14) 7 [P, 1T, — T
o(x

- f(ﬁc)lc(x)(P+i)_l[P’ﬁg_H] ( )[ ), H _H]

Let us observe that all the operators involved in the previous formula except E
are constructed in such a way that, denoting by A one of these operators, we
have that, for any s € IR,

GAGTY,  (TMAG

are bounded operators. On the other hand, by taking into account the defini-
tion of E given in (2.5) and using the exponential decay of the eigenfunctions
of Qo( ), one can check directly that (SEC Dand ¢ 1E(S are also bounded
operators.

Hence, using (3.22) and writing (see: [DiSj, Maz2]),

F(P)Y(P+i)—f(B.)(P.+i) = _7/5 )(z 4+ 0))(P—2) "' (2)(P.—2) " dz dz
y (3.29)
where f is an almost analytic extension of f, we see that

(PP I = 0(1) (3.30)

if s+’ = ¢ < 4. Hence by interpolation and commutator estimates (3.28) and
(3.30) give

PP I = 0(h%), (3.31)
if s+ s =6 and 1 < ¢ <. Then, if one set
R 1 . .
II, = — (Ily — 2)" " dz,

2mi |z—1|=1/2

Z/l N 1/Z(ﬁg—z)‘l(ﬁg—EA)J‘(PC)(EA—z)—1 dz (3.32)

(11, ~ B)f(B) = o

and, using (3.27), one can easily obtain (3.24). Moreover, writing

- ?

SONPI = 5o [ B, =P ) s

and using (3.27), we can conclude that (3.25) holds. o

15



Corollary 3.7. Under the previous assumptions we also have,

(wa — 21)*(Ily — B) f(Pe) (w2 — 21)* = 0(1), (3.33)
(wa — 1) f(P)[P, 1]y {wo — 21)* = O(h™), (3.34)
(o — 1) Ty (P[P, Ty {wo — 21)* = O(h™) (3.35)

for any s+ s = 48,1 < § < 6, uniformly with respect to h > 0.

Proof: By commutator estimates and exponential decay of the eigenfunctions
of Q(z2 — 1), Qp and Qo(h) one has

G o {2 — $1>6/7 Cs' Eo(z2 — $1>5/»C6’E<$2 - 5E1>6/ = 0(1).
Let us show that we also have
Coilly (g — 21)° = O(1). (3.36)
Writing R R R R
I, — o = (IIy — To)* + (11, — o) + o (1T, — ITo),
we obtain that the term
€5 (TLy — o) (wy — 1) || (3.37)
can be estimate by
165 (TTy = Tho) (wa — 1) [ (s — 21) =% (TTy — Tho) s — 1)
+|¢s (g — o) 5 ||| Cor Mo (o — 1) |
|G Mo (a — 1) [[[ (s — 1) (Iy — o) {w — 1) .

Since ||(xy — x1) 7% (I, — o) (z2 — 1) || = O(h), if h is sufficiently small, then
this term can be taken less than 1/2. Hence, one obtains that (3.37) can be
estimate by

2)[¢sr (ITy — o) G50 M I[1¢s Mo (g — 1) || (3.38)

¢ Mo (w2 — 1) ||| {2 — 21) ™% (Ty — M) (o — 21)% ||

and it is easy to check that (3.38) is uniformly bounded. Hence, writing

’

Corlly (o — $1>5/ = (5o (xa — 1) + Cy (11, — o) (g — 21)°
we obtain (3.36). Since
I, — E = (1, — B)I, + E(11, — T),

using (3.24), (3.36) and commutator estimates, one also obtains (3.33). More-
over (3.25) (3.36) and commutator estimates, give (3.34) and (3.35). .

Let us denote by lzlgl =1- flg and let us define PAP = I1,PIT,. We have the
following result:
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Theorem 3.8. Under the same assumptions of Theorem 8.6, there exist two
bounded operators W, Wo : L2(IR**™M") — L2(IR*™)®™ such that

WW* =1, WWwW=II, (3.39)
WoWi =1,  WiWo = E (3.40)

and A ,
{22 — 21)*(W = Wo) f(Pe)(z2 — 21)" || = O(1) (3.41)

ifs+s =08, for1<d <.

