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A Cost-side Analysis on Collusive Sustainability

Abstract : In an oligopoly supergame, firms’ actions in prices and quantities are sub-
ject to non-negativity constraints. These constraints can obstruct the practicability
of optimal punishment (& la Abreu (1986), Lambson (1987), and Hackner (1996)) in
sustaining tacit collusion. Noting that the prospect of single-period optimal punish-
ment depends indispensably upon firms’ ability to charge prices strictly below mar-
ginal costs (loss-making pricing), under the presence of positive price constraints,
marginal costs can serve as a “fudge” to materialise single-period optimal punish-
ment. In this paper we characterise the effects of profit-cost ratios (or mark-ups) on

the sustainability of tacit collusion, in light of optimal punishment.

Keywords : Marginal costs, mark-up, positive price constraint, positive quantity con-

straint, product differentiation, substitutability.

JEL classification : 1.13, D43, C72.



1 Introduction

(GAME-THEORETIC OLIGOPOLY LITERATURE has been widely receptive of the “sim-
plifying assumption” to suppress supply costs and thereby to equate firms’ profits with
their revenues. Undoubtedly, this practice has been promoted by the innocuous intention
to simplify the model as much as possible. This simplification, however, is accompanied
by a dear sacrifice: with zero marginal costs, negative prices and prices below marginal
costs are synonymous. In reality, on the other hand, it is conceivable that negative prices
would encounter implementational difficulties, whilst prices below marginal costs would

be free of any such complication insofar as their literal figures are non-negative.

Clearly, this distinction never materialises when the oligopoly game is static. For, both
negative prices and prices below marginal costs are individually irrational, and thus can
be dismissed from consideration. Even when the oligopoly game is repeated (an oligopoly
supergame), insofar as firms apply trigger strategies with Nash reversion ¢ la Friedman
(1971), there is little need to consider any strategies or actions which are individually
irrational either temporarily or intertemporally. In fact, the prospect of temporarily
charging a price strictly below marginal costs received little theoretical attention until
Abreu (1986, 1988) and Abreu, Pearce and Stacchetti (1986) pioneered the concept of

optimal punishment.

In contrast with its substantial impact on game theory, economic applications of op-
timal punishment in more specialised fields, including industrial organisation, have been
surprisingly few and far between. Among these few pathbreakers is Lambson (1987). Us-
ing a Bertrand duopoly supergame with two firms supplying perfect substitute products,
Lambson constructs an optimal single-period penal code which is temporarily individually
irrational yet intertemporally precisely individually rational.! However, the minimum dis-
count factor required in sustaining price collusion in Lambson (1987) is the same 1/2 as
that in Friedman (1971). This, as we discover in this paper, is due to Lambson’s specific

assumption that the two firms’ products are perfect substitutes.

Literature abounds on the effects of product differentiation on the sustainability of

ILambson calls this the “security level”, i.e. the discounted flow of profits at which the individual
rationality constraint precisely binds. In his more recent contributions (Lambson, 1994 ; 1995) it is shown
that, if firms’ a priori symmetry is waived, optimal punishments may no longer hit the security level.
Specifically, if firms differ in size, the security level punishment is operative for the large firms but not

for the smaller ones.



tacit collusion either in prices or in quantities (Deneckere, 1983; Chang, 1991, 1992;
Rothschild, 1992; Ross, 1992; Friedman and Thisse, 1993 ; Hickner, 1994, 1995, 1996 ;
Lambertini, 1997 ; inter alia). Except for Hackner (1996), however, all this literature uses
the traditional Friedman (1971) formulation of folk theorem.

In this paper, we analyse the effects of marginal costs on sustainability of tacit col-
lusion, in light of optimal punishment under both non-negative price and non-negative
quantity constraints. Section 2 provides a basic general model. In sections 3 and 4 we
present a linear duopoly model (as in Singh and Vives, 1984) to develop intuition by
deriving subgame perfect equilibria explicitly. In linear Cournot duopoly supergame pre-
sented in section 3 the price floor is never a binding concern, whilst in linear Bertrand
duopoly supergame presented in section 4 the price floor can bind if firms are supplying
close substitutes. Section 5 briefly illustrates when the duality between price competition
and quantity competition holds and when it fails, in terms of the magnitude of marginal
costs relative to demand prices. Section 6 summarises the possible incidence of various
industrial taxation and subsidisation on collusive sustainability, in light of their effects on

private firms’ cost structure. Section 7 concludes the paper.

