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Abstract

The Hausdorff distance, the Gromov-Hausdorff, the Fréchet and the natu-
ral pseudo-distances are instances of dissimilarity measures widely used in
shape comparison. We show that they share the property of being defined as
inf, F'(p) where F' is a suitable functional and p varies in a set of correspon-
dences containing the set of homeomorphisms. Our main result states that
the set of homeomorphisms cannot be enlarged to a metric space K, in such
a way that the composition in K (extending the composition of homeomor-
phisms) passes to the limit and, at the same time, K is compact.
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1. Introduction

The literature about shape comparison often reports distances or pseudo-
distances whose definitions are based on considering sets of correspondences
between topological spaces X and Y, where a correspondence is defined as
a surjective relation p C X x Y such that also p~! is surjective (Mémoli,
2007). In plain words, each correspondence describes a (perceptive) matching
between the points of X and the points of Y.

As a classical example, the Hausdorff distance dg(X,Y’) between two
non-empty compact sets X and Y of a metric space (S, ds) is defined as the
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value inf cc sup(, e, ds(, y), where C denotes the set of all correspondences
between X and Y (Mémoli, 2007). The Gromov-Hausdorff pseudo-distance
(Burago, Burago and Ivanov, 2001; Gromov, 1981) and the Fréchet pseudo-
distance (Rote, 2007) represent two other well-known examples where a sim-
ilar procedure is applied. Sometimes (as in the case of the Fréchet pseudo-
distance) just a proper subset of the set of all correspondences is considered.

All these examples share the property of being defined as inf, F'(p), where
F'is a suitable functional taking each correspondence p to a value that mea-
sures how much “p behaves as an identity” from the point of view of our
shape comparison. In the case of the Hausdorff distance, F'(p) equals the
value sup(, ,)e, ds(z,y), which vanishes if and only if X =Y and p is the
identity correspondence.

In Persistent Topology the same procedure leads to the concept of nat-
ural pseudo-distance, considering only correspondences that are also home-
omorphisms. When two closed C° manifolds X,Y endowed with two con-
tinuous functions ¢ : X — R, ¢ : Y — R are considered together with
the set Hom(X,Y') of all homeomorphisms between X and Y, this extended
pseudo-distance is defined to be either the value infy,c gom(x,v) max,ex [¢(2)—
w(h(z))|, or 400, depending on whether X and Y are homeomorphic or not
(Frosini and Mulazzani, 1999; Donatini and Frosini, 2004, 2007, 2009).

We observe that the sets of correspondences considered in our examples
include all homeomorphisms, which are always assumed to be legitimate
transformations.

Unfortunately, in all the previous examples at least one of the following
problems occurs: (1) the composition of relations does not pass to the limit;
(2) the infimum of the functional F' is not a minimum. Consequently, a
natural goal would be to guarantee that our functional attains a minimum
by extending the metric space of the homeomorphisms between two any
topological spaces X and Y to a compact metric space whose elements are
(possibly but not necessarily) correspondences, endowed with a composition
that extends the usual composition of homeomorphisms and passes to the
limit.

The purpose of this paper is proving that this goal cannot be reached even
in the case X =Y, under pretty reasonable hypotheses. This fact suggests
the existence of obstacles in treating, exclusively in terms of correspondences,
the distances defined as inf, F'(p).



2. General setting

Let us denote by C any small category (i.e. any category C such that
both Obj(C) and Mor(C) are actually sets) having the following properties:

1. its objects are topological spaces;

2. each (possibly empty) set of morphisms Mor(X,Y) between two ob-
jects X and Y is a subset of the set of correspondences from X onto
Y, containing all the possible homeomorphisms from X onto Y

3. if p € Mor(X,Y) then p~t € Mor(Y, X).

Varying (X,Y) in the set Obj(C) x Obj(C), let us consider a family of
functionals Fixy) : Mor(X,Y) — R satisfying the following properties:

1. for every p € Mor(X,Y), Fixyy(p) > 0;

2. if idx is the identity morphism on X, then F(x x)(idx) = 0;

3. for every p € Mor(X,Y), Fixyy(p) = Eiy.x)(p™t);

4.if p € Mor(X,Y) and 0 € Mor(Y,Z), Fix,z(00p) < Fixy(p) +
F(y,Z)(U).

The family of functionals F{x y) allows us to define an extended pseudo-
distance on Obj(C) (we omit the trivial proof). The term extended means
that the pseudo-distance can take the value 4+o00. Obviously, passing to
the quotient, any pseudo-distance becomes a distance (i.e. also the axiom
d(X,Y)=0 = X =Y is satisfied).

Proposition 2.1. The function

_ | infperrorxy) Fixyy(p) if Mor(X,Y) # 0,
5<X’Y)_{ T oo if Mor(X,Y) = 0

is an extended pseudo-distance on Obj(C).

The previous setting allows us to obtain the pseudo-distances we have
recalled at the beginning of the introduction, as particular cases.

Hausdorff distance. C is the category whose objects are the non-empty
compact subsets of a metric space (S, ds). The morphisms are all correspon-
dences between any two objects. We set Fixy)(p) = sup, e, ds(v,y), for
every pair (X,Y) € Obj(C) x Obj(C) and every p € Mor(X,Y).