The operators A := WPW* = WPADW* and /10 = WOPCWS are h-admissible
operator on L?*(IR*™)®™ with domain H?(IR*™®™, and their symbols a :=
a(ry — 21,8 h) and ag := ao(&; h), verify:

a(xy —x1,&h) = %(51 — &)Ly, + A(za — 1) + hr(z2 — 21, & h)(3.42)
ap(&h) = %(& — &)L + Eo + hre(&; ). (3.43)

where

o A(zg—x1) is a mxm matriz depending smoothly on xo—x1, with spectrum
o(xe —x1),

e &( is a m X m matriz with spectrum og
o (25— x1)5(A—A)) f(Ag) @y —x1)* =0(), if s+5 =08 and 1 < & < 6;
o r(xy — 1,6 h) and r.(&; h) verify:

(2 — 21, h),0%re (& h) = O((E))

for any multi-index o and uniformly with respect to (x,€) € T*IR*™ and
h > 0 small enough.

Proof: Since T1, — Ty = O(h) and E — Ey = O(h), for h small enough we can
consider the unitary operators V and Vo on L2(IR**)") defined by the Nagy
formula,

vV o= (Hoﬁg +(1-I)(1— ﬁg)) (1 — (11, — Ho)?)_l/2 o (3.44)
Vo = (EOE +(1— Eo)(1— E)) (1 —(B- EO)Q)_UQ . (3.45)
We have (see: [Ka] Chap.I.4 and [MaSo2]),
VV=VV" =1, ViVo=WVV5=1 and I,V ="VIl,, EyVo="VoFE.

Observe that, by (2.9) and (3.33)

@z = 21)*(V = Vo) f(Pe) s — 21)*'|| = O(1) (3.46)
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if s+s" =4, forl<d <4.
Let us define Z : L2(IR*"; L*(IR™")) — L?(IR*™)®™ by,
ZY(x) = ((Y(2), ur(z)) L2 (Rrny, o (V(@), U (@) L2 (R
where u;(x), are the eigenvalue of Q(z) associated to \;(z2 — 1), j =1,...,m,
and Zo : L*(IR*"; L*(IR™)) — L*(IR*)®™ by,
Zoy(z) = (<1/1($),U(1)($)>L2(R"N), o (U(), u?n(x)>L2(R’LN)
where u?(m), are the eigenvalue Qo (z) associated to e, j =1, ..., m, i.e. ug(x) =
Sy where
W:=Z0oV=272,+0(h), Wo:=2ZyoV =72+ 0O(h). (3.47)

Proposition 2.1 and (3.46) give (3.41).
Denoting by

are the eigenvalue of Qo. Moreover, let us set

Sk« L*(IR*") — L*(IR*"),
Skd(z1,m2) = d(x1 + k12 + K), k € IR®
and
Slzl,kg :L2(1R2n) —>L2(1R2n),
Sk k@1, 22) = d(a1 + k1, w2 + ka), ki, ko € IR?

Q:
J

SEW = W(Tk D.. D Sk), S}il,kZWO = WO(Tlsl,kg D..D Sghkz)'

: _ 0 -
then, since Tpu; = u; and Ty | u uj for any j =1,...,m,

Thanks to the properties of V, we see that Wf[g =W, WoE = Wy and, since
Z*7Z =1y, Z§Zy = Ey and ZZ* = ZyZ; = 1, we also obtain:

Then, defining

g

A= WPW* = WPAPW*, Ay := WoPW;

one easily obtains that A and Ag are operators on L?(IR*")®™ that commute
with S,?m. This proves that a depends only on xo — x1 and that Ag is inde-
pendent of x. An easy calculation (see also Chapter 10 in[MaSo2]) gives the
principal term in the asymptotic expansion of the symbols @ and dy and esti-
mates on all the derivatives of the remainder term r and r.. More precisely, by
using (3.41) one can also prove that

A — AO = A(.’EQ — .’El) — 80 + Z ba(xg — xl)(th)a + Q((EQ — X, th)

|a]=1
with
(29 — 21)%ba (2 — 21 ) (T2 — 21)° , (T2 — 21)°Q (2 — 21, hDy)(wa — 21)° = O(1)
for any if s + ' = ¢, for 1 < § < 4. .
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4 Born-Oppenheimer approximation of wave
operators

Let f € C§°(IR) and consider the wave operators

QP f(P,) :=s— lim eitﬁADefitpCEf(lf’c)

t—too
NAD : itP  —itPAP f SPAD
oy ::s—tilinooe e I, f(PA7).

