UNIQUENESS IN THE CAUCHY PROBLEM FOR A CLASS OF
HYPOELLIPTIC ULTRAPARABOLIC OPERATORS

CHIARA CINTI

ABSTRACT. We consider a class of hypoelliptic ultraparabolic operators in the form
L= X;+Xo-0,
j=1
under the assumption that the vector fields Xi,..., X,, and Xo — 9; are invariant with
respect to a suitable homogeneous Lie group G. We show that if u,v are two solutions
of Lu =0 on RN x]0,T[ and u(-,0) = ¢, then each of the following conditions: |u(z,t) —
v(z,t)| can be bounded by M exp(c|z|Z), or both u and v are non negative, implies u = v.
We use a technique which relies on a pointwise estimate of the fundamental solution of

L.

1. INTRODUCTION AND MAIN RESULTS

We consider a class of linear second order operators in RV*1 of the form

(1.1) L= X+Xo-0,
j=1

where 1 < m < N. In (1.1) the X;’s are smooth vector fields on RV, i.e. denoting z = (z,t)
the point in RV,

N
Xj(az):Zai,(x)axk, j=0,...,m,
k=1

and any af; is a C* function. In the sequel we also consider the X;’s as vector fields in
RN+ and denote
Y = Xy — 0.
Our main assumption on the operator £ is the invariance with respect to a homogeneous
Lie group structure, and a controllability condition:

[H.1] there exists a homogeneous Lie group G = (RN 10,8 )\) such that

i) X1,..., X, Y are left translation invariant on G;
it) X1,..., X are dy-homogeneous of degree one and Y is dy-homogeneous of
degree two;
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[H.2] for every (z,t),(y,s) € RNT! with ¢t > s, there exists an absolutely continuous
path v : [0, — s] — RV *! such that

(12) {ﬂf)=ZZ”‘1wk<T>Xk<v<T>>+Y<7<T>>, ae. in [0.6 5],
20) = (@1), (=) = (5.5),

with wi,...,w, € L>®(]0,t — s]). We say that this curve is an L-admissible path
connecting (z,t) with (y, s), and in the sequel we will denote it by v((x, t), (y, s),w).

It is know that [H.1] implies that the coefficients ai of the X;’s are polynomial functions,
hence [H.2] yields

(1.3) rank Lie{X1,...,X,,,Y}(z2) = N+1, for every z € RVt

(see, for instance, [8] or [16, Chap.II, Sec.8]). This is the well know Hérmander condition
for the hypoellipticity of £ (see [11]).

Operators of the form (1.1), verifying assumptions [H.1] and [H.2], have been studied by
Kogoj and Lanconelli in [12], [13] and [14]. Note that in [12] and [14] the £-admissibile path
7 in [H.2] is supposed to satisfy 7/(7) = Y- wi(7) Xk (v(7)) + (7)Y (y(7)) for piecewise
constant real functions wi,...,wm,u, with u > 0. However, even if this definition is
slightly different from our one, the main results stated in these papers hold true also with
our assumption. In [12] it is proved that £ has a fundamental solution I'(+, () which shares
several properties of the fundamental solution of the heat equation (see Section 2 for the
details).

In this paper we prove some uniqueness results for the Cauchy problem related to L:

— ; N
(1.4) Lu=0 ?n RNX]O,T[,
u(-,0) =¢ in RY,

where ¢ € C(RY). Our main achievements are the following ones:

Theorem 1.1. Assume that L satisfies conditions [H.1]-[H.2], and let u,v € C(RN x[0, T))
be two solutions of the Cauchy problem (1.4). If there exists a positive constant ¢ such
that

T
(1.5) / / efc‘x|é|u(x,t)—v(:n,t)|da:dt<oo
0 JRN

then u = v.
(See Section 2 for the definition of the norm | -|g).

Theorem 1.2. Assume that L satisfies conditions [H.1]-[H.2], and let u,v € C(RN x [0, T)
be two solutions of the Cauchy problem (1.4). If both u and v are non negative, then u = v.

Our theorems 1.1 and 1.2 extend some classical uniqueness result for parabolic oper-
ators. We first quote the paper by Tychonoff [19], where it is shown that the Cauchy
problem for the heat equation has an unique solution satisfying u(z,t) < M ezl for every
(z,t) € RN x]0,T]. On the other hand, Widder in [20] proved that the unique non-negative
solution of the heat equation in R x [0, 7] such that u(-,0) = 0 is the null function.

