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Absiract. This paper studics the optiraal lifetime of a patent in o model where the timing of
innovations is uncertain. We assuine a Poissare discovery process with a tinear hazard funciion
and contractual R & D costs, The invention indusiry is modelled in three aliemative ways: i)
maonepoly:ii) oligopoly with frec entry, i) perfect campetition, Several comparative statics results

are derived.



1. Introduction

The patent system plays animportant role in remuncrating innovative activity and stimulating
investment in R & D, But patents enfail a social cost hecause ol the inberent monopaly privileges
accorded 1o the patentees, Thus, in deciding the litetime of a patent, socicty must balance the gains
accruing from faster technological progress against the wellire loss associved with temporary
monopoly in the use of the new fechnology. This paper studics the optimal lifetime of patents in
a model where the timing of innovation is stochastic.

The imponance of patent policy has been questioned on the grounds of scuttered cvidenee
that in many industrics other factors, such as seereey or thie gain of a technological fead, are more
cffective in securing private appropriability of the retums to R & D than patents. But this inay be
due to the way in which the patent Law is actually designed and enforced and not to intrinsic limits
of the patent system, In principle, the patent system could be made more effective, though this is
not neeessarily socially desirable given that patenis are costly to socicty The rehtive unimportance
of patents is therefore a consequence of policy choices, that could be re-cxamined and changed
(but might also be the correct ones).

The analysis of the optimal patent poticy is intrinsically complex, and remains so even if
onc restricts attention to the problem of the aptimum patent lifetime. nfact, itinvalves athree-stage
game: in the first stage, the govenunent fixes the patent grant’s duration; in the second stage, finus
compete in R & D: in the third stage. finns (possibly distinct from those doing R & D) compete
in the product market, The game must be solved backward starting from the equilibrium in the
product markel; then one must determine the cquilibrium in the invertion industry, and eventually
one can solve the social problem. Marcover, the equilibrium in ihe product market must be
determined in theee different scenarios: before the innovation has been cdmplclcd. whicn the
innovation is prolected by the patent, and after the patent CXPITSs.

To analysc this complex problem, in a seminal work Nordhaus (1969, 1972) has used the
hypothesis of delerministic R & D technology ' In Nordhaus' model, investment in R & D
instantancously produces an innovation whose size, measu rec as the percentage cost reduction tha
the innovation brings about, is taken 1o be & function of the investment level,

In addition. Nordhaus made a number ol restrictive assumptions: i) imnovations arc cost
reducing and non drastic: i) there is perfect competition in the product markel: i) there is only
one fin doing R & Dy ivy thers is no uncertaintyt v) the patent coniers complete profection over
(he invention; vi) the private and social discount rafes coincide. Some ol these assumptions nave
been relaxed in the subscquent lterature. The elfect of compeiition in the R & D industry has been
analysed by Berkowitz and Koiowilz, (1982) and De Brock (1985). These avthors compare
monopoly and a free entry cquilibrium in tixe invention industry and find that competition in R &

D may substantially reducc the optimum patent's life. Raliquzzainan (1987) has anatysed the

'Scherer (1972) provides a geomeltric Musteation of the Nordhaus model.




optimal patent ter under uncentuinty over the size of the cost reduction and has shown that with
monopoly in the invention industry uncertainty reduces the otpimal lile of the patent. This resuli
is reversed, however, when the invendon industry is charicierised by competitive conditions
(Rafiquzzaman, 1988).

Amare recent strand of the lierature has considered the case of incomplete patent protection,
focussing on the trade-olf between patent’s length and breadth * In this literature, the sociully
desired level of R & D is given exogenously, and therclore it is assumed that the innovator must
be awarded a given prize (that s, a given level of discounted profits) in order to make that eftort.
The problem is whether the prize should be awarded through a shor and broad patent. or through
amore narrow but ionger one. Following this approach, results have been derived which do not
depend on the structure of the R & D technology.

In particulir, Gilbert and Shupiro (1990) bave found a sulficient condition for the optimal
patent Iength 1o be infiniic, with puaieni's breadils adjusted so as (o provide the patentee with the
appropriate incentive to do R & D, On the basis ot this resull, they claim that the enphasis on the
optimum life of patents has been vispiaced, for the relevant policy dimension is patent breadth,
not length. However, Gilbert and Shapiro™s resull is not general: conditions can be found, which
are dual to Gilbert and Shapiro’s one. under which optimal patents should confere the widest
protection over the invention, and iheir lifctime should be adjusted to properly incentivale
investiment in R & D, Marcover, ins likely that the same factors which affect the optimal fength
ofpatents wlso determine the optimal patent breadtinwhen the Tatteris the relevant policy instrument.
Finally, a complete analysis must study also the socially optimal level of the R & D cffort and this
requires assumptions on the R & D rechnology.