We have the following:

Theorem 4.1. Let f € C3°(IR) such that Supp f C {g = 1}. Under the
previous assumptions, the wave operators Qf:D, QQ\E’AD exist, are complete and,

QLEf(P.) = QY POUPBf(P.).
Proof: Let us start by proving the existence of Q4. Since, by (3.33),
Hye'? e REf () = Tye " PEf(P) = ([, — B)f(P)e "B
= O((zg —a1) ) P E
for any &', 1 < &' < 8, and (xy — 21) " Wi (e — 1) = O(1), then
Sl itPAD _itPo A 5" —itP A
[Ty e ™ P Ef(P)| < Cil{ws —a1)~" e " f(P.)d
< Coll{wa — @y) e 0 f(Ag)Wos|l. (4.1)

Denoting by U the change of variable

1 1
X = 5(11 — T2), R= 5(:1:1 + ), (4.2)

by F the Fourier transform with respect the R variable

ENXp) = (2m) 02 [ 0p(X ) dR (4.3)
and setting
. ~ . . h?
By:=UF 14,30 = —?AX + &y + hre(hDx, p; h)
then we have
<JJ2 - l‘1>_6€_itA0f(Ao)Wo = 03:_1 <X>_56_itB°f(B0)3~ﬁ_1W0. (44)
Hence, for ¢ in a dense subset of L2 (R"@"’N))7

’

1(X) =% =B £(By)TWo|| < C () (1)~ . (4.5)
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and then from (4.1), (4.4) and (4.5), we obtain
. o itPAD L itP B s A
s— lim Tge"™ e Ef(P) =0,

Therefore, we can reduced to prove the existence of

QP f(P)=s— lim ﬂgeitPADe_“P”Ef(pc).

t—+oo

We have,

P P Br(B) = WWe P WWie B f(P,)
+ et (1 — WWy) Ee P £(P,). (4.6)
As before, since (see (3.41)) (zg — 21)% (1 — WWE)E = O(1), we get, for ¢ in a
dense subset of L2(IR"N+2)), that
1L, (1= WW5) Be P f(P.)o]| < C(o) (1)~
and then

s— lim Ie™™"” (1 — WWg)Ee P f(P,) = 0. (4.7)

t—too

In conclusion, from (4.6) and (4.7) we obtain
Q4P f(Pe) = W Qs f(A0)Wo
where

QL f(Ag) =s— lim etde o f(Ay). (4.8)
t—+oo

Taking into account that A is unitary equivalent (cfr.: (4.2) and (4.3)) to the
operator

B=UF1'AF0' = —-h®Ax + A(X) 4+ hr(hDx, p; h), (4.9)

acting on L2(IR) and depending on p € IR as a parameter, and applying classical
Mourre estimates ([Mo]), one can obtain the existence and completeness of 4
and then the one of Q4P. .
To study QAP let us observe that one can write

QiADf(PAD) =s— lim f(p)eitpe_“PAD.
t—=too
Then

a
dt

A\ P —itPAD ith Al A Aoaa s L BAD
(f(P)e*Pe P ly) = P f(P)(P — 11, PTL,)T e~
By using (3.34) we obtain

F(P)(P =, P, = f(P)[P,1L]I1; = O(h™{ws — 21) " )1,



and thenwe get the existence of the wave operators QY4 Since
QL Ef(P.) = QfAPaLP f(P.)

then R(Q%) C R(QYAP). Moreover, ¢ = Q¥APq) with ¢ € R(TI,) then there
exists 6 € R(E) such that 1 = Q4P9 and then ¢ = Q4.6 . .

