
Qrq0Olqhdu Pdunhw Ghpdqg dqg

Fdslwdo Dffxpxodwlrq lq d

Gl�huhqwldo Roljrsro| Jdph�

Urehuwr Fhoolql� 0 Oxfd Odpehuwlql��

� Idfrowã gl Hfrqrpld/ Xqlyhuvlwã gl Fdwdqld

Fruvr Lwdold 88/ <845< Fdwdqld/ Lwdo|

id{ 6<03<806:38:7> h0pdlo fhoolqlCper{1xqlfw1lw
�� Glsduwlphqwr gl Vflhq}h Hfrqrplfkh

Xqlyhuvlwã ghjol Vwxgl gl Erorjqd

Vwudgd Pdjjlruh 78/ 73458 Erorjqd/ Lwdo|

id{ 6<0384053<5997> h0pdlo odpehuwlCvser1xqler1lw

Pdufk 46/ 5333

Devwudfw

Zh lqyhvwljdwh d gl�huhqwldo roljrsro| jdph zkhuh �upv frpshwh

lq d Frxuqrw pdunhw zkrvh ghpdqg ixqfwlrq lv dozd|v grzqzdug vors0

lqj exw fdq wdnh dq| ghjuhh ri fxuydwxuh1 Wkhuh h{lvw wzr hfrqrp0

lfdoo| phdqlqjixo vdggoh srlqwv/ rqh glfwdwhg e| ghpdqg frqglwlrqv/

wkh rwkhu e| wkh Udpvh| uxoh1 Lq vwhdg| vwdwh/ rswlpdo fdslwdo lv

qrq0ghfuhdvlqj lq pdunhw vl}h1 Wkhq zh vkrz wkdw wkh vrfldoo| h!0

flhqw rxwsxw lv lqghshqghqw ri wkh fxuydwxuh ri pdunhw ghpdqg1 Wklv

hqwdlov wkdw wkh zhoiduh orvv dvvrfldwhg wr wkh Frxuqrw htxloleulxp

ghfuhdvhv dv pdunhw vl}h lqfuhdvhv1

MHO Fodvvl�fdwlrq= O46

Nh|zrugv= Frxuqrw frpshwlwlrq/ fxuydwxuh ri pdunhw ghpdqg/

fdslwdo dffxpxodwlrq/ gl�huhqwldo jdphv/ vwhdg| vwdwh

�Zh wkdqn wkh vhplqdu dxglhqfh dw wkh Xqlyhuvlw| ri Wulhvwh iru frpphqwv dqg glvfxv0

vlrq1 Wkh xvxdo glvfodlphu dssolhv1
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4 Lqwurgxfwlrq

Wkh fxuuhqw olwhudwxuh rq roljrsro| wkhru| xvxdoo| dgrswv d vwdwlf dssurdfk
dqg d olqhdu pdunhw ghpdqg/ zlwk hlwkhu krprjhqhrxv ru gl�huhqwldwhg jrrgv
+iru h{kdxvwlyh vxuyh|v/ vhh Wluroh/ 4<;;> Pduwlq/ 4<<6/ lqwhu dold,1 D uhod0
wlyho| vfdqw| dwwhqwlrq kdv ehhq ghyrwhg wr wkh dqdo|vlv ri wkh h�hfwv ri
qrq0olqhdu ghpdqg rq �upv* vwudwhjlf ehkdylrxu1 Lq wklv uhvshfw/ d uhohydqw
h{fhswlrq lv wkh zrun ri Dqghuvrq dqg Hqjhuv +4<<5/ 4<<7,/ zkhuh Frxuqrw
dqg Vwdfnhoehuj htxloleuld duh lqyhvwljdwhg xqghu wkh shuvshfwlyh wkdw pdunhw
ghpdqg fdq eh hlwkhu frqyh{ ru frqfdyh14 Wkh| frqqhfw wkh vroxwlrq frqfhsw
+Qdvk ru Vwdfnhoehuj, zlwk �upv* rswlpdo frpplwphqwv lq whupv ri lqvwdoohg
fdslwdo1

Krzhyhu/ wkhlu dssurdfk lv lqkhuhqwo| vwdwlf/ lq wkh vhqvh wkdw fdslwdo
dffxpxodwlrq lv lqvwdqwdqhrxv lqvwhdg ri wdnlqj sodfh ryhu wlph1 Wkhuh0
iruh/ frvwv hqwhu wkh jhqhulf �up*v remhfwlyh ixqfwlrq rqo| lq wkh irup ri dq
h{rjhqrxv fdsdflw|/ vr wkdw wkh rxwsxw ohyhov fkrvhq rq wkh edvlv ri vwudwh0
jlf lqwhudfwlrq fdq lqghhg eh surgxfhg li fdsdflw| lv dw ohdvw dv odujh dv
wkh htxloleulxp rxwsxw ghwhuplqhg e| wkh lqwhuvhfwlrq ri uhdfwlrq ixqfwlrqv1
Rwkhuzlvh/ �upv rshudwh dw wkh erxqgdu| ri fdsdflw|1

Wkh dowhuqdwlyh shuvshfwlyh ri hqgrjhqlvlqj fdslwdo dffxpxodwlrq lv w|s0
lfdoo| wdnhq e| wkh olwhudwxuh rq gl�huhqwldo jdphv/ zkhuh zh dydlo ri d uho0
dwlyho| vpdoo olwhudwxuh rq roljrsro|1 Krzhyhu/ wkh h{lvwlqj frqwulexwlrqv
h{dplqh lqwhuwhpsrudo fdslwdo dffxpxodwlrq iru surgxfwlrq lq prghov zlwk
olqhdu pdunhw ghpdqg +Vlpddq dqg Wdnd|dpd/ 4<:;> Ihuvkwpdq dqg Pxoohu/
4<;7> Ihuvkwpdq dqg Ndplhq/ 4<;:> Fhoolql dqg Odpehuwlql/ 4<<;,/ ru hovh
lqyhvwljdwh �upv* U)G ghflvlrq lq lqqrydwlrq udfhv zkhuh wkh pdunhw sd|r�
dvvrfldwhg wr wkh vxffhvvixo lqqrydwlrq lv d sul}h eodfner{lqj pdunhw ghpdqg
+h1j1/ Uhlqjdqxp/ 4<;5d,1

Rxu dlp frqvlvwv lq qhvwlqj wkh prgho lqwurgxfhg e| Dqghuvrq dqg Hq0
jhuv +4<<5, lqwr d gl�huhqwldo jdph vhwxs/ vr dv wr hqgrjhqlvh �upv* fdslwdo
frpplwphqw dqg olqn lw h{solflwo| wr wkh fxuydwxuh ri pdunhw ghpdqg1 Zh
suryh wkdw wkh Frxuqrw roljrsro| surgxfhv pxowlsoh vwhdg| vwdwh htxloleuld>
lq sduwlfxodu/ wkh hfrqrplf vroxwlrq lv glfwdwhg hlwkhu e| ghpdqg frqglwlrqv/
ru e| wkh Udpvh| uxoh ri fdslwdo dffxpxodwlrq1 Zh dovr looxvwudwh wkh uh0
odwlrqvkls kroglqj/ lq vwhdg| vwdwh/ ehwzhhq ghpdqg fxuydwxuh dqg fdslwdo