2 (eneral set-up

2.1 The model

We consider the following supergame. Two a priori identical firms operate in the market
over the time horizon t = 1,2,3, -, selling (possibly imperfect) substitute products. At
each time ¢, firm 7 chooses its action «;, which materialises either in a price p; or in a
quantity ¢; in most of the existing theoretical models, although our general set-up does
not preclude other action spaces insofar as they are subsets of well-defined metric spaces.

We adopt the following assumptions (cf. Abreu, 1986, p. 195):

A1 : The discount factor 6 € (0,1) is constant over time and common to both firms.

A2 : The unit production cost is constant and equal to k.

Therefore, the resulting per-period profit function for firm i is 7; (v, ;) = (pi—k)q;

where {1, 7} = {1,2}.



A3 : Fach inverse demand function p;(g; ,q;) is strictly monotone and continuous in ¢;

glven any q; .
A4 : p;(0,0) > 0 and, for any g; there exists a z(g;) > 0 such that p;(2(g;),q;) =0.

A5 : g; € [0,9(8)], where Q(6) is such that producing ¢; > Q(8) would violate the indi-

vidual rationality constraint to the continuation of the game.

This states that it will never be in the interest of firm i to produce any output larger

than Q(6), for any given 6 € (0,1).

A6 : argmax {m;(ay, ;) | a; € [0,Q(8)]} = afley] is a singleton. Firm #’s profit m;(c;, o)

decreases unimodally as the distance between «; and o [a;] increases.

A7 : The one-shot game in the space {1, @y} has a unique equilibrium in pure strategies,

(o', e3').

We assume hereinafter that the unique static Nash equilibrium is symmetric, i.e.,

N _ N _ N
o) =y, =a.

Throughout this paper, our focus is exclusively to discuss the sustainability of a path that
consists of simple repetition of the same symmetric action profile (a® a“), referred to
as collusive actions or simply collusion unless contextually confusing. Our premise is
that this collusive profile entails profits that are strictly above the profits from repetition

of the static Nash equilibrium (av, o).

In general, for any prescribed profile (o, a®) there exists a unique critical discount
factor §*[a“] such that the profile is sustainable with subgame perfection if and only if
the actual discount factor § is equal to or higher than §*[a®]. The general derivation
of this critical discount factor has been established by Abreu (1986; 1988) and Abreu,
Pearce and Stacchetti (1986). However, their symmetric optimal punishment schemes can
be affected by the positivity constraints imposed on firms’ actions (either quantities or

prices). This shall be closely inspected in the following 2.2 and 2.3.

2.2 Single-period symmetric optimal punishment

Firms initially follow a prescribed collusive path, defined as a symmetric outcome yielding

strictly higher profits than the static Nash equilibrium outcome, until any deviation is



detected. If a deviation is detected in period ¢, then in the next period £ 41, firms switch
to the punishment phase where both firms adopt the punishment action al'! irrespective
of which firm is punishing the other. If both firms follow the prescribed penal code at
t + 1, then they revert to the initial collusive path from ¢ 4+ 2 onwards. Otherwise, the
punishment phase continues until the penal code is adopted by both firms at the same
P

time. Abreu (1986, Lemma 17, p. 204) proves that this symmetric penal code, when a

satisfies the system of equations

mi(af[af], %) — m(a®, af) = 6 a”] (m(ozc, %) — 7TZ'<OL[1],OA[1])) : (1)

m(ai[a!], o) = m(@V o) = 8] (m(a®, o) —m(a ) (2)

is optimal in that it requires a lower discount factor §*[a“] to sustain collusion than any

other punishment rule.

2.3 Constrained multi-period symmetric optimal punishment

Although system (1)-(2) consists of two equations with two unknowns, due to exogenous
constraints imposed on action sets, a solution {oz[l], 6" [ac]} may not always exist. When
no solution exists, this reflects the situation where even the toughest single-period penal
action admissible under the exogenous constraints is still not severe enough to make the
firms indifferent between deviating from the penal code and complying. To fill this “gap”
we consider the following modification. We adopt the toughest admissible instantaneous
penal action af, where the exogenous constraints are already binding. Then we also
impose a small amount of additional punishment in the period after. This serves to
increase the toughness of the punishment (that is, reduce the incentives for the initial
deviation) on one hand, and to increase the deviation incentive from the punishment on
the other hand, whereby reducing the aforementioned gap. As we increase the amount
of punishment in the second penal period, more of the gap is filled. If the gap is not
completely filled by the two-period punishment, i.e., if both the first and the second penal
periods carry the toughest penal action of and firms still have strict incentives to comply
with the penal code in the first penal period, then we load additional punishment in
the third penal period. The protraction of the penal phase continues until the gap is
completely filled.