Gromov-Hausdorff pseudo-distance. C is a category whose objects be-
long to a set of non-empty compact metric spaces. The morphisms are given
by all correspondences between objects. For every (X,Y') € Obj(C)xObj(C)
and p € Mor(X,Y), we set Fixy)(p) = inf(z.4.) 14 50D (s y)e, Az (f(2), 9(y)),
where (Z,dz) ranges over all metric spaces, and f and g range over all pos-
sible isometric embeddings of X and Y into Z, respectively.

Fréchet pseudo-distance. C is the category whose objects are all the
curves v : [0,1] — R™ (seen as subsets of [0,1] x R™ endowed with the
product topology). The morphisms between two curves 7,7 are given by
the relations p whose elements can be written as (v, («(t)),v2(8(t))), where
t €1[0,1] and o, 3 : [0,1] — [0, 1] are two non-decreasing and surjective con-
tinuous functions. Finally, we set F(x y)(p) = sup, e, |z — y]|-

Natural pseudo-distance. C is the category whose objects are all the
continuous functions ¢ : X — R, where X ranges over all closed C° n-
manifolds. They are seen as subsets of X x R, endowed with the product
topology. The morphisms between two functions ¢ : X — R, ¢ : Y — R are
given by the homeomorphisms h from X onto Y. Finally, we set F(x yy(h) =

max,ey |o(x) —¥(h(x))].

3. Main result

The core of this paper is the following result stating that we cannot
enlarge the set of homeomorphisms to a larger metric space IC, in such a way
that the composition in IC (extending the composition of homeomorphisms)
passes to the limit and, at the same time, K is compact. Since the passage
to the limit of the composition is important in applications because of the
need for computational approximations, our result suggests that there is no
sensible way to extend the set of homeomorphisms to a larger compact metric
space.

Theorem 3.1. Let X be a topological space containing a subset U that is
homeomorphic to an n-dimensional open ball for somen > 1. Let us consider
the set ‘H of all homeomorphisms from X onto X, endowed with a metric
dy that s compatible with the topology of X in the sense of the following
property: if a sequence (h;) in H converges to the identical homeomorphism
idx € H with respect to dyy, then (h;) pointwise converges to idx with respect



to the topology of X (i.e., lim; .o hi(x) = = for every x € X). Then no
compact metric space (IC,dy) ezists, endowed with an internal composition
o : K x K — K such that:

1. K2OH;

2. dic extends dy (i.e. if f,g € H then di(f,g) = dn(f,9));

3. the binary operation e extends the usual composition of homeomor-
phisms (i.e., if f,g € H then feg= fog);

4. the composition e commutes with the passage to the limit (i.e. if the
sequences (p;) and (0;) converge in IC, then lim; ., (p; ® 0;) exists and
equals (im; oo p;) ® (lim; . ;) ).

Proof. Let us prove our result by contradiction, assuming that such a met-
ric space (K, dx) exists. For every homeomorphism f € H and any natural
number i > 1, let f* denote the composition of f with itself ¢ times (while
fl=f), and let us set g = f~!. Since K is compact, a strictly increasing se-
quence of positive numbers (i,) exists such that both the limits, with respect
to dic, lim, o f' and lim,_,. ¢* exist.

On one hand, if in the metric space (K,dx) we consider the constant

sequence (fr o g') = (idx), from Properties 3 and 4 it follows that
idx = lim (f"og") = lim (f eg") = <1im f) . (lim gir>

T—00 r—00 r—00

= (hm fi”'l) ° (lim gir) = lim (fir+1 .giT) — lim (f’ir+1 ogiT) ‘

T—00 rT—00

Therefore, recalling Properties 1 and 2, we have that the sequence of
homeomorphisms (f+! o g'") = (f+17") converges to the identical home-
omorphism, with respect to both dy; and dx. We observe that each index
ip41 — 1, 1S strictly positive.

In other words, we have proved that for every homeomorphism f from X
onto X a sequence of positive numbers (m,.) exists, such that (f") converges
to the identical homeomorphism with respect to dy.

In order to obtain a contradiction, it is sufficient to construct a homeomor-
phism A that cannot verify the previous property. We can do that by consid-
ering a homeomorphism & : U — B, = {z € R" : ||z| < 1}, and constructing
a homeomorphism h € H that takes the set h~ ({z eR™: ||lz|| < 1}) into
the set ! ({z € R": ||lz[| < 1}). It is immediate to check that no sequence
of non-trivial positive powers of h can pointwise converge to the identical
homeomorphism. Therefore, no such a sequence can converge to the identi-
cal homeomorphism with respect to dy. O



Remark 3.2. The assumption that X contains a subset U that is homeomor-
phic to an n-dimensional open ball for some n > 1 cannot be omitted. Indeed,
topological spaces for which the only automorphism of X is the identity map
exist. In that case (H,dy) is obviously compact. A classical reference for
these spaces (called rigid topological spaces) is De Groot and Wille (1958).

Remark 3.3. An important class of topological spaces for which our theo-
rem holds is given by the triangulable spaces (i.e. the bodies of simplicial
complexes) of dimension larger than or equal to 1.
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