4Vhh dovr Odpehuwlql +4<<9, iru wkh dqdo|vlv ri wkh ehdulqjv ri wkh fxuydwxuh ri pdunhw
ghpdqg rq wkh vwdelolw| ri lpsolflw frooxvlrq hlwkhu lq sulfhv ru lq txdqwlwlhv1
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frpplwphqw1 Wklv fdq eh vxppdulvhg lq wkh iroorzlqj whupv1 Vxssrvh gh0

pdqg wxuqv iurp olqhdu lqwr frqyh{1 Li vr/ hdfk �up*v fdslwdo ghfuhdvhv1 Wkh

rssrvlwh kdsshqv li zh wxuq d olqhdu ghpdqg lqwr d frqfdyh rqh/ dqg lw lv

lqfuhdvlqjo| vr dv frqfdylw| lqfuhdvhv1 Wkh lqwxlwlrq lv wkdw lq wkh �uvw fdvh

pdunhw vl}h dqg �upv* rswlpdo rxwsxwv ghfuhdvh/ zkloh lq wkh vhfrqg wkh

rssrvlwh lv wuxh1

Wkhq/ zh hydoxdwh wkh ehkdylrxu ri d vrfldo sodqqhu dlplqj dw zhoiduh

pd{lplvdwlrq/ wr �qg wkdw wkh vrfldoo| h!flhqw rxwsxw lv lqghshqghqw ri wkh

fxuydwxuh ri pdunhw ghpdqg1 Wklv/ lq frqqhfwlrq zlwk wkh diruhphqwlrqhg

uhvxowv/ hqwdlov wkdw wkh zhoiduh orvv dvvrfldwhg wr wkh Frxuqrw htxloleulxp

ghfuhdvhv dv pdunhw vl}h lqfuhdvhv1

Wkh uhpdlqghu ri wkh sdshu lv vwuxfwxuhg dv iroorzv1 Wkh vhwxs lv odlg rxw

lq vhfwlrq 51 Vhfwlrq 6 ghvfulehv wkh Frxuqrw roljrsro|1 Vhfwlrq 7 frqwdlqv
wkh dqdo|vlv ri wkh vrfldo rswlpxp1 Frqfoxglqj uhpdunv duh lq vhfwlrq 81

5 Wkh prgho

Zh eruurz wkh ghpdqg vwuxfwxuh iurp Dqghuvrq dqg Hqjhuv +4<<5/ 4<<7,1
Wkh pdunhw lv vhuyhg e| ? �upv vhoolqj d krprjhqhrxv surgxfw ryhu wlph

| 5 dfc4�1 Wkh pdunhw ghpdqg ixqfwlrq lv gh�qhg dv iroorzv=

'E|� ' �� ERE|��k c k : f � +4,

Wkh deryh ixqfwlrq lv dozd|v grzqzdug vorslqj/ dqg fdq eh hlwkhu frqyh{
+k 5 Efc ��, ru frqfdyh +k : �,1 Ilupv duh txdqwlw|0vhwwhuv/ wkh lqyhuvh
ghpdqg ixqfwlrq ehlqj=

RE|� ' E��'E|��
�

k
c +5,

zkhuh 'E|� '
S

?

�'�
^�E|�c dqg ^�E|� lv wkh lqglylgxdo rxwsxw ri �up � dw

wlph |� Surgxfwlrq uhtxluhv sk|vlfdo fdslwdo &/ dffxpxodwlqj ryhu wlph wr

fuhdwh fdsdflw|1 Dw dq| |c wkh rxwsxw ohyho lv +�E|� ' sE&�E|��c zlwk s �
�

Ys E&�E|��*Y&�E|� : f dqg s� � Y2sE&�E|��*Y&�E|�2 	 f�
D uhdvrqdeoh dvvxpswlrq lv wkdw ^�E|� � +�E|�c wkdw lv/ wkh ohyho ri vdohv lv

dw prvw htxdo wr wkh txdqwlw| surgxfhg1 H{fhvv rxwsxw lv uhlqwurgxfhg lqwr

wkh surgxfwlrq surfhvv |lhoglqj dffxpxodwlrq ri fdsdflw| dffruglqj wr wkh

iroorzlqj surfhvv=

Y&�E|�

Y|
' s E&�E|��� ^�E|�� B&�E|�c +6,
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zkhuh B ghqrwhv wkh udwh ri ghsuhfldwlrq ri fdslwdo1 Lq rughu wr vlpsoli| ixu0
wkhu wkh dqdo|vlv/ vxssrvh wkdw xqlw yduldeoh frvw lv frqvwdqw dqg htxdo wr
}hur1 Wkh frvw ri fdslwdo lv uhsuhvhqwhg e| wkh rssruwxqlw| frvw ri lqwhuwhp0
srudo uhorfdwlrq ri xqvrog rxwsxw1 Ilup �*v lqvwdqwdqhrxv sur�wv � duh

Z�E|� ' RE|�^�E|�� +7,

Ilup � pd{lpl}hv wkh glvfrxqwhg  rz ri lwv sur�wv=

a� '

]
"

f

e
34|

Z�E|� _| +8,

xqghu wkh frqvwudlqw +6, lpsrvhg e| wkh g|qdplfv ri wkh vwdwh yduldeoh &�E|�1
Qrwlfh wkdw wkh vwdwh yduldeoh grhv qrw hqwhu gluhfwo| wkh remhfwlyh ixqfwlrq1

Iru ixwxuh uhihuhqfh/ zh �uvw rxwolqh wkh ihdwxuhv ri wkh ghpdqg ixqfwlrq
+5, lq whupv ri wkh hodvwlflw| ri ghpdqg z1u1w1 sulfh/ 0'cR1 Wkh sulfh hodvwlflw|

ri ghpdqg fdq eh zulwwhq dv iroorzv=

m0'cRm ' �
Y'Ek�

YR E' Ek��
�
R E' Ek��

'Ek�
'

kRk

�� Rk
� +9,

6 Wkh Frxuqrw htxloleulxp

Lq vroylqj wkh txdqwlw|0vhwwlqj jdph ehwzhhq sur�w0vhhnlqj djhqwv/ zh vkdoo
irfxv xsrq d vlqjoh �up1 Wkh uhohydqw remhfwlyh ixqfwlrq ri �up � lv=

a� '

]
"

f

e
34|

^�E|� � d�� ^�E|� �'
3�E|�o

�

k _| +:,

zkhuh '
3�E|� '

S
� �'� ^�E|� lv wkh wrwdo rxwsxw ri wkh ? � � ulydov ri �up �

dw wlph |� Wkh ixqfwlrq +:, pxvw eh pd{lplvhg z1u1w1 ^�E|�c xqghu +6,1 Wkh
fruuhvsrqglqj Kdplowrqldq ixqfwlrq lv=

KE|� ' e
34|

�

q
^�E|� � d�� ^�E|� �'