Thereby in general, when our penal code is ¢ periods long, the severest penal action af

admissible under the exogenous constraints is inflicted during the first £ — 1 periods, and



then the final /-th period of the penal phase picks up the remainder of the total prescribed

amount of punishment. (See Appendix for auxiliary explanations.) More formally :

e At ¢ =1, both firms set o;; = a°.

e At ¢t (t > 2), both firms set o; = a“ if, at t — 1, oy = ag = aY, ie., il firms
have previously adhered to the collusive prescription. Otherwise, firms switch to an
{-period punishment phase, during the first £ — 1 periods of which both firms adopt
the penal action af, in the final /-th period they adopt the auxiliary penal action
aP¥ If any deviation from the penal code is detected during the punishment phase,
then the whole ¢ periods of the punishment phase restart all over again ; otherwise
if both firms have adhered to the penal code throughout the entire ¢ periods, then

they revert to the initial collusive path thenceforth.

The incentive compatibility of this penal code can be expressed by the system of simul-

taneous inequalities:

-1
mi(af[e®],a%) — m(a®,a) < D" (m(ozc,ozc) — ﬂi(aP,aP))
h—1
+6" (m:(a?,a%) = mi(@™, ")) ; (3)
m(f[e’],0”) = m(a”, ") < &7 (m(e"M, o) — 7i(a”, "))
-1
+ > ¢ (ﬂi(ozc,ozc) — ﬂi(aP,aP))
h=t—7+1
T=1,,6-1 4 & <7TZ-<OAC,OAC) — Wi(ap[g],ozpm)) (4)

-1
Wi(af[oz["]],ozm) _ Wi(a[g],ozm) < Z §h (m(ac,ac) N 7TZ-<OAP,OAP))

h=1

+6 (mi(a€, a%) = mi(M, o)) ; (5)

of which (3) represents the incentive not to deviate from the collusive path, (4) represents
the incentive not to deviate from the penal code at the 7-th period of the punishment
phase (7 = 1,--- ¢ — 1), and finally (5) the incentive not to deviate from the final ¢-th
period of the penal code. From the expression in the right-hand sides of these inequalities
it emerges that among these £ 4+ 1 inequalities only the first two, i.e., (3), and (4) with
7 =1, can bind whilst the other £ — 1 inequalities (1 = 2,--- £ —1 of (4), as well as (5))

are slack.



In addition, the intertemporal individual rationality condition
-1 00
S8 me af) + me o)+ Y §'mea”) > 0 (6)
h—1 h=t+1
must always be satisfied. If constraint (6) were violated, firms would find it preferable to

cease all the production activities permanently, because the harshness of the punishment

would outweigh the discounted value of the reinstalment of collusive profits.

To summarise, when exogenous constraints bind, the constrained critical discount

factor 6**[a“] is determined through the system of two equations
1
mi()[aC],a%) = m(a”,a) = S (6" ) (7i(a, a) = wi(a”, "))
h=1

+ (80 (w0, af) = mi(a™, o)) (7)

ﬂi(a’?‘[ap],ozp) _ 7TZ-<OAP,OAP) < (6**[040])871 <7Ti<oéP[é]7OéP[€]) _ 7TZ-<OAP,OAP))

F OO (10, 00) = m(al ™)) (Y

with two unknowns 6**[a“] and al¥ (note that the principal penal action o”

is no longer
an unknown because it is now determined by the constraints not by incentives), subject

to individual rationality (6).

This observation immediately implies the following.

Theorem : When the set of admissible actions enlarges (resp., diminishes), the re-
quired duration of punishment ¢ shortens (resp., lengthens) and the constrained

critical discount factor §*[a“] decreases (resp., increases), at least weakly.

2.4 Cost effects

Having constrained penal actions characterised in general abstract terms, now we return to
our main intention in this paper, that is, the effects of marginal costs on the sustainability

of collusion.

The basic premise we accept is that firms are allowed to charge prices strictly below
marginal costs, but not literally negative prices. This automatically implies that, when
marginal costs are negligible, no loss-making actions are available, which restricts the set of

implementable penal codes. In our notation from 2.3, this is expressed as m;(a’, af) = 0;

7



in words, the toughest admissible penal profit is equal to zero. Clearly from the right-hand

side of (7 ), this restriction serves to prolong the required duration of punishment on one

hand, and to raise the required discount factor §**[a“] on the other hand. As marginal

costs increase, the amount of losses that can be inflicted in one period also increases. This
P

makes 7;(a’ o) substantially negative, serving to keep the duration of punishment short

and also to keep the required discount factor §**[a] low.