Though the assumption thai the timing of the innovation is deterministic still continues 10
be used”, its Himits as a modet of the innovalive activity have been widely recognised. As Dasgupta
and Stiglitz (1980a) have put it, it is as though Mother Nature has a patent on all techniques of
production with unit cost lower thn the current one, and finas have (o pay a fee 1o purchase the
right1o use one of these techaignes, with the fee welated (0 the extent of cost reduction, Actually,
the assumption that paying o price a firm can instantancously and for surc "buy™ a certain reduction
of its variable production costs seems more appropriafe as description of investiment in some
fixed production factor than s a model of R & D. Kamien and Schwartz (1974) were the first to
criticise Nordhaus™ model on this ground. They analvse the cllect of varying the pateni’s fength
onthe equilibrium R & D effort in aomoded that explicitly incorporaies uncertainty on the timing
of the innovation. However, they do notanalyse the full equitibeiun in the R & D mdustry nor do

they address the issuc of the opiimum patent’s fengith,

*See Gitbent and Shapiro (1990), Klemperer (19940). Gallini (1992),
*Sec Denicold (1995).

*This hypothesis was stiandard ot the time Nordhaus wrofe: see also Burvel (1968) and Scherer
(1967), who developed the so-called "deteministic auction model ™.



Starting with Loury (1979) and Lee and Wilde (1950), the siandard approsch to R & D
competition assumes that the date of the innovarion is urcertain {see Reinganum 1989 forasurvey).
Surprisingly, however, in this context the issuc of the optiman Eletime of a patent has been el
fargely unexplored :

[ this paper we attempt ar closing this gap. For sake of simplicity, and also to Tacilitae a
compatrison with the previous Hierature, we have retained some of the cady assumplions of
Nordhaus, Thus we consider o single cost reducing innovation ¢, and assume that the private and
social discount rates coincide. Also. we postulale a sharp distinction between the invention industry
and the product market. Finms which aperate in the invention industry arc purc laboratories that
produce inventions and innovations, They race for innovating  first and the winner patents the
innovation which then will be Hicensed 1o users operating in the downsiream product market.

Besides analysing a stochastic discovery process, we depart from Nordhaus (1969) also in
considering altemative assumprions regarding the structure ol the invention industry. Specilically,
we study monopoly. an oligopaolistic cquilibrium with a fixed R & D cost and free entry, and the
limit case where the lixed cost tends to zero, which loosely speaking corresponds o perfect
competition in the invention industry. Moreaver, we allow [or drastic innovations and imperfect
patent pratection, so that the patenice’s competitors may imitate the innovation or invent around
the patent without infringing it. Last but not icast, our analysis is compatible with the presence of
imperfect competition in the product market, cven though special attention is devoted (o the case
where the product market is perfeetly compelitive,

In modelling the R & D technology we lfollow Loury (1979) and Dasgupta and Stiglitz
(1980b). They assume a Poisson discovery process with contractual R & D costs. In particular,
Dasgupta and Stiglitz (1980b) assumc that cach R & D project is characterised by an optimal scale,
but that cach [ can operate many R & D projects simultancously  tgnoring the integer constraint

(as Dasgupta and Stiglitz often do) this is lantamount 1o assuming a lincar (in R & D costis) hazard

*The small literature that has addressed this problem is plagucd with mistakes. Dasgupla and
Stiglitz (19800, p. 19) claim that the optimal patent life with cempetition in the invention industry
must ccuaic ihe cquitibrium aggregate R & D effort with the socially optinial one. As we shali see
in more details in scction 8, this claim is Tulse: at the optimad putent tife, there is generally
under-investment in R & D La Manaer of. (19R9) cliaim that with perfect competition in R &
D the optimol patent Hile is a deercasing function of the inlerest rate, whereas Proposition 9 below
shows that the opposite is true. Mantin (1993, pp. 369-372) studics the optimal life of a patent in
the context of the model of patent ruce between Cournol oligopolists of Delbono and Denicold
(1991). However, he assumes that in cquilibrium the vatue of a finn is unafTected by a marginal
change in the equitibrium R & Detfort, Butone cannot invoke the envetope theoreny in this context,
because there is strategric interaction and theretore the equilibrium R & D effort docs not maxinvise
the value of a tinm,

® However, we allow for drastic innovations. In a sense, a product innovation is cquivalent o a
drastic cost reducing innovation, for one can imaging that the new product was already known hut
could have been produced only at prohibitively high costs hefore the innovation.




function. This hypothicsis, though somowhi restrictive, seems justificd because there is no strong
cvidenee on the existence of cconomies of scile in R & D, Morcover, it greatly simplifics the
analysis and is therefore retained in this paper .