3�E|�o
�

k n b�E|� dsE&�E|��� ^�E|�� B&�E|�o
r

c

+;,
zkhuh b�E|� ' >

�
E|�e4|c dqg >�E|� lv wkh fr0vwdwh yduldeoh dvvrfldwhg wr &�E|��

Zh dgrsw wkh rshq0orrs Qdvk htxloleulxp dv wkh vroxwlrq frqfhsw15

5Wkh olplwdwlrqv d�hfwlqj wkh rshq0orrs vroxwlrq duh zhoo nqrzq +vhh N|godqg/ 4<::>
Ixghqehuj dqg Wluroh/ 4<<4/ ss1 853069/ lqwhu dold,1 Lq olqh ri sulqflsoh/ wkh forvhg0orrs
vroxwlrq zrxog eh suhihudeoh1 Krzhyhu/ wkh irup ri wkh lqvwdqwdqhrxv sd|r� xvhg lq wklv
vhwwlqj grhv qrw doorz xv wr sxuvxh wkh forvhg0orrs htxloleulxp1 Iru d pruh ghwdlohg
glvfxvvlrq ri wklv lvvxh/ vhh Uhlqjdqxp +4<;5e,/ Phkopdqq +4<;;, dqg Ed�vdu dqg Rovghu
+4<<85,1
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Wkh qhfhvvdu| dqg vx!flhqw frqglwlrqv iru d sdwk wr eh rswlpdo duh=

YKE|�

Y^�E|�
'

5
7�� ^�E|��

[

� �'�

^�E|�

6
8

�

k

n +<,

�

;AA?
AA=
^�E|� �

k
�� ^�E|��

S
� �'� ^�E|�

l �3k

k

k

n b�E|�

<AA@
AA>
' f(

�

YKE|�

Y&�E|�
'

Y>
�
E|�

Y|
,

Yb�E|�

Y|
' d4n B � s �E&�E|��ob�E|�( +43,

*�4
|<"

>
�
E|� � &�E|� ' f � +44,

Frqglwlrq +<, lpsolflwo| gh�qhv wkh uhdfwlrq ixqfwlrq ri �up � wr wkh ulydov*
rxwsxw ghflvlrqv1 Uhzulwh +<, dv iroorzv=

5
7�� ^�E|��

[

� �'�

^�E|�

6
8

�

k

�

;AA?
AA=
^�E|�

k
�

k
�� ^�E|��

S
� �'� ^�E|�

l �

k

�� ^�E|��
S

� �'� ^�E|�
n b�E|�

<AA@
AA>
' f

+45,
wkdw lv=

5
7�� ^�E|��

[

� �'�

^�E|�

6
8

�

k

�

5
7� � ^�E|�

k
�
�� ^�E|��

S
� �'� ^�E|�

�
6
8
� b�E|� ' f +46,

Lq rughu wr vlpsoli| fdofxodwlrqv dqg wr rewdlq dq dqdo|wlfdo vroxwlrq/ zh
dgrsw wkh iroorzlqj dvvxpswlrq/ edvhg rq �upv* h{ dqwh v|pphwu|=

[

� �'�

^�E|� ' E?� ��^�E|� +47,

Wkdqnv wr v|pphwu|/ lq wkh uhpdlqghu zh gurs wkh lqglfdwlrq wkh lghqwlw|
ri wkh �up dqg uhzulwh wkh IRF dv iroorzv=

d�� ?^�E|�o
�

k
�

+
k d�� ?^�E|�o� ^�E|�

k d�� ?^�E|�o

,
� b�E|� ' f +48,
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zkhuh zh fdq zulwh d�� ?^�E|�o
�

k
' RE|�c zlwk ^ � �*?1 Wkhuhiruh=

RE|� �

+
k d�� ?^�E|�o� ^�E|�

k d�� ?^�E|�o

,
� b�E|� ' f +49,

wkdw lv=

RE|�k d�� ?^�E|�o� RE|�^�E|�� k d�� ?^�E|�ob�E|�

k d�� ?^�E|�o
' f +4:,

iurp zklfk zh jhw=

� dRE|�� b�E|�ok� ^�E|� iRE|� n ?k dRE|�� b�E|�oj ' f +4;,

Wkhq/ zh rewdlq wkh v|pphwulf shu0�up rxwsxw=

^
WE|� '

� dRE|�� bE|�ok

E� n ?� RE|�� ?bE|�k
+4<,

zklfk fdq eh uhzulwwhq lq vhyhudo htxlydohqw zd|v/ h1j1=

bE|� ' RE|��
^
WE|� ERE|���3k

k

� +53,

Wkh deryh glvfxvvlrq/ lq sduwlfxodu +4<053,/ surgxfhv wkh iroorzlqj uhvxow/
zklfk qhhgv qr ixuwkhu surri=

Ohppd 4 Lq htxloleulxp/ wkh iroorzlqj qhfhvvdulo| krogv=

Y^WE|�

Y|
' f,

YRE|�

Y|
' f,

YbE|�

Y|
' f

dqg
YRE|�

Y|
' f,

Y^WE|�

Y|
' f,

YbE|�

Y|
' f �

Htxdwlrq +53, fdq eh gl�huhqwldwhg z1u1w1 wlph wr rewdlq=

YbE|�

Y|
' f,

YRE|�

Y|
�

ERE|���3k

k

�

Y^WE|�

Y|
�

E�� k� ^WE|� ERE|��3k

k

�

YRE|�

Y|
' f �

+54,
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Xvlqj wkh v|pphwu| dvvxpswlrq +47, dqg gl�huhqwldwlqj wkh gluhfw ghpdqg
ixqfwlrq +4, z1u1w1 wlph/ zh jhw=

Y^WE|�

Y|
' �

k ERE|��k3�

?
�

YRE|�

Y|
+55,

zklfk fdq eh soxjjhg lqwr +54, wr |lhog=

YbE|�

Y|
' f,

YRE|�

Y|

�
� n

�

?

�
�

E�� k� ^WE|� ERE|��3k

k
�

YRE|�

Y|
' f +56,

iurp zklfk zh ghulyh wkh iroorzlqj=

Ohppd 5 Wkh frqglwlrq
Yb�E|�

Y|
' f lv vdwlv�hg zkhq

hlwkhu
YRE|�

Y|
' f ru ^WE|� '

�kE? n ��

?Ek?n ��

ru +
YRE|�

Y|
' f dqg ^WE|� '

�kE?n ��

?Ek? n ��

,
c

surylghg � 9' ?^WE|�� Wkh vroxwlrq ^WE|� '
�kE?n ��

?Ek?n ��
lv uhohydqw rqo| iru

k 5 Efc ���

Krzhyhu/ wkh frqglwlrq ^
WE|� ' �kE? n ��* d?Ek?n ��o lv uhohydqw rqo|

iru k 5 Efc ��c dv ^
WE|� '

�kE? n ��

?Ek?n ��
:

�

?
iru k : �c wkh frqglwlrq zrxog

lpso| RE|� 	 f� Vhh dovr ehorz1
Qrz uhzulwh +<, dv iroorzv=

^
WE|� ' k dRE|�� bE|�o ERE|��k3� � +57,

Wkh deryh h{suhvvlrq fdq eh gl�huhqwldwhg z1u1w1 wlph=

_^WE|�

_|
' k

+%
_RE|�

_|
�

_bE|�

_|

&
ERE|��k3�n +58,

Ek � �� ERE|��k32 dRE|�� bE|�o
_RE|�

_|

,

:



ru

�

k

�

_^WE|�

_|
' ERE|��k3�

+
RE|� n Ek � �� dRE|�� bE|�o

RE|�

,
_RE|�

_|
n +59,

�

_bE|�

_|
ERE|��k3� �

Vlqfh RE|�� bE|� ' ^WE|� ERE|���3k *kc +59, uhzulwhv dv=

�

k
�

_^WE|�

_|
' ERE|��k3�

+�
�n

k � �

k

� ^WE|� ERE|��3k
�
_RE|�

_|
�

_bE|�

_|

,
� +5:,

Qrz/ xvlqj wkh iroorzlqj lqirupdwlrq=
;AA?
AA=

_RE|�
_|
' �

?ERE|���3k

k
�

Y^WE|�
Y|

YbE|�
Y|
' d4n B � s �E&E|��obE|�

bE|� ' RE|�� ^WE|�ERE|���3k

k

+5;,

zh rewdlq=

�

k

�

_^WE|�

_|
' �

?

k

�
�n

k � �

k

� ^
WE|� ERE|��3k

�
_^E|�

_|
n +5<,

� ERE|��k3� d4 n B � s �E&E|��o

%
RE|��

^WE|� ERE|���3k

k

&

wkdw lv/
_^WE|�

_|
�

�
�

k

n
?

k

�
� n

k � �

k
� ^

WE|� ERE|��3k
��
' +63,

' � ERE|��k3� d4n B � s �E&E|��o

%
RE|� �

^
WE|� ERE|���3k

k

&
�

Gh�qh
�

k

n
?

k

�
� n

k� �

k

� ^
WE|� ERE|��3k

�
� q +64,

zlwk

q

: f

' f
	 f

li ^WE|�

	
�kE?n ��

?Ek?n ��

'
�kE?n ��

?Ek?n ��

:
�kE?n ��

?Ek?n ��

+65,

;



vr wkdw +63, vlpsol�hv dv iroorzv=

_^WE|�

_|
' �

�

q
ERE|��k3� d4n B � s �E&E|��o

%
RE|��

^WE|� ERE|���3k

k

&
� +66,

Wkhq/ qrwlfh wkdw iru doo k : �/ zh kdyh q : f li ? : �*k� Rwkhuzlvh/ wkh

vljq ri q lv dpeljxrxv1

Zh duh qrz lq d srvlwlrq wr vwdwh zkdw iroorzv=

Wkhruhp 4 Wkh vwhdg| vwdwh uhtxluhphqw/ _^WE|�*_| ' f lv vdwlv�hg li

s �E&E|�� ' 4n B

RE|� '
^WE|� ERE|���3k

k

, ^
WE|� '

�k

� n k?
	
�

?

<A@
A> ; k : f

dqg

RE|� ' f, ^
WE|� '

�

?
c ; k � � �

Li k 5 Efc��c ^WE|� ' �*? grhv qrw uhsuhvhqw d vroxwlrq wr _^*_| ' f1

Surri1 Wkh surri odujho| uholhv rq Ohppd 5 dqg wkh deryh glvfxvvlrq1 Wr

frpsohwh lw/ mxvw revhuyh wkdw/ iru doo k � �c zh kdyh

�k

� n k?
	
�

?
	
�kE?n ��

?Ek?n ��
+67,

vr wkdw q : f hyhu|zkhuh/ zkloh iru doo k 5 Efc ��c

�k

� n k?
	
�kE?n ��

?Ek?n ��
	
�

?
+68,

vr wkdw q : f / zkhq hydoxdwhg lq wkh vwhdg| vwdwh/ zkhuh vxuho| k : �*?1

Zh duh qrz deoh wr gudz d skdvh gldjudp lq wkh vsdfh i&c ^j c lq rughu wr

fkdudfwhulvh wkh vwhdg| vwdwh htxloleulxp1 Iru wkh vdnh ri vlpsolflw|/ frqvlghu

�uvw wkh fdvh k 5 Efc ��� Wkh orfxv
u

^� _^*_| ' f lv jlyhq e| ^ ' �k*E�nk?�
dqg s �E&� ' 4nB lq �jxuh 41 Qrwlfh wkdw wkh krul}rqwdo orfxv ^ ' �k*E�nk?�
ghqrwhv wkh xvxdo htxloleulxp vroxwlrq zh duh zhoo dffxvwrphg zlwk iurp
wkh h{lvwlqj olwhudwxuh ghdolqj zlwk vwdwlf pdunhw jdphv +vhh Dqghuvrq dqg
Hqjhuv/ 4<<5/ 4<<7> Odpehuwlql/ 4<<9,1 Wkh wzr orfl sduwlwlrq wkh vsdfh i&c ^j

<



lqwr irxu uhjlrqv/ zkhuh wkh g|qdplfv ri ^ lv jlyhq e| +66,/ dv vxppdulvhg

e| wkh yhuwlfdo duurzv1 Wkh orfxv
u

&� _&*_| ' f dv zhoo dv wkh g|qdplfv ri
&c ghslfwhg e| krul}rqwdo duurzv/ ghulyh iurp +6,1 Vwhdg| vwdwhv/ ghqrwhg e|
�c u dorqj wkh krul}rqwdo dup/ dqg � dorqj wkh yhuwlfdo rqh/ duh lghqwl�hg
e| lqwhuvhfwlrqv ehwzhhq orfl1

Iljxuh 4= Frxuqrw frpshwlwlrq/ k 	 � +dqg q : f lq rr,

�

!
!�

"�

"

�

!
�

!
�

!

�

"

�

"
�

�k

�nk?

�

?

�kE?n��
?Ek?n��

P O

S

^

&� � s �3�E4 n B�
&

s �3�EB�

Lw lv zruwk qrwlqj wkdw wkh vlwxdwlrq looxvwudwhg lq �jxuh 4 lv rqo| rqh rxw

ri �yh srvvleoh frq�jxudwlrqv/ gxh wr wkh idfw wkdw wkh srvlwlrq ri wkh yhuwlfdo

olqh s �E&� ' 4n B lv lqghshqghqw ri ghpdqg sdudphwhuv/ zkloh wkh krul}rqwdo
orfxv ^ ' �k*E�nk?� vkliwv xszdugv dv � dqg2ru k lqfuhdvh1 Wkhuhiruh/ zh
rewdlq rqh rxw ri �yh srvvleoh uhjlphv=