Viewed differently, appropriate rescaling of prices and costs enables us to associate
relatively high (resp., low) marginal costs with relatively low (resp., high) demand prices
in excess of marginal costs. A high-cost industry can be reinterpreted as a low-markup
industry, where profit opportunities from deviation are scarce. In such an industry, “col-

lusion” (albeit not enormously profitable) is easy to sustain.

These observations can be summarised as follows, which is indeed a corollary to The-

orem 1n 2.3.

Corollary : Under the positive price constraint, if the demand structure is unchanged
in terms of prices in excess of marginal costs, then adding a positive constant to

marginal costs serves to enlarge
e the set of sustainable collusive outcomes given 6 ;

e the set of admissible ¢ in sustaining a given collusive outcome.

3 Linear Cournot duopoly supergames

To be concrete, in this section we follow much of existing literature by adopting the
linear duopoly model & la Singh and Vives (1984). Duopoly interaction unfolds over
t =1,2,3,---. In every period, each firm i ({7,j} = {1,2}) chooses a positive quantity

¢; > 0 and the market price realises according to the inverse demand function:

pi = max{l—¢ —g;,0} 120, 92>0 (9)

in which v € (—1, 1] measures the degree of substitutability. Notice that the normalisation
of the reservation price to one implies k € [0,1). Throughout the game, the discount factor

6 €[0,1) is common to both firms.



Conforming to our previous notation, we define profit functions and quantity-reaction

functions as

(g, q) = (1 —q —vg; — kg

g (1.7} = (1.2). (10
il = ma | =220 o

Obviously the most profitable outcome, if sustainable, is for the two firms to split the

monopoly quantity evenly by setting

1—-k
=M =" 11
=9 =49 2(1 + ) (11)

3.1 Single-period symmetric optimal punishment

Any symmetric profile ¢; = ¢ = ¢“ is sustainable by means of single-period optimal
punishment (see Abreu, 1986, 1988 ; Abreu, Pearce and Stacchetti, 1996 ; Héackner, 1996)
if and only if the discount factor § is greater than or equal to the threshold §*[¢°] which

is determined by
mi(a}[a°),a%) = mia®,4) = 6"1a°) (mia®,q%) — milq", q")); (12)
mi(al[a"], ") = mila" ™) = 8°0¢%) (mila”, a%) — mild", 4M)) - (13)

In particular, the most profitable collusion ¢“ = ¢™ (see notation (11)) is associated with

the solution

[1]:<1_k7)<2+3’7), * M) = (24+7)?

21 +)(2+7)’ ¢ 16(1+7)

which meets the positive quantity requirement within, and only within, the range v €
2

.
3

marginal cost k.2

(14)

. Note also that this penal quantity ¢l!! always entails the price strictly above the

2
Over the range v € <—1 , _§>’ the most profitable collusion ¢ sustainable by single-
period punishment subject to the positive quantity constraint is derived by plugging the
binding constraint ¢!!l = 0 into the system of simultaneous equations (12)-(13). Tt is clear

that this will not drive the penal price down below the marginal cost k either.

2Easy although tedious algebra reveals the penal price pi(qm , qm) to be

(L= K)2+3)

g gy —

2
which is non-negative all over the relevant range, i.e., v € [— 3 ,1} .

9



Economic intuition : When the two firms’ products are mutually substitutes (per-
ceived from the demand side, likewise heretofore), punishment is inflicted by expanding
each firms’ quantity. This is reflected upon the fact that the penal quantity ¢!l increases
monotonically in the substitutability parameter v. This causes the resulting penal price
to decrease in vy, However, even when the two firms sell perfect substitutes (v = 1),
the penal price is still strictly above the marginal cost k. On the other hand, when the
two firms supply complementary products, punishment is inflicted by contracting their

quantities. This serves to raise the price, hence the price floor is never a binding concern.