With regard to more general parabolic operators, Krzyzanski [15] showed that the
Tychonoff condition ensures uniqueness for parabolic operators in non-divegence form with
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bounded and continuous coefficients. Serrin in [18] extended Widder’s result to solutions
of equations in the form w; = a(x)ug s + b(z)uy + c(z)u with Hélder continuous and
uniformly bounded coefficients. Aronson and Besala in [1] proved that, if u is a solution of
a divergence form parabolic equation with measurable coefficients satisfying certain growth
condition at infinity, the uniqueness of the homogeneous Cauchy problem is guaranteed
by the following integral condition: fonRN e_c‘x|2u2(:v, t)dx dt < oo. Moreover, the same
authors in [2] proved that an hypothesis analogous to (1.5) yields the uniqueness for a
class of uniformly parabolic operators _; ; a; j(@, )0z, +>_; bj(x,t)0y; — O with locally
Holder continuous coefficients which grow at most linearly at infinity.

Concerning Kolmogorov-type operators, some results like our Theorem 1.1 and 1.2 have
been obtained by Polidoro [17], Di Francesco and Pascucci [9], Di Francesco and Polidoro
[10]. In [17] it is showed that there is only one solution which is in the Tychonoff class or
non-negative to the operator L = div(A(z)D) + (z, BD) — 0;; here L is homogeneous with
respect to a suitable Lie group structure, and the a;;(2)’s are uniformly Holder continuous
with respect to the geometry of L. This results have been improved respectively in [9] and
[10] for Kolmogorov equations in non-divergence form, assuming that the coefficients and
their derivatives are bounded and Hoélder continuous (in a certain sense), and removing the
homogeneity assumption. In all these papers, the authors relied on pointwise estimates
for the fundamental solution of the operator considered.

Finally, we quote the paper of Bonfiglioli, Lanconelli and Uguzzoni [3], where Tychonoff-
type and Widder-type uniqueness theorems are extended for the heat operator H = £ — 0,
related to the sub-Laplacian £ on a stratified Carnot group.

We recall that Tychonoff constructed in [19] a non trivial solution u to the Cauchy
problem for the heat equation such that u(-,0) = 0 and wu(z,t) < Me*™ in RN x]0, 7.
Since our results apply to heat operators, this example shows that the growth condition
allowed in Theorem 1.1 cannot be improved by increasing the exponent of |z|g. Never-
theless, it seem possible to sharpen hypothesis (1.5) by using the value function V' (see
Remark 2.4 in Section 2).

This paper is organized as follows: in Section 2 we collect some preliminaries, and in
Section 3 we give the proof of our main results, Theorem 1.1 and 1.2.

2. NOTATIONS AND PRELIMINARY RESULTS

We say that a Lie group G = (RV*1 o) is homogeneous if on G there exists a family of
dilations {d}a>o which is an automorphism of the group:

Sa(z0C) = (0rz) 0 (6x¢), forall z,¢ € RV and X\ > 0.

As we stated in the Introduction, [H.1] and [H.2] imply the Hérmander condition (1.3).
From [H.1] and [H.2] it follows also that the composition law o is euclidean in the “time”
variable, i.e.

(z,t)o (&,71) = (S(x,t,&,7),t+7T)

for a suitable C™ function S with value in R"V. Moreover the dilation of the group induces
a direct sum decomposition on RY

(2.1) RY=Vi&- - 0 W,
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as follows. If 2 = 20 + 22 ... 4 20 with 200) ¢ VJ, then 5>\(:r: t) = (D(A\)w, A%t), where
The natural number
k
Q=2+) jdimV;
j=1
is usually called the homogeneous dimension of G with respect to dy. We set