^4` Wkhuh h{lvw wkuhh vwhdg| vwdwh srlqwv/ zlwk &� 	 &� 	 &u +wklv lv wkh
vlwxdwlrq ghslfwhg lq �jxuh 4,1 � lv d vdggoh srlqw> � lv dq xqvwdeoh
irfxv1 u lv djdlq d vdggoh srlqw/ zlwk wkh krul}rqwdo olqh dv wkh vwdeoh
dup1
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^5` Wkhuh h{lvw wzr vwhdg| vwdwh srlqwv/ zlwk &� ' &� 	 &u� Khuh/ �

frlqflghv zlwk �c vr wkdw zh kdyh rqo| wzr vwhdg| vwdwhv zklfk duh

erwk vdggoh srlqwv1 Lq � ' � / wkh vdggoh sdwk dssurdfkhv wkh vdggoh

srlqw iurp wkh ohiw rqo|/ zkloh lq u wkh vwdeoh dup lv djdlq wkh krul}rqwdo

olqh1

^6` Wkhuh h{lvw wkuhh vwhdg| vwdwh srlqwv/ zlwk &� 	 &� 	 &u�Khuh/ � lv d
vdggoh> � lv dq xqvwdeoh irfxv> u lv d vdggoh srlqw/ dv lq uhjlphv ^4`
dqg ^5`1

^7` Wkhuh h{lvw wzr vwhdg| vwdwh srlqwv/ zlwk &� 	 &� ' &u� Khuh/ srlqwv�

dqg u frlqflgh1 � uhpdlqv d vdggoh/ zkloh � ' u lv d vdggoh zkrvh

frqyhujlqj dup surfhhgv iurp wkh uljkw dorqj wkh krul}rqwdo olqh1

^8` Wkhuh h{lvwv d xqltxh vwhdg| vwdwh srlqw/ fruuhvsrqglqj wr �� Khuh/ wkhuh

h{lvwv d xqltxh vwhdg| vwdwh srlqw/ �c zklfk lv dovr d vdggoh srlqw1

Dq lqwxlwlyh h{sodqdwlrq pd| eh jlyhq dv iroorzv1 Wkh yhuwlfdo orfxv

s �E&� ' 4 n B lghqwl�hv d frqvwudlqw rq rswlpdo fdslwdo hperg|lqj �upv*

lqwhuwhpsrudo suhihuhqfhv/ l1h1/ wkhlu frpprq glvfrxqw udwh1 Dffruglqjo|/

pd{lpxp rxwsxw ohyho lq vwhdg| vwdwh zrxog eh wkdw fruuhvsrqglqj wr wkh

fdsdflw| vxfk wkdw s �E&� ' B� \hw/ d srvlwlyh glvfrxqwlqj +wkdw lv/ lpsdwlhqfh,
lqgxfhv surgxfhuv wr lqvwdoo d vpdoohu vwhdg| vwdwh fdsdflw|/ pxfk wkh vdph
dv lw kdsshqv lq wkh zhoo nqrzq Udpvh| prgho1 Rq wkhvh jurxqgv/ gh�qh
wklv ohyho ri & dv wkh rswlpdo fdslwdo frqvwudlqw/ dqg odeho lw dv e&1 Zkhq wkh
uhvhuydwlrq sulfh � lv yhu| odujh +ru k lv odujh/ ru ? lv orz,/ srlqwv � dqg
u hlwkhu gr qrw h{lvw +uhjlph ^8`, ru idoo wr wkh uljkw ri � +uhjlphv ^5`/ ^6`/
dqg ^7`,1 Xqghu wkhvh flufxpvwdqfhv/ wkh fdslwdo frqvwudlqw lv rshudwlyh dqg
�upv fkrrvh wkh fdslwdo dffxpxodwlrq fruuhvsrqglqj wr � 1 Dv zh zloo vhh
ehorz/ wklv lv ixoo| frqvlvwhqw zlwk wkh g|qdplf surshuwlhv ri wkh vwhdg| vwdwh
srlqwv1

Qrwlfh wkdw/ vlqfh erwk vwhdg| vwdwh srlqwv orfdwhg dorqj wkh krul}rqwdo
orfxv hqwdlo wkh vdph ohyhov ri vdohv/ srlqw u lv vxuho| lqh!flhqw lq wkdw lw
uhtxluhv d kljkhu dprxqw ri fdslwdo1 Srlqw �c dv douhdg| phqwlrqhg deryh/
fruuhvsrqgv wr wkh rswlpdo txdqwlw| hphujlqj iurp wkh vwdwlf yhuvlrq ri wkh
jdph1 Lw lv kdugo| wkh fdvh ri hpskdvlvlqj wkdw wklv vroxwlrq hqfrpsdvvhv
erwk prqrsro| +zkhq ? ' �, dqg shuihfw frpshwlwlrq +dv/ lq wkh olplw/
?$4,1 Lq � / pdujlqdo lqvwdqwdqhrxv sur�w lv qlo1
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Zh fdq vxp xs wkh deryh glvfxvvlrq dv iroorzv1 Wkh xqltxh h!flhqw dqg
qrq0xqvwdeoh vwhdg| vwdwh srlqw lv � li &� 	 &� c zkloh lw lv� li wkh rssrvlwh

lqhtxdolw| krogv1 Vxfk d srlqw lv dozd|v d vdggoh1 Lqglylgxdo htxloleulxp

rxwsxw lv ^W
rr
' �k*E� n k?� +zkhuh vxevfulsw rr vwdqgv iru vwhdg| vwdwh, li

wkh htxloleulxp lv lghqwl�hg e| srlqw �c ru wkh ohyho fruuhvsrqglqj wr wkh
rswlpdo fdslwdo frqvwudlqw e& li wkh htxloleulxp lv lghqwl�hg e| srlqw �� Wkh
uhdvrq lv wkdw/ li wkh fdsdflw| dw zklfk pdujlqdo lqvwdqwdqhrxv sur�w lv qlo
lv odujhu wkdq wkh rswlpdo fdslwdo frqvwudlqw/ wkh odwwhu ehfrphv elqglqj1
Rwkhuzlvh/ wkh fdslwdo frqvwudlqw lv luuhohydqw/ dqg �upv* ghflvlrqv lq hdfk
shulrg duh vroho| gulyhq e| wkh xqfrqvwudlqhg pd{lplvdwlrq ri vlqjoh0shulrg
sur�wv1 Lw lv dssduhqw wkdw/ lq wkh suhvhqw vhwwlqj/ �upv dozd|v rshudwh dw ixoo
fdsdflw|1 Wkh srvvlelolw| iru �upv wr fkrrvh fdsdflw| vwudwhjlfdoo| kdv ehhq
h{whqvlyho| ghedwhg lq vwdwlf vhwwlqjv/ prghoohg hlwkhu dv rqh0vkrw jdphv +vhh
Ohylwdq dqg Vkxeln/ 4<:5> Nuhsv dqg Vfkhlqnpdq/ 4<;6> Gdylgvrq dqg Gh0
qhfnhuh/ 4<;9> Rveruqh dqg Slwfklfn/ 4<;9,/ ru dv uhshdwhg jdphv +vhh Eurfn
dqg Vfkhlqnpdq/ 4<;8> Ehqrlw dqg Nulvkqd/ 4<;:> Gdylgvrq dqg Ghqhfnhuh/
4<<3,1 Krzhyhu/ wklv olwhudwxuh hqylvdjhv wkh srvvlelolw| iru �upv wr fkrrvh
fdsdflw| lq rughu wr d�hfw wkh htxloleulxp ehkdylrxu dw wkh pdunhw vwdjh/
zklfk lq rxu prgho zrxog fruuhvsrqg wr wkh vwhdg| vwdwh lq �� Iurp wkh
deryh glvfxvvlrq/ zh nqrz wkdw vxfk d ghflvlrq qhyhu dulvhv lq wkh gl�huhqwldo
jdph/ zkhuh wkh hqgrjhqrxv erxqgdu| wr fdsdflw| dffxpxodwlrq lv jlyhq e|
wkh Udpvh| uxoh/ zklfk/ e| gh�qlwlrq/ grhv qrw dsshdu lq wkh vwdwlf jdphv
rq fdsdflw| frqvwudlqwv1

Zkhq rswlpdo rxwsxw lv ^W
rr

c wkh vwhdg| vwdwh sulfh lv

R
W

rr
'

�
�

� n k?