3.2 Possibly multi-period symmetric optimal punishment

When v € <—1 , _§>’ the monopoly-level collusion (11) may require multi-period pun-
ishment defined in 2.3. When the duration of punishment is ¢ periods (¢ = 2,3,---), the
penal quantity during the first £ — 1 periods is constrained at g = 0 whilst the penal
quantity in the final ¢-th period ¢t and the resulting minimum admissible discount factor

8"*[¢™M] are determined by the system of simultaneous equations:

mi(qilg"].a") — mi(d", ¢") = 6**[q1 ]_:5<(EqM[(j] ! (7i(g",q") = 7:(0,0))
+H(6™ g™ (ma(a™ g™ — 7l ")) ; (15)

mi(g;[0],0) = 7:(0,0) = (8™ [¢")" (wilg", ¢") — 7:(0,0))
+H(6"[g"])* (g™ ¢™) — 7:(d, ¢) (16)
which corresponds to (3), and (4) with 7 = 1, in section 2. The duration of punishment

¢ can be chosen depending upon the complementarity v between the two firms’ products.

Namely, it can be verified that there is a strictly decreasing sequence {7y}, };%o such that

2
® Yo =1,7y=—3

3 bl
e Whenever vy, < v < 7,y (¥ = 2,3,--), there exists a solution gl e [0,qM),
§*[g™] € (0,1) to the system (15)-(16) when ¢ = v but there exists no such solution

when ¢ < v.

vToo

As we have already confirmed in 3.1, prices are above the marginal cost k& when each
firm produces nil, and when each firm produces ¢©¥ € [0, ¢*]. Thus once again, the price

floor is never a binding constraint when multi-period punishment is inflicted.

10



Hereby both under single-period punishment and multi-period punishment, the fol-

lowing observation holds.

Proposition i : In a quantity-setting supergame with linear stage-demand (9), sus-
tainability of the most profitable sustainable collusion, defined by the admissible

range of the discount factor, is unaffected by the marginal cost k.

4 Linear Bertrand duopoly supergames

Now we consider the same linear duopoly supergame as in section 3 except that, at the
beginning of every stage game, the two firms simultaneously set their prices p; > 0,
p2 > 0. By inverting (9), the direct demand function is obtained as

1 1 n ¥
TTlry 1o TIC

as longasy < 1. If the selected prices result in positive quantities §; > 0, ¢ > 0 according
to (17), then these quantities realise unmodified. Otherwise, if ¢; =min{q , g} < 0, the
non-negative quantity constraint forces the actual quantity realisation to be ¢; = 0 and
then g; is determined by (9) setting ¢; = 0, or, if this ¢; is also negative, then realised

quantities are ¢4 = qo = 0.

Note that, asy T 1, the demand function (17) approaches the undifferentiated Bertrand
demand function. Hereby without infringing the continuity of the model (with respect to
7v), we can assume that when v = 1 and p; < p; the whole demand would be taken by
firm 7 whilst firm j sells nil, and that when v = 1 and p, = p, the two firms share the

demand evenly.

Based upon these resulting quantities g; , we again conform to our previous notation

in defining profit functions 7;(p; , p;) and price-reaction functions

pil] = | IR o) (gt ={12). (18)

As the demand structure is identical to our previous model in section 3, the most profitable
outcome, if sustainable, is also identical. Namely, both firms set the monopoly price

w_ L1tk

- (19

b1 =p2=Pp

11



4.1 Single-period symmetric optimal punishment

Any symmetric profile p; = py = p© is sustainable by means of single-period optimal
punishment (also see Lambson, 1987, 1994, 1995) if and only if the discount factor ¢ is
greater than or equal to the threshold §*[p“] which is determined by

mi(pip°) %) = mip”,p%) = 8% (malp® %) = mi(p pM) ) 5 (20)
m(p ", ) — m(pY) = 6] (%) — (! ) (21)

Unlike in linear Cournot duopoly (see section 3), the most profitable price collusion
p° = pM (see notation (19)) has a solution without violating the positive quantity con-
straint over the whole range v € (—1, 1], taking into account the following qualifications.
First, over v € (\/§ -1, 1} , deviation from the monopoly price p™ = % drives the

3v5—5 . _
cheated firm’s output to zero. Second, over v € \/_T , 1|, the optimal deviation
in the punishment phase produces zero profits for the cheating firm. Introducing these

constraints into (20)-(21) yields the following solutions:

v ey TP aTy ye (-1,v3-1];
p[11:k+(1—7)7—(1—k:)\/m

2=y 76(@_1’@];

2=’ +y-1)
(V2 +2v=1+2y —7%)?