1
dimV; 2k!
k m 2k;l

1
o= 3 @) c @ )lle = (el ey e,

=1 i=1

and we observe that the above functions are dy-homogeneous of degree 1, respectively on
RN and RN+

|(A2® 4 N2 ®) = Nal, (a6 = All(w, 1),
for every (z,t) € R¥*! and for any A > 0. We define the quasi-distance in G as
(2.3) d(z,¢) = oz|g,  forall z,¢ e RN*L

and we recall that, for a positive constant c,

i) d(z,¢) < cd((, 2) for all z,¢ € RN+,

ii) d(z,¢) < c(d(z,2z1)+d(z1,()) for all z,21,¢ € RV+L
Moreover,

d(0xz,0xC) = Ad(z,0), for all z,¢ e RV, X > 0.
Throughout the paper we shall write d(z) instead of d(0,2) = ||z7!||g. Obviously, from
i), we have
¢ Hlzlle < d(2) < clzlle-

We also use the following notation for the |- |g-ball of radius r > 0 centered at the origin:

B, ={z e RN | |z|g < }.

We recall the following weak maximum principle on strips (see e.g. [6, Theorem 4.1] for
an elementary proof based on suitable mean-value representation formulas).

Proposition 2.1. Let u € C*(RY x]0,T[). If Lu > 0, limsupu < 0 both in RY x {0} and
at infinity, then uw < 0 in the whole strip.

We next collect some useful facts on the fundamental solution of the hypoelliptic oper-
ator £. If T'(-, ¢) is the fundamental solution of £ with pole in ¢ € RN¥*+!, then I' is smooth
out of the pole and has the following properties (see [12]):

i) for any z € RVT1 T'(-, 2) and I'(2,-) belong to Li (RN F1);
it) I'(z,{) > 0, and I'(x,t,&,7) > 0 if, and only if, ¢t > 7;
iii) for every ¢ € C°(RV*1) and 2 € RY we have

lim [(z,t,€,7) p(§) d§ = ¢();

t—1t JRN
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iv) for every p € C°(RV*1) and 2z € RV*! we have

£ TEOWOA= [ TG L0 = ()

RN+1
v) LT'(-,¢) = —d¢, where ¢ denotes the Dirac measure supported at {(};
vi) for every (z,t), (£, 7) € RN such that ¢ > 7 we have

[ rerend=1 [ r@eende-1,
RN RN
vii) for every (z,t), (¢,7) € RVt and s € R such that 7 < s < t we have

D(a,t,6,7) = / T'(a,t,y,9)T(y, 5,€,7) dy;
]RN

viii) the function I'*(z, () := I'((, #) is the fundamental solution of the adjoint £* of L.
Moreover, I is invariant with respect to the group operation and dy-homogeneous of degree

2 —Q:
(2.4) [(2,() =T((""0z,0)=T(¢"o2), 2¢eRV 24
' F(6r(2)) = A9l (2), zeRM\ {0}, A>0.

We recall then the following result related to the Cauchy problem for £, obtained by Kogoj
and Lanconelli (see [14, Proposition 2]):

Theorem 2.2. Let ¢ € C(RY) satisfying p(z) = O(|z|") as |x| — oo, for some n € N.
Then the function

wet)= [ T@rene©ds,  weRYi>r

is well defined and is a solution to the Cauchy problem

Lu=0 in RN x|, o0,
lim  w(x,t) = @(y), for everyy € RN,
(@,t)—(y,7)

The main tools we shall employ in the proof of our results are the following pointwise
estimates of I' and its derivatives, proved by Kogoj and Lanconelli. There exists a positive
constant C' such that

d*((§,7) "o (x,1))
(25) ot 67) < — oy exp (- )
(t— 7)% C(t—r)
for every z,£ € RN and t > 7 (see [12, (5.1)] and also [14, (2)]). Moreover, as a consequence
of a Harnack-type inequality for non-negative solution to Lu = 0, for any j = 1,...,m

there exists ¢; > 0 with
_1 -1 t—71\"1
26)  [XP@hen|<et-nEr(En oo (0.-5) ).

for all z,6 € RV, ¢ > 7 (see (7) in [14]). We point out that the upper bound in (2.5) is
not the best possible. Indeed, in [7] it is given a more precise asymptotic behavior of the
exponent in terms of the value function V of the following optimal control problem related
to the ordinary differential equation in (1.2):
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Definition 2.3. Let (z,t),(y,s) € RVt with ¢t > s, and let v((z,t), (y,s),w) be any
L-admissible path connecting (x,t) with (y,s):

m
Y (1) =Y WD) Xe(1(1) + Y (3(7)), A(0) = (w,8), At =) = (. 9)-
k=1
We consider the set of functions wy, . ..,wy, as the control of the path ~, and the integral

t—s
d(w) = / (w%(T) 44 wfn(T)) dr
0
as its cost. We then define the value function
V(z,t,y,s) =inf {®(w) | v((z,1), (y,s),w) is an L-admissible path} .