� �

k

� +69,

Wkh shu0�up lqvwdqwdqhrxv sur�wv lq vwhdg| vwdwh duh

Z
W

rr
' k �

�
�

� n k?

� �nk

k

+6:,

zkloh wkh| duh ZW

rr
'

e&

�
�� ?e&��nk

k

li rswlpdo rxwsxw lv e&�

Qrz frqvlghu wkh fdvh k : �� Khuh/ wkhuh h{lvwv wkh dgglwlrqdo krul}rqwdo

dup jlyhq e| ^ '
�

?
:

�k

� n k?
� Wkh ryhudoo vlwxdwlrq lv ghslfwhg lq �jxuh 51
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Iljxuh 5= Frxuqrw frpshwlwlrq/ k : � +dqg q : f dozd|v,

�

!
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� !
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�
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�
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�

?

�k

�nk?

�kE?n��
?Ek?n��
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X Y
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S

^

&� � s �3�E4 n B�
&

s �3�EB�

Srlqwv �c � dqg u duh fkdudfwhulvhg dv lq wkh suhylrxv fdvh +zkhuh
k 5 Efc ��,1 Wkh ihdwxuhv ri srlqwv L dqg T fdq eh txlfno| vxppdulvhg
dv iroorzv1 Iurp wkh gluhfwlrq ri duurzv lq �jxuh 5/ lw dsshduv wkdw srlqw L
lv frpsohwho| xqvwdeoh/ zkloh srlqw T lv fohduo| lqh!flhqw/ dqg fdq eh glv0
uhjdughg1 Qrwlfh �qdoo| wkdw L sruwud|v d vlwxdwlrq zkhuh Frxuqrw sod|huv
zrxog lqghhg ehkdyh dv shuihfw frpshwlwruv1 Wklv dovr dsshduv lq wkh �uvw
rughu frqglwlrq ri wkh vwdwlf jdph +vhh/ h1j1/ Odpehuwlql/ 4<<9/ s1 664,/ zkhuh
^ ' �*? lv d plqlpxp1 Vwhdg| vwdwh sur�wv shu0�up duh dv deryh1

Lw lv zruwk vwuhvvlqj wkdw wkh iruhjrlqj dqdo|vlv hqfrpsdvvhv wkh vhw0
wlqjv h{dplqhg e| Ihuvkwpdq dqg Ndplhq +4<;7, dqg Fhoolql dqg Odpehu0
wlql +4<<;,1 Ihuvkwpdq dqg Ndplhq +4<;7, frqvlghu dq krprjhqrxv0jrrg
gxrsro| zkhuh �up dozd|v vhoo d txdqwlw| htxdo wr wkh lqvwdoohg fdsdflw| dw

wlph |� Wkhuhiruh/ lq wkhlu sdshu wkh vwhdg| vwdwh dw ^ '
�k

� n k?
grhv qrw ds0

shdu1 Fhoolql dqg Odpehuwlql +4<<;, h{whqg Ihuvkwpdq dqg Ndplhq*v prgho/
wr dffrxqw iru wkh htxloleulxp glfwdwhg e| ghpdqg sdudphwhuv1 Dowkrxjk
doorzlqj iru surgxfw gl�huhqwldwlrq/ wkh| frq�qh wr d olqhdu ghpdqg vhwxs1

Wkhruhp 4 surgxfhv wkh iroorzlqj uhohydqw fruroodulhv=
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Fruroodu| 4 Lq wkh vwhdg| vwdwh dw � / wkh hodvwlflw| ri ghpdqg z1u1w1 sulfh

lv frqvwdqw dqg lw lv
�
�
�0

W

'rrcRrr

�
�
� '

�

?

iru doo k : f�

Surri1 Wr suryh wkh deryh Fruroodu|/ soxj wkh vwhdg| vwdwh rxwsxw ri wkh

ryhudoo srsxodwlrq ri �upv/ 'W

rr
' ?^W

rr
' ?�k*E� n k?� lqwr +9, wr rewdlq=

�
�
�0

W

'rrRrr

�
�
� '

�

?

� +6;,

Wkh h{sodqdwlrq iru wklv uhvxow lv lqwxlwlyh1 Lq jhqhudo/ wkh sulflqj ehkdy0
lrxu ri d Frxuqrw roljrsro| lv ghvfulehg e|=

RE'�

#
� n

r�

m0m

$
' S

�

�
E^�� +6<,

zkhuh r� � ^�*' dqg S
�

�
E^�� gh�qh/ uhvshfwlyho|/ wkh pdunhw vkduh dqgpdujlqdo

frvw ri �up �� +vhh Qryvkhn/ 4<;3,1 Lq rxu vhwwlqj/ S
�

�
E^�� lv frqvwdqw/ vr wkdw

rswlpdo shu0�up rxwsxw lv fkrvhq vr dv wr ghwhuplqh wkh sulfh dv d frqvwdqw

pdunxs ryhu pdujlqdo frvw1

Fruroodu| 5 Dv wkh qxpehu ri �upv whqgv wr lq�qlw|/ wkh vwhdg| vwdwh htxl0

oleulxp dw srlqw � uhsurgxfhv shuihfw frpshwlwlrq/ iru doo k : f�

Surri1 Wr suryh wkh deryh vwdwhphqw/ uhfdoo wkdw 'W

rr
' ?^W

rr
'

?�k

� n k?
c

dqg fkhfn wkdw

*�4
?<"