&* [pC] —

1+ k& 1— k)22 —1 2 -1 3v5—5
TN e o O ) IV e R W E B ek At NV 1 Sk S
9 2 224y -1 2

However, this penal price pl!l, denoted by p!!l[y] hereinbelow in order to be distinguishable
-1
~ 0.618 <

from the generic penal price pl!l, falls below the marginal cost k when

1+k—(1—-k)V2
2
is non-negative iff k € [3 — 20/2, 1). Under the positive price constraint, this implies the

v <1, and hits its minimum at v = 1. Notice that the latter boundary

following.

Proposition ii : In a price-setting supergame with linear stage-demand (9), the

monopoly-level collusion can be sustained by means of single-period optimal pun-

ishment (20)-(21):
e over the whole range —1 < v < 1 when k € [3 — 21/2, 1);

12



e only within the range —1 < v < (fy | pM[y] = 0) when k € [0,3 — 2V/2).

In other words, when k € [0,3 — 2\/5) and (’y]pm [v] = 0) < v <1, the system (20)-
(21) fails to accommodate the monopoly price p™ without infringing the positive price
constraint. In such cases, the most profitable collusion p© sustainable by single-period
punishment subject to the positive price constraint is derived by imposing the binding
constraint p! = 0 on the system (20)-(21). It is clear that this constrained collusion will

not make the positive quantity constraint bind.

Economic intuition : When the two firms’ products are mutually substitutes, pun-
ishment is inflicted by reducing the price. This is why the penal price pl![y] decreases
monotonically in the substitutability parameter . In particular, the penal price falls
below the marginal cost k, driving profits temporarily negative, when the two firms’
products are close substitutes. How far below k the penal price pl!! can fall without being
negative, obviously depends upon the level of k. When the two firms supply complemen-
tary products, on the other hand, punishment is inflicted by raising the price. This serves
to reduce the quantity. However, the positive quantity constraint is independent of the

level of k, hence this does not create any dependency upon k .

4.2 Possibly multi-period symmetric optimal punishment

When pltl[y] < 0, the monopoly-level collusion p¢ = p™ may require multi-period pun-
ishment defined in 2.3. When punishment lasts for ¢ periods (¢ = 2,3,--+), the penal
price during the first £ — 1 periods is constrained at p” = 0 whilst the penal price in the
final /-th period p¥! and the resulting minimum admissible discount factor §*[p*] are

determined by the system of simultaneous equations :
8" [p™] — (6™ p™])*

i) - m@t ") = — (m(p™, p") = 7:(0,0))

+(6 M) (m™.p") —m",0); (22)

mi(p;[0],0) = m(0,0) = (6" (", p") —7:(0,0))
(M) (mlp™, o) — i (p, p1)) (23)
which corresponds to (3), and (4) with 7 = 1, in section 2. The duration of punishment

¢ can be chosen depending upon the marginal cost k and the substitutability between the

two firms’ products . Namely, it can be verified that,

13



e for any pair k, 7y, there is a unique integer £ such that there exists a solution
g"¥ € [0,¢M), 6 [pM] € (0,1) to the system (22)-(23) when ¢ = £ but not when
< £

e for any 7, the minimum admissible discount factor §**[p™] resulting from ¢ = £

monotonically decreases k .

This, in conjunction with Proposition ii, implies the following result which is common to

both single- and multi-period symmetric punishment.

Proposition iii : In a price-setting supergame with linear stage-demand (9), the
set of sustainable collusive outcomes {~,8,p°} (at least weakly) increases in the

marginal cost k.

5 Reexamination of price-quantity duality

In this section, we investigate the similarities and differences between price competing and
quantity competing supergames. In general, there exists duality between a price setting
game and a quantity setting game. For instance, in linear duopoly with demand structure
(9), the duality between price setting games and quantity setting games can be expressed
essentially by flipping the sign of . This duality has been well known in the literature,
and therefore connoisseurs may have been puzzled why in our paper, on the contrary, these

two forms of competition entail substantially distinct game-theoretic characteristics.

The asymmetry between price competition and quantity competition is not inherent
in Abreu’s optimal punishment rule, but stems purely from non-negativity constraints.
For instance, Deneckere (1984) shows the similarity between Bertrand games with posi-
tive quantity constraints but without positive price constraints, and Cournot games with
positive price constraints but without positive quantity constraints. Note that, since De-
neckere’s analogy between Cournot and Bertrand games is about the one-shot deviation
from the collusive path, all the results there must be independent of what penal codes are
employed in order to sustain the collusion. Instead, the key is: when we interchange firms’
strategic variables between prices and quantities, we also need to interchange likewise all

the relevant constraints such as non-negativity, in order to maintain the duality.