Hence, if V is locally Lipschitz continuous, for every € > 0 there exists a positive
constant C., only depending on the vector fields X, ..., X,,,Y and on ¢, such that

Ce 1

I'(z,t,0,0) < —5—5 exp (—?QV((O,et) o (z,t) o (0,¢et),0, O)>, V(z,t) € RV x RT.
to T

(see [7, Theorem 1.6]). On the other hand, Theorem 1.2 of [5] provides a lower bound of

T, also stated in terms of V: there exists two constants C' > 0 and 6 €]0, 1] only depending

on L, such that

1

(27)  D(z,t,0,0) > e
2

exp (—CV(w, 9215,(),0)) , Y (z,t) € RV x R,

Remark 2.4. With these more careful Gaussian estimates at hands, maybe it is possible
to improve Theorem 1.1. Indeed, by comparing (2.7) with (2.5), we deduce that

2
V(z,6%t,0,0) Zcoyxt‘@, zeRY >0,

for a positive constant c¢g. Thus, a growth condition on « — v in terms of V' of this kind:
T
/ /N e~V @00 |y (z,8) — vz, t)| dz dt < oo, T €RT,
0 JR

is sharper than (1.5). However, working with V' yields some technical problems, mainly
due to the fact that we do not always know explicitly the expression of V. We plan to
check on this in a forthcoming paper.

3. PROOF OF THE MAIN RESULTS

The purpose of this section is the proof of Theorems 1.1 and 1.2, our main results. We
start with a lemma.

Lemma 3.1. Let u,v € C(RY x [0,T]) be two solutions of the Cauchy problem (1.4). If
we set w = u — v, then there exists a positive constant C such that

By weo<c| [ . |w<sn>|(r<w,t,sn>+2!ij,t,s,r)!)dsdn
R j=1

for every (z,t) € RN x]0,T[ and R > |z|g.
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Proof. Since the vector fields X = Zivzl ai@wk for j =0,...,m are Jy-homogeneous of a
positive degree, the coefficient ai(m) does not depend of zp, for any K =1,...,N. As a
consequence, the X;’s are divergence free, X ]* = —X; and

2 (Al
X5 =div(4’V)

where A7 is the square matrix (aiai)h,kSN and V = (0z,,...0zy). Thus the operator £
takes the following form

L =div(AV)+Y,
for the N x N symmetric matrix A = (apr)nr<n = Z;n:l A7 and Y has null divergence
in RV*1. Note that we can write £* = div (AV) — Y. Furthermore, it holds

(3.2) (A(2)&, &) = Z(Xj(a:),f)Q, for every z,¢ € RY.
j=1

We consider the following Green’s identity:

N N
(33)  YLw—wLY =Y O, (anr(hw — wds,¥))) + Y Oy, (af wip) — S (wip),
k=1

k=1

for any w,v € C§°(RNF1).

Now, let (z,t) € Rx]0,T[ be fixed. For any R > |z|g we consider hg € C§°(Bpr+1),
0 < hpr <1, such that hg =1 on Br and with first and second order derivatives bounded
uniformly w.r.t. R. We integrate the Green’s identity (3.3) with w = u —v and ¥(&,7) =
hr(&)T(xz,t, &, 7) over the domain {¢ € RN* | € € Bgri1,0 < 7 <t — 4§}, for some & > 0.
Recalling that Lw = 0 and using the divergence theorem, we get

t—§
- / / w(&,7)LPp(E, 7) dE dr =
0 Bpr+1

- /B w(é,t— O)hR(©)T (e, €.t — 5)de + / w(€, 0)hp(€)T(x, 1, €,0) d

Bry1

t—0
S 7] s e 060 O 0T 1. 7)o
k=1 9BR+1

/t 6/833“ Ohr(ET (., &, 7)vi do(C).

By hypothesw, the last three terms in the above equation are null. Hence, as § tends to
0", by using the property vi) of I and (2.5), we obtain

wia, )= im [ w(E,t— Shp(©T (e, t,6,t — 6)de = /Ot /B w(&, ) Lop(E, 7) A dr.