5 The adiabatic wave operators

In the following we assume that m = 1. In such a case, the computation given
in Chapter 10 of [MaSo2] shows that in the operators A and A, the terms of
order h are absent, and then, they can be rewritten as

2
A = %(le — Dwz)Q + )\1(.232 — .231) =+ hQL(JZQ — T, hD$1 R hDIz; h)
2
AO = %(Dml — sz)Q + €1 + h2L0(thl s h’sz?h’)

for some bounded operators L and L. Let us assume us assume also that a
non trapping condition holds i.e. :

(H3) The classical Hamiltonian 1Z% + A;(X), X € IR", is non trapping at the
energy -

Next, let us denote by R(z;h) = (P — 2)~', by RAP(z;h) = (PAP — z)_lflg
and by R*(z;h) = (L PIT} — 2)~'II} the resolvents of P, PAP and I} PIT:
respectively. Let us estimate the boundary value of the resolvents, by Mourre’s
commutator method.

Proposition 5.1. Under assumptions (H1), (H2) and (H3), if o € IR satisfy

po < nfinf(Sp(Q(ze — 1) \ A (22 — 21))

then there exists € > 0 such that, if ¢ € C5°(po — €, pro +¢€), Supp ¢ C {g = 1},
and, if% <s< %,, §' <0, and X € (po — €, po + €) we have that
[(zo — 21) "*RAP (A £ i0) (29 — x1)~%|| < Ch™? (5.1)

and

(2 — 1) *R(\ £ i0)¢(P)(xy — 1) %] < Ch™* (5.2)
for some constant C > 0 independent of h.

Proof. Assumption (H3) guarantees that there exists a conjugate operator of B
defined in (4.9)and then , for s € IR, s > %, one has

(o — 21)"5(B — A +40) " Hzy — 1) || < Ch7!
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for A € (o — €, o + €), for some € > 0 and then, since Bis unitary equivalent
to PAP | we obtain (5.1). Now, as in Theorem 3.4 of [KMW1] one can write

R(z;h) = R (z;h) + R (z;h) — (M(z,h) + M (%, h)*) + R(z; h)T(z,h) (5.3)

where

S

0
=
[

R (z;h)PRAP (z; h)
T(z:h) = T, PTM (2, k) + 113 P, M(: h)*

Let us choose 1,01, ¢a, € C&(1o — &, o + <), such that 16 = 6, V16 = ¢,
o1 — b1, Supp és C {g — 1} and let us write ¢1(P)T(=: h), as,
$1(P)T(2:h) = —(¢2(P) g1 (P)[P, T1,] + ¢o(P)[61(P), T1,] [P, T1,]) M (2, h)
+¢1(P)[P,1g|M (2, h)*
Then, by (3.34) and (3.35), one obtain
(wy — 1)1 (P)T (23 )1 (P){wa — 1) ~* = O(h™)
uniformly in z = A + i, 0 # 0. Hence
d(P)R(z;h) = ¢(P)(R*P(2;h) + R-(2;h) — (M (2, h) + M(z;h)"))
< pu(P) (1= 91 (P)T (=2, ) (P) (5.4)

Moreover, we have

R (z;h) = O(1)
uniformly in A > 0, for z in a small complex neighborhood of pg and then from
(5.4) and (5.1) we get (5.2) o

Proposition 5.2. Under assumptions (H1), (H2) and (H3), if uo € IR satisfy

po < nfinf(Sp(Q(ze — 1) \ Ai(z2 — 21))

then there exists € > 0 such that, if ¢ € C§° (o —€, o +€), Supp ¢ C {g =1},
and 1 <5< %, § <4,

+oo HAD ~

[ Nz —ay et opan R < Ol 5)
+oo D ~

[ Nz =P ropyp < i (5:5)

forall f € LQ(ZR”(N+2)), uniformly in h.

Proof: The Proposition is a consequence of the resolvent estimates (5.1) and
(5.2), and the arguments of [Wal], Lemma 3.3. o
We have the following:
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Lemma 5.3. Let ¢, ¢ € C§°(IR), Supp v, Supp ¢ C {g = 1}. Then we have

(s — 21)* (W(PAP) — (P))yhr (PAP) Iy (s — 21)* || = O(h*)
ifs+s =08 and1 < <6.