14



In our context, it is only the positive price constraint of which the implication to col-
lusive sustainability varies with the marginal cost &, not the positive quantity constraint.
Insofar as the marginal cost k is large enough to push the price floor, p > 0, sufficiently
far below the marginal cost (kK > 3 — 2v/2 =2 0.1716 in our linear duopoly supergame
example), the positive price constraint never binds. As k decreases, the positive price
constraint starts to bind in a Bertrand supergame with firms producing close substitutes.

This serves to reduce the sustainability of collusion.

In the extreme, when k£ = 0, it is intuitively clear that the duality between Bertrand
and Cournot games is restored. Note in particular that, as supermodularity increases to
the limit, the constrained multi-period punishment asymptotically coincides with one-shot
Nash reversion, thereby becomes security-level punishment (see Lambson, 1987, 1994,
1995) even though the duration of punishment tends to infinity. This is obvious in a
Bertrand supergame with firms producing perfect substitutes. In a Cournot supergame
with firms supplying perfect complements, on the other hand, the duration of punishment
again grows to infinity. It is straightforward to verify that, in our linear duopoly example,
in the limit where v | —1,

".4%)

(g7 "], q 9
(g™, gM) 7

so that the critical discount factor in sustaining monopoly-level collusion converges to 1/2,

7:(0,0) =0

the same level as in the Bertrand supergame with perfect substitute products.

6 Policy and regulatory implications

As we have shown in sections 2 and 4, in Bertrand supergames with firms supplying close
substitutes, sustainability of tacit price collusion hinges upon the prospect of charging
temporarily a price below the marginal cost, and how far below it can be. This leads to

the following straightforward policy implications.

e Production subsidies and sales subsidies serve to reduce marginal production
costs perceived from the firm’s private profit concern, whereby increase the mark-up.
This, in light of our foregoing analysis, can help destabilise price collusion if firms’
products are close substitutes. By the same token, sales taxes do the opposite,

bringing an adverse effect of protecting collusive sustainability.
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e Corporate taxation at a flat marginal tax rate is known to be non-distortionary,
but this is true only insofar as the flat rate extends to negative profits, i.e., only
if losses are proportionately subsidised. In reality, losses are most typically not
subsidised. This serves to magnify, in relative terms, the effective losses incurred by
penal prices below marginal costs. It hence increases the effectiveness of punishment

and thereby serves to protect collusive sustainability.

e Subsidies and tax credits given to innovative investment, which is typi-
cally aimed at reducing marginal production costs, encourage cost reducing process
innovation. Cost reduction, as aforementioned, can bring an affirmative effect of

curtailing collusive sustainability.

e Anti-dumping regulation, legally prohibiting prices below marginal costs, is a
straightforward way to curtail the prospect of price collusion especially when the
environment is unsuitable for direct implementation of antitrust price regulations.
It deserves heightened attention that this regulation serves affirmatively if and only
if it is legally enforced. If, on the other hand, dumping is subjected to “economic”
sanctions such as fines or penal taxes instead of “legal” prosecution, then such
“disincentive schemes” can magnify the effectiveness of punishment and thereby

help sustain tacit collusion.

e Presence of sizeable fixed costs per firm per period affects the security level, i.e., the
intertemporal individual rationality condition. Namely, it makes exit relatively more
attractive, rendering harsher punishment no longer individually rational. This can
bring an affirmative effect of reducing the sustainability of collusion by narrowing
the choice set of available punishment. In this sense, various subsidies and tax
concessions given to fixed industrial expenses have a welfare-reducing side-
effect of encouraging tacit price collusion. It should also be noted that only fixed
costs per period, not sunk costs upon entry, can serve to destabilise tacit price

collusion.

e Corporate taxation on a lump-sum basis, such as compulsory registration or
licensing, is known to be neutral in a static setting, but not necessarily so in our
repeated-game framework. For, it augments fixed costs perceived from private firms’
point of view, which can curtail collusive prospects as aforementioned. Note espe-

cially that only a lump-sum subscription tax, i.e., a lump sum per firm per period,
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can serve to destabilise price collusion, not a once-and-for-good sunk payment upon

entry, the latter being truly neutral even in our dynamic oligopoly games.