6—0t Bri1

Being £*T'(x,t,£,7) = 0 and supp(dg,hr) C Br+1\ Br, we obtain

w(x,t):// W(&,7) (D, 1, €, 7) L hi(€) + 2 A€V (2,1, €, 7), Vhp(€))) dé dr.
0 JRN\Bg
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Now (3.1) directly follows from the above equation, by using the Cauchy-Schwartz in-
equality and (3.2). The assertion is proved. O

As a simple corollary of the previous lemma, we have the following

Proposition 3.2. Let u,v € C(RY x [0, 7)) be two solutions of the Cauchy problem (1.4).
If

(3.4) / / — (&, 7)] <I‘(x,t,§,7-) + i \Xjr(x,t,g,f)o dédr < oo
j=1

for every (z,t) € RNx]0, T, then u = v.

Proof. Condition (3.4) implies

g [ e —vle ) (Mot + > X067 ) dgdr =0,

then, by (3.1), v = v in the strip Rx]0,T[. This ends the proof. O

As we will see, the hypothesis of Theorem 1.1 is another condition which, like (3.4),
together with Lemma 3.1 implies the uniqueness of the solution of the Cauchy problem
(1.4).

Proof of Theorem 1.1. Let u,v € C(RY x [0,T]) be two solutions to the Cauchy problem
(1.4). We first prove that u = v in a thin strip RV x]0, e[, where ¢ €]0, min{1, T'}] will be
suitably chosen later.
Let (z,t) € RV x]0,e[ be fixed. Aiming to use (3.1), we estimate the fundamental
solution T' with pole in (&,7) € RN x]0,¢[ valued in (z,t), and every X;I'(x,t,&,7)’s.
By using the pseudo-triangular inequality for d, we get
d((& )7 o (@,1)) > ed(0, (6, 7)) —d((&, 7)o (2,1), (6,7) )
=c Y€ Nle ~ @ Dlle > ¢ Hele = (@, t)lle > (2¢)éle,

if we take |{|g > 2csupgoso7 ||(2,t)|lc =: Ri(z). Hence, by the Gaussian estimate (2.5),

2
(3.5) [(x,t,&,7) < (1&C)Q2 exp (— 4026|'€(’;G;7')>7 if |€lg > Ri(z).
)

On the other hand, (2.6) and (2.5) imply that for any j = 1,...,m there exists a positive
constant ¢; such that

j 2 T —1lg €T o _l=7 -1
\ij,t,s,ﬂ\s‘fﬂcexp(_d(m (2,1) 0 (0,~57) >>;

(t—T)% Clt—7)

see also (2) in [14]. With the same argument as above, we have
d((&m) Mo (e1)0 (0.-57) ) 2 7d(0, (6,7) "o (1) ) =10, ~57) g

> e e ele — @ Dlle) = |8 7m0 -1 7]
e 2lele — (@, 8)lle — (0, ~1) VT2 > M ¢)*[¢le.
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for |¢|g > Ri(x) + c2d((0,—1))v2T =: R(x). Tt follows that, for every j = 1,...,m,

| 40 (- L
(3.6) \XJF<~”C¢»5”>‘§@_T)Q? eXp( VZeC(t—7)

As a consequence, from (3.1), (3.5) and (3.6),

t m
) =o€ [ [ ute ) ot 7l (Tt 67 43 KT 16,7 Jagar
R j=1

1 o€l
- Cl/ /RN\BR s (_ H)df o

for every R > max{|z|g, R(z)}, where C1, Cg are two positive constants only dependent on
c and on the operator £. Now set ¢ = min { 52, ,T} where ¢ > 0 is the constant in (1.5).

Since the function (§,7) +— (t — 1)~ =N exp <— Qéliﬁ)) is bounded on (RN \ Br)x]0,T],

), it |l > R(x).

by the choice of € we get

t
u(z, t) —v(z,t)| < 03/0 /RN\B e KR u(e, 7) —v(g, 7)|dedr, VR > max{|z|g, R(z)}.