?�k

� n k?
' � � +73,

Fruroodu| 6 Wkh vwhdg| vwdwh fdslwdo lv hyhu|zkhuh qrq0ghfuhdvlqj lq k�

Surri1 Wr suryh wkh deryh uhvxow/ lw vx!fhv wr revhuyh wkdw/ jlyhq wkh

dvvxpswlrqv derxw whfkqrorj|/ wkhq lq jhqhudo Y^E|�*Y&E|� : f wr wkh ohiw ri

srlqw �c dqg

vljq

+
Y&WE|�

Yk

,
' vljq

+
Y^WE|�

Yk

,
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lq wkh vdph udqjh/ zkhuh fohduo| Y^WE|�*Yk : f1 Wklv krogv iru doo &WE|�
dv ghwhuplqhg e| srlqw �� Li � frlqflghv zlwk �c wkhq wkh rswlpdo fds0

lwdo hqgrzphqw lv jlyhq e| wkh Udpvh| uxoh1 Wklv dujxphqw lpsolhv wkh

Fruroodu|1

Wkh deryh hqwdlov wkdw wkh g|qdplf ghvfulswlrq ri d Frxuqrw roljrsro|

zlwk qrq0olqhdu ghpdqg doorzv xv wr hqgrjhqlvh dqg fkdudfwhulvh/ wr vrph

h{whqw/ surgxfwlrq frvwv lq wkh irup ri lqwhuwhpsrudo dffxpxodwlrq ri fdslwdo1

Wklv kdv wr eh frqwudvwhg zlwk wkh vwdwlf dssurdfk wr wkh vdph pdunhw/ zkhuh

dffrxqwlqj iru �upv* vl}h lq wkh irup ri lqvwdoohg fdslwdo jlyhv ulvh wr fruqhu

vroxwlrqv lq rxwsxw ohyhov/ vlqfh lq wkh vwdwlf prgho wkhuh lv qr hqgrjhqrxv

rswlpl}dwlrq ghvfulelqj wkh udwlrqdo fkrlfh ri fdsdflw|1

7 Wkh vrfldo rswlpxp

Wkh vroxwlrq ri wkh sodqqhu*v sureohp fdq eh txlfno| ghdow zlwk/ dv lwv dqdo|vlv
lv odujho| dqdorjrxv wr exw vlpsohu wkdq wkh roljrsro| htxloleulxp1 Iluvw ri doo/
qrwlfh wkdw/ dv rshudwlyh xqlw surgxfwlrq frvw lv frqvwdqw +dqg qlo,/ dqg whfk0
qrorj| lv frqfdyh +ru htxlydohqwo|/ wkhuh duh ghfuhdvlqj uhwxuqv wr vfdoh/ vlqfh
zh kdyh dvvxphg s �

� Ys E&�E|��*Y&�E|� : f dqg s� � Y2sE&�E|��*Y&�E|�
2 	

f,/ wkh sodqqhu �qgv lw rswlpdo wr ghfhqwudolvh surgxfwlrq lq ? �upv +ru
sodqwv,1

Wkh vrfldo sodqqhu pd{lplvhv vrfldo zhoiduh/ gh�qhg dv wkh vxp ri sur0
gxfhu dqg frqvxphu vxusoxv=

7` E|� ' �E|� n �7E|� +74,

zkhuh
�E|� '

[

�

Z�E|� +75,

zlwk Z�E|� ' ^�E|� E��'E|��
�

k
c dqg

�7E|� '
] 'E|�

f
E�� rE|��

�

k _rE|� '
k

� n k

�
�

kn�

k
� E��'E|��

�nk

k

�
� +76,

Whfkqlfdolwlhv duh odujho| dqdorjrxv wr wkh fdvh ri wkh Frxuqrw roljrsro|1

Wkhuhiruh/ zh frq�qh wr wkh fkdudfwhulvdwlrq ri wkh sodqqhu*v vroxwlrq lq

whupv ri rxwsxwv dqg fdslwdo hqgrzphqwv1
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Wkh vwhdg| vwdwh vroxwlrqv iru wkh sodqqhu duh s �E&�E|�� ' 4 n B dqg

^7�
rr
E|� ' �*?c zkhuh wkh vxshuvfulsw 7� vwdqgv iru vrfldo sodqqlqj1 Qrwlfh

wkdw wkh ghpdqg0gulyhq vroxwlrq fruuhvsrqgv wr dq ryhudoo rxwsxw '7�

rr
E|� '

�1 Wkh odwwhu lv wkh shuihfwo| frpshwlwlyh rxwsxw iru wkh zkroh pdunhw/ dw

zklfk RE|� ' f1 Lw lv wkhq wulyldo wr suryh wkdw wklv dovr frlqflghv zlwk wkh

vwhdg| vwdwh ri wkh Ehuwudqg pdunhw jdph16

Qrwlfh wkdw wkh deryh dujxphqw frqfhuqlqj fdsdflw|0frqvwudlqhg frp0
shwlwlrq h{whqgv wr wklv fdvh dv zhoo1 Xqghu hlwkhu Ehuwudqg frpshwlwlrq ru
vrfldo sodqqlqj/ �upv rshudwh dw ixoo fdsdflw| lq vwhdg| vwdwh dorqj erwk dupv
+s �E&�E|�� ' 4 n B dqg ^

7�

rr
E|� ' �*?,1 Xqghu qr flufxpvwdqfhv wkh| zrxog

�qg lw udwlrqdo wr olplw fdsdflw| lq rughu wr sod| d Frxuqrw htxloleulxp ã od

Nuhsv dqg Vfkhlqnpdq +4<;6,1
Lq wkh vwhdg| vwdwh jlyhq e| ?^7�

rr
E|� ' �c zh kdyh=

7` 7�

rr
' �77�

rr
'
k�

�nk

k

� n k

+77,

zkloh reylrxvo| �7�

rr
' f�

Ilqdoo|/ zh fdq dvvhvv wkh zhoiduh glvwruwlrq dvvrfldwhg wr wkh vwhdg| vwdwh

Frxuqrw htxloleulxp zkhuh 'W

rr
' ?^

W

rr
c frpsduhg wr wkh deryh vrfldo rswl0

pxp1 Zh rewdlq wkh iroorzlqj=

Sursrvlwlrq 4 Wkh zhoiduh glvwruwlrq gxh wr Frxuqrw frpshwlwlrq lv gh0

fuhdvlqj erwk lq k dqg lq ?�

Surri1 Frqvlghu wkdw wkh zhoiduh glvwruwlrq/ l1h1/ 7` 7�

rr
� 7` W

rr
lv sursru0

wlrqdo wr wkh gl�huhqfh ehwzhhq wkh rxwsxw ohyho ri wkh sodqqhu dqg wkh ryhudoo

vwhdg| vwdwh surgxfwlrq ri wkh Frxuqrw �upv=

'7�

rr
�'W

rr
'

�

� n k?
c +78,

zklfk lv hyhu|zkhuh ghfuhdvlqj erwk lq k dqg +reylrxvo|, lq wkh qxpehu ri
�upv rshudwlqj lq wkh Frxuqrw vhwwlqj/ ?1 Wklv lpsolhv wkh Sursrvlwlrq1

Wkh idfw wkdw wkh zhoiduh orvv dvvrfldwhg wr roljrsro| lv ghfuhdvlqj lq
wkh qxpehu ri Frxuqrw djhqwv lv qrw vxusulvlqj dw doo1 Wkh lqwxlwlrq ehklqg