7 Concluding discussion

The impact of marginal costs on collusive sustainability has frequently been overlooked in
many of the existing theoretical studies on repeated oligopoly games. Using technically
straightforward application of optimal punishment (Abreu, 1986, 1988 ; Abreu, Pearce and
Stacchetti, 1986 ; Lambson, 1987 ; Héckner, 1996) and modifying it in light of positive price
and quantity constraints, this paper has characterised some of the systematic relations

between the magnitude of marginal costs and the sustainability of collusive outcomes.

Marginal costs affect oligopolists’ capability of sustaining tacit collusion in two fronts.
On one hand, the presence of substantial marginal costs facilitates collusion at any price-
quantity level by lowering the constrained critical discount factor. On the other hand,
when the discount factor is not high enough to sustain monopoly-level collusion, the
presence of sizeable marginal costs enables collusion to be sustained at a higher (closer to

monopoly) level.

Aside from its highly practical implications, our result offers an extra advantage, that
is, it abounds in potential connexions to future research subjects. The effect of cost re-
duction immediately gives rise to the question of endogenising marginal costs by means of
some precommitted investment. Such investment can be made either as capacity instal-
ment, technological innovation, or the choice of different methods in corporate financing.
Policy implications are another direction to probe. The prospect of endogenising marginal
costs also relates to the issue of joint ventures in R&D, including legislative attitude either
for or against such jointing. Last, but not least, the widely studied subject of organisa-
tional design, especially those questions such as why firms appear to retain inefficient
production technologies on purpose, and why firms tend to opt for and adhere to ineffi-
cient managerial practices and seemingly unnecessarily bureaucratic corporate structures,

can possibly be disentangled in light of cost-side theory on tacit collusion.
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Appendix

A more general form of multi-period punishment can be described as follows. Firms stay
on a prescribed collusive path a“, until any deviation is detected. Once a deviation
is detected in period t, then in the next period ¢ + 1, firms switch to a multi-period
punishment phase where both firms adopt the punishment action ol irrespective of
which firm is punishing the other. In the punishment phase, whenever both firms follow
the prescribed penal code af¥l at t + 2 (z =1,-++,¢), then they play af#*1 in the next
period z + 1. After ¢ periods, where £ is the spell of the penal code, firms revert to the

Pl+ll — ¢, If any deviation from the penal code is

initial collusive path forever, i.e., «
detected during the punishment phase, then the punishment phase restarts anew from

ol all over again.

The incentive compatibility conditions in sustaining this ¢-period penal code can be

described by the following system of £ 4+ 1 inequalities :

7Ti<a: [aP[z]] ,OAP[Z])—WZ'<OAP[Z],OZP[Z]) < Z (6**[ac])h <7TZ'<OZP[Z+h],OéP[Z+h]> . 7Ti<OéP[h],OéP[h]))
h=1

s=1 f 41 (24)

where, for notational convenience, let of¥l = ¢ whenever I > £, that is, the last of
these £ + 1 inequalities (with z = ¢ + 1) represents firms’ incentive not to deviate from

the original collusive path.

It is intuitively clear, however, that not all of these ¢ + 1 inequalities should bind
(i.e., hold with strict equalities). For, a deviation from earlier stages of the penal phase
generally gains stronger incentives than that from later stages. This implies that the
first inequality, with z = 1, together with the initial non-deviation condition from the
collusive prescription, with z = £ 4 1, should bind, whilst other ¢ — 1 inequalities, with

2=2,3,-+-,¢, need not bind.

As we see from Abreu (1986, 1988), the optimality of punishment stands on two
counterforces: on one hand the initial deviation from the prescribed collusive path should
be discouraged by making the punishment as severe as possible, whilst on the other hand
the deviation from the first penal period should also be prevented, in order for which the
remainder of the punishment, i.e., the portion of punishment inflicted from the second

penal period onwards, should not be too harsh to comply. The counterbalance between
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these two forces necessitates that the first penal period must carry as much punishment

as feasible.

Whilst the incentive condition not to deviate from the first penal period binds, the
conditions do not bind as for the latter £ — 1 penal periods. This implies that there re-
main certain degrees of freedom on the allocation of punishment among these £—1 periods
without affecting the overall optimality of the penal code, insofar as the total discounted
amount of punishment remains unchanged (which also implies that the optimal penal
tenure ¢ may not be unique). In the presence of such multiplicity of optimal penal codes,
in this paper we select the “front loaded” punishment, inflicting as much punishment as
immediately as possible. This clearly leads to the penal code described in subsection 2.3,
whereby the system (24) reduces into (3)-(4). Our assertion is simply that this is an

optimal punishment, not necessarily the unique optimal punishment.
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