Proof: At first, let us observe that, for any ¢, ¢; € C§°(IR), Supp ¢,¢1 C {g =
1}, one has

(w2 — 21)* ($(PAP) = o(P) g1 (P (2 —1)* = O(h™)  (5.7)

for s + s = ¢ < 4. Actually, one can write
((PAP) — — = [ o) (R(:) — APz dz

where é is an almost analytic extension of ¢, and then, one has

@2 = @1)*(6(P4?) = §(P)Hy61 (PYLy (o2 = 21)” |

< Cl(ws — 21)* [P, )Ty (P)TTy o — 1) . (5.8)
Hence, writing

[P, ﬂg}ﬂgﬁbl(P)ﬂg =[P, ﬂg]¢1(p)ﬂg - ﬂg[Pv ﬁg]¢1(p)ﬁg

and applying (3.34) and (3.35), one obtains

(w2 — 21)° [P, T M 1 (P) (w2 — 1) = O(h™)

and then, by (5.8), one obtains (5.7).
Let us now choose ¥g,..,9n € C5°(IR) such that ;1,41 = ¢; for any j =
1,..,N —1, and Supp ¥y C {g =1}. Let us write

(W(PAP) = (P))gn (PAP)IL,
= ((PAP) = (P))MLghr (PP gpo (PAP)L.. Ty (PAP I,
= ((PAP) = Y(P)L (41 (PAP) = ¢n (P)gtha (PP )Ly Ty (PAP)IL,,
+H(W(PAP) = (P)) L ghr (P)gtho (PP )Ly ML (v (PAP I,
Applying (5.7) to the the pair (¢, 1) we obtain

<l’2 - I1>8(1/)(PAD) - w(P))%bl(pAD)ﬂg(@ - 1’1>S/
= (Y(PAP) — p(P)) Ly (1 (PAP) — 1 (P))gha (PP, Iy (PAP)IL,,
+0(h*)

Iterating this procedure and applying (5.7) to the the pair (1;,1;41), one easily
obtains

(@3 — 21)* ((PAP) = §(P)) g (PAP) Ty (s — 21)*
= (w2 — 21)* (W(PAP) = (P)) Ty (a (PAP) — zm(ﬁ))ﬂg .......
....... 1L, (Yn (PAP) — Yy (P (zy — 21)* + O(R™)  (5.9)
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Since it is easy to check (see also Lemma 4.3 in [KMW1]) that, for any j =
1,..N,

bR

(w2 — 21)* (Y(PAP) = (P)Tg(ws — 21)* = O(h)
(w2 — 1)* (3 (PAP) = o (P)) Ty (w3 — 21)" = O(h),

we can conclude that the first term on the right hand side of (5.9) is of order
O(hN*1) and the Lemma follows. o

Let us prove now our main Theorem:

Theorem 5.4. Under assumptions (H1), (H2) and (H3), if po € IR, satisfy

1o < iI;fiIlf Sp(Q(z2 — x1) \ A1 (z2 — 1))

then, there exists € > 0 such that, for x € C§°(uo—¢, uo+¢€), Supp x C {g =1},

we have
QAP — x(PAP)|| = 0(h™) (5.10)

and

125 — QLP)x(Po)El = O(h™) (5.11)

as h — 0.

Proof: Let us choose ¢ > 0 such that pg+¢e < inf Sp(f[;-P i ;-
resolvent estimates of Proposition 5.1 hold. Let take x, ¢ €

Supp ¢ C {g =1}, Supp x C {¢ = 1}. We have

)) and such that the
Cgo(ﬂo — &, o + E)J

~ ~ 7 oo ith _itPAD N
(QfAD _ 1)X(PAD)Hg — E/O etP/hVe tP /hX(PAD) dt
+ (6(P) = Dx(PAP)IL, (5.12)
where

V= ¢(P)(P - ﬂgﬁﬂg)ﬁg = ¢(P)[p»ﬂg]ng
Hence, by (5.5), (5.6) and (3.34)
too D L DAD N
|</ eth/hve—th /hX(PAD)’u, dt,’l}>|
0
< [{wo — @1)" PVi{wo — a2)” 2|l o] < CAY T u] |Jol|  (5.13)
for any N € IN, for all u,v € L?,if 1 < §’ < §. Moreover, by Lemma 5.3
(@(P) = )x(PAP) = (6(PP) — 1)x(P*P) + O(h). (5.14)
Using (5.12), (5.13) and (5.14) we obtain (5.10). Moreover, writing
Q% — QAP (L) E = QAP o(PAPYQUPX(P) E = QLPX(P) E + O(h™),

we get (5.11). .
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