On the other hand, hypothesis (1.5) implies that

R—o00 0

t
lim //}RN\B: lu(€, 1) —v(&,7)|dEdr =0,

whence u(z,t) = v(z,t) for every (x,t) € RV x]0,e[. The thesis follows by repeating the
previous argument finitely many times (note that € depends only on ¢, on the constant ¢
in (1.5) and on the operator L). O

In order to prove Theorem 1.2, we need a preliminary result.

Lemma 3.3. Let u € C(RY x [0,T]) be a non-negative solution of Lu = 0 in RN x]0,T7.
Then

(3.7) w(z, ) > /R Tt & 7l 7) e,

for every (x,t) € RVx]0, T and 0 < 7 < t.

Proof. Fix 7 €]0,T|. For every n € N and (z,t) € R x|7, T, set

wot,r)i= [ e nn( B )ue e

where h € C*°(R) is a fixed non-increasing cut-off function such that h(s) = 1if s <1 and
h(s) =0 if s > 2. By Theorem 2.2, we know that u, is a solution to the Cauchy problem

Lup(-,7)=0 in RY x|7, T,

( )hH(l )un(:c,t, T) = h(%) u(y, ), for every y € RV,
z,t)—(y,7
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Furthermore, by the estimate (2.5),

0 < up(z,t,7) < (t_f)%z /RN exp (— dQ((E’CT(i__ligm’t))>h<|iG>u(£,r) d¢

C d2((§77)_10 (aj?t))
S@_T)Q;Q/B;Xp<‘ L

Recalling the properties of the quasi-distance d, we obtain

A((6.7) Yo (1) > e (€ ) o (2,1),0) > ¢ 2 (. )6 — e (€ s
> ¢ falg — e ((2n) 4+ TH) 3,

(3.8)

so that, by (3.8),

-1 — ((2n)2" Tk 3 )2
0 < un(z,t,7) < maxu(-, TCmeaS(QB@)eXp<_ (c|zle 2(( n)2* 4 T zir) )_}O
Ban (t—71)"2z c2C(t—7)

as |z|g — oo. We now apply the weak maximum principle to the £-harmonic function
Un = Un(-,7) — u in the strip RV x]7, T[. Indeed, we have lim 4., ) vn(z,t) < 0 for
every y € RV being h < 1, and limsupv,, < 0 at infinity in the strip, recalling that u > 0.
The maximum principle of Proposition 2.1 then gives

0 < up(x,t,7) <ulz,t), for every (z,t) € RN x|r, T7.

Letting n go to infinity, from the above inequality we obtain (3.7), since

quﬂ/éme&W@ﬂ% as n — o0

by monotone convergence. This accomplishes the proof. ]

Proof of Theorem 1.2. We first show that, if u € C(R™ x [0,T]) is a non-negative solution
of Lu = 0 on the strip R x]0, T then

(3.9) /(:/RN u(é, 1) <F(w,t,§,7') + i \Xjr(x,t,g,f)o dédr < o0

j=1
for every (z,t) € RY x ]0, % T[. Indeed, by integrating the inequality (3.7) with respect
to T €]0, t[, we obtain

/ / w(&, 1) (x,t,&,7)deEdr < wu(x,t)t < oo, for every (z,t) € R x]0,T7.
RN

On the other hand, from (2.6) it follows that

//RN (€,7) ]ertg, )| d¢dr

j=1

gc/{f%(/ﬂw u(g,T)r((x,t)o (o,—t;T)_l,g,T)d§>dr (by (3.7))

u((a:,t) o (O,—t ; T>_1>d7 <CCyy 2/t < 0,

t
1

<C

B /0 Vi—T
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for every (z,t) € RV x ]0, %T [ In the last but one inequality we have used that, since u
is a continuous function on RY x [0, 7], there exists a constant C,; > 0 such that

u((x,t) o (O, ! ; T)_1> < Tsel[lg’)t]u(S(x,t, T), ST

> =:Cpy < 00.

Hence, (3.9) is proved.

We next conclude the proof of the theorem. Let u,v € C(RY x [0,T]) be two non-
negative solutions to the Cauchy problem (1.4). As |u — v| < u + v, the first part of the
proof yields condition (3.4) for every (z,t) € RN x ]O, % T[, whence v = v in RV x [0, % T]
by Proposition 3.2. We repeate the above argument, and we find, at the n-th step,

U= in RNX[O,(lfS,l%)T].
This proves the theorem. O
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