6Wklv lv gxh wr wkh dvvxpswlrq ri surgxfw krprjhqhlw|1 Zlwk gl�huhqwldwhg surgxfwv
+dv lq Fhoolql dqg Odpehuwlql/ 4<<;,/ htxloleulxp rxwsxwv xqghu erwk vrfldo sodqqlqj dqg
Ehuwudqg frpshwlwlrq zrxog ghshqg xsrq �=
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dq dqdorjrxv h�hfw/ dvvrfldwhg zlwk dq lqfuhdvh lq kc fdq eh lpphgldwho|
lqwhusuhwhg dv iroorzv1 Dq| lqfuhdvh lq k hqwdlov wkdw wkh duhd ehwzhhq wkh
ghpdqg ixqfwlrq dqg wkh d{hv +R dqg ', ehfrphv odujhu1 Wkh vdph krogv iru
hdfk lqglylgxdo rxwsxw ^W

rr
� Wkxv/ lqfuhdvlqj wkh vl}h ri wkh pdunhw wudqvodwhv

lqwr lqfuhdvlqj wkh wrxjkqhvv ri frpshwlwlrq dqg zhoiduh1 Jlyhq wkh vrfldoo|

h!flhqw rxwsxw dw '7�

rr
E|� ' �c wkh iruhjrlqj dujxphqw lpsolhv wkdw wkh

Frxuqrw zhoiduh orvv pxvw ghfuhdvh dv k ehfrphv kljkhu1
Li wkh sodqqhu rshudwhv zlwk d vlqjoh �up/ wkh slfwxuh prgl�hv dv iroorzv1

H{suhvvlrq +75, ehfrphv=

�E|� ' 'E|� E��'E|��
�

k +79,

Wkh uhohydqw Kdplowrqldq lv wkhq=

KE|� ' e
34|

� i�E|� n �7E|� n bE|� ds E&E|���'E|�� B&E|�oj +7:,

zkhuh djdlq bE|� ' >E|�e4|c dqg >E|� lv wkh fr0vwdwh yduldeoh dvvrfldwhg wr

&E|�� Iru wkh vdnh ri euhylw|/ zh fdq frq�qh dwwhqwlrq wr wkh iroorzlqj IRFv=

YKE|�

Y'E|�
'

E��'E|��
�3k

k d2�k�'E|�E� n 2k�o� bE|�

ke4|
' f +7;,

dqg
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YKE|�

Y&E|�
'

Y>E|�

Y|
,

YbE|�

Y|
' d4n B � s �E&E|��obE|�� +7<,

Iurp +7;, zh hdvlo| rewdlq=

vljq

+
_'E|�

_|

,
' vljq

�
k
2 E��'E|��

2k3�

k
� b

�

E|�
�

+83,

iurp zklfk zh ghulyh wkh vwhdg| vwdwh vroxwlrqv iru wkh sodqqhu/ s �E&E|�� '
4nB dqg'7�

rr
E|� ' ��Qrwlfh wkdw/ jlyhq ghfuhdvlqj uhwxuqv wr vfdoh/ dowkrxjk

wkh ghpdqg0gulyhq vroxwlrq uhpdlqv wkh vdph dv deryh/ zlwk ^
7�

rr
E|� ' �*?c

zh zrxog reylrxvo| revhuyh s �E&�E|�� : s �E&E|�� erwk lq wkh ghpdqg0gulyhq

htxloleulxp dqg lq wkh Udpvh| htxloleulxp1 Dv d uhvxow/ zh kdyh=

Sursrvlwlrq 5 Wkh Frxuqrw rxwfrph frlqflghv zlwk vrfldo sodqqlqj dw wkh

Udpvh| htxloleulxp/ li dqg rqo| li wkh qxpehu ri sodqwv lv wkh vdph lq wkh

wzr vhwwlqjv1
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8 Frqfoxglqj uhpdunv

Zh kdyh wdnhq d gl�huhqwldo jdph dssurdfk lq rughu wr vwxg| krz pdunhw
ghpdqg 0 lq sduwlfxodu/ wkh fxuydwxuh ri wkh ghpdqg ixqfwlrq 0 d�hfwv �upv*
ehkdylrxu frqfhuqlqj wkh dffxpxodwlrq ri fdsdflw| ryhu wlph/ lq d Frxuqrw
roljrsro|1

Wkh pdlq uhvxowv fdq eh vxppdulvhg dv iroorzv1 Iluvw/ wkhuh duh frq�jx0
udwlrqv ri sdudphwhuv +l1h1/ vx!flhqwo| kljk glvfrxqw dqg ghsuhfldwlrq udwhv/
dqg2ru d vx!fqhwo| frqfdyh ghpdqg ixqfwlrq, zkhuh fdsdflw| lq vwhdg| vwdwh
lv glfwdwhg e| wkh sxuh fdsdflw| dffxpxodwlrq uxoh ã odUdpvh|1 Lq vxfk fdvhv/
wkh orqj0uxq htxloleulxp grhv qrw uhsolfdwh wkh rswlpxp ri wkh vwdwlf sure0
ohp/ wkh uhdvrq ehlqj wkdw �upv duh yhu| lpsdwlhqw ru fdslwdo ghsuhfldwhv
wrr idvw11 Dv d frqvhtxhqfh/ wkh fdsdflw| uhtxluhg wr vxdwlq wkh �pdunhw
rswlpxp� zklfk zh duh dffxvwrphg zlwk iurp wkh vwdwlf dqdo|vlv lv wrr h{0
shqvlyh/ lq whupv ri wkh glvfrxqwhg ydoxh ri wkh lqyhvwhphqw1 Wkh vdph
dujxphqw dssolhv dv k ehfrphv lqfuhdvlqjo| kljk/ l1h1/ ghpdqg ehfrphv lq0
fuhdvlqjo| frqfdyh1

Rq wkh frqwudu|/ lq wkh sdudphwhu udqjh zkhuh wkh vwhdg| vwdwh uhsol0
fdwhv wkh vwdwlf vroxwlrq/ zh rewdlq wkdw wkh fxuydwxuh ri ghpdqg d�hfwv qrw
rqo| wkh rxwsxw +dv lw kdsshqv lq wkh vwdwlf jdph,/ exw dovr wkh rswlpdo fd0
sdflw|1 Lq sduwlfxodu/ wkh olqn lv srvlwlyh= wkh kljkhu lv kc wkh odujhu lv wkh
dffxpxodwhg fdsdflw| lq wkh vwhdg| vwdwh htxloleulxp1

Dv wr wkh vrfldo rswlpxp/ zkhq wkh vwhdg| vwdwh rffxuv lq fruuhvsrqghqfh
ri wkh Udpvh| htxloleulxp/ wkhq lw frlqflghv zlwk wkh Frxuqrw htxloleulxp
li wkh sodqqhu rshudwhv zlwk wkh vdph ? �upv sod|lqj wkh qrqfrrshudwlyh
pdunhw jdph1 Wkhuhiruh/ vrfldo zhoiduh lq vwhdg| vwdwh frlqflghv lq wkh wzr
uhjlphv1 Rwkhuzlvh/ wklv frlqflghqfh glvdsshduv1 Rwkhuzlvh/ zkhq wkh vwhdg|
vwdwh uhsolfdwhv wkh pdunhw htxloleulxp/ roljrsro| lv lqh!flhqw dqg wkh ghdg0
zhljkw orvv gxh wr Frxuqrw ehkdylrxu ghfuhdvhv lq kc wkh uhdvrq ehlqj wkdw
wkh Frxuqrw pdunhw dssurdfkhv shuihfw frpshwlwlrq dv k lqfuhdvhv/ zkloh wkh
vrfldoo| h!flhqw rxwsxw lv xqd�hfwhg e| wkh fxuydwxuh ri ghpdqg1
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