We arc able (o obtain explicit equadions that delermine the optimal duration of the patent
grant under different hypotheses an the stucture of the invention industry. These equations are non
lincar but simple cnough 1o ailow lor definitc comparative statics results. In the case of perfect
competition in the invention mdustry ({o be defined more preciscly tater) one can cven explicitly
solve for the optimal patent tife.

Some comparative statics results paridiel those obtained in the Nordhaus model or somc of
its variants, For instance, we show ihat with frec ciiry, more competition in the invention industry,
witich is associated with o lower entry cost, entails shorter patent tenns. The optimat duration of
apatentis longer when itis mure costly to do R & D, Under competitive conditions in the product
market, a greater elasticity oi demand entails o lower deadweight loss of the patent and therelore
yicids a fonger putent length, Cther results are new, I fact, (he set of exogenous paramenlers in
our model is different from that of the Nordhaus tradition and it is not ahways possible (o draw
aniogics. Forinstance, ourmadei can be used 1o ask whether furge innovations should be protected
wore or less than small ones, a problem that in Nordhaus-iype models would be meaningless
because the size of the innovaiion is endogenous, It tums out that the optimal life of a patent is
infinite for sufficicntly small innovations *, and, under perfeet competition in the product market,
is decreasing in the size of innovations. Also, with perfeet competition in the product markel, the
cffect of uncertainty over the size ol the cost reduction is (0 reduce the oplimal patent tem,
independently of the conditions prevailing in the invention industry. This result partially contrasts
with that of Rafiquzzaman (1987,1988). Another new result is that when the patent lile is set
optimally, there is necessarily under-invesiment in R & D, even il competitive conditions prevail
in ihe invention industry”, Sce the concluding section for a summary of the main results,

The layout of the paper is as follows, In section 2 we deseribe the equilibrium of the product
mirket belore the completion of the innovative process, after the innovation bul before the patent
cxpires, and after the patent expires, We focus in particelar on the case ol perfect competition,
ilustrating the diflerence between the cases of drastic and non drastic innovations, and the case
of imperfect patent protection. Inscetion 3 the patent race is anadysced. We describe three altemative
scenarios: rescarch monopoly, oligopoly with free entry in the R & D indusiry and “perfect

" Given a lincar hazard funciion, the hypothesis that R & D costs are contractual is made for
analytical convenicnee. Indeed, under Loury's specification a lincar hazard lunction yiclds an
interior solution to the finn’'s neolit maximisation probiem. W instead one models R & D costs as
nou contractual like in Les and Wilkde (1980), onc has to assume a concave hazad function (al
least ever the relevant ranpe) to get an interior solution. Fora comiparison of these two approaches
1o modelling R & D costs see Reingaum (1989).

*Gilbert and Shapiro (1990 have a similas result,

’To the best of our knowledge, this question has never been raised in the context of Nordhaus-type
models.



competition” in R & D. Scction 4 states the social problem in general terms. The thrce subscquent
sections derive the main results for the case of monopoly (sect. 5). oligopoly with frec entry (sect.
6) and "perfect competition” in the invention industry (sect. 7). respectively. Section 8 compares
the cases of monopoly and frec entry, showing that the optinial patent leangth is shorter under perfeci
competition than under monopoly, but that may be shorter under monopoly than under [ree entry
il the fixed cost is high cnough. We then show in scction 9 that, when the length of the palent is
set optimally, there is always under-investimient in R & D wilh respecet to the social optimum.
Section 10 analyses inmore details the case of perfect competition in the product markel. Seciion

P summarises and collects some concluding remarks,

2. The produci market

We assume that there is asingle innovation in prospect. ‘The innovating finn obtains a patent
grant whosc lifetime is 7. It then licenses the innovation o ene or more fins operating in the
downstream product market.

In most of our analysis we black-box the product market, which is described by the foliowing
three parameters:

= M, the patentee’s profits during the ditetime of the putent;

— J.the further increase GF any) in sociad welfare that the innovation brings about during the
lifctime of the patent. This increase in social welfare is not captured by the patentee: it may be
enjoyed by consumers or by other finus;

— K, the deadweight loss from the patent. This is the potential increase in social welfare which
beeomes available to socicty only when the pacent expires: during (he lifetime of the patent it is
lost due to the monopolistic distortions created by the patent.

H, Jandd K are (lows which we assume to be stationary: in other words, there is no dynaniics

in the product market apart from that generated by the innovation "

" particular, we assume not only that the new technotegy will not be improved upon, but also
that the old technology does not change. fn fact. when the innovation s patented, there are incentives
1o develop the old technology so as to reduce the production cost of those fimms that have no aceess
to the new technology, evenif the old technology remains an inferior one. This point is claborated
by Beek (1976).
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This description of the product market may be compatible with several alicmative
assumiptions on the type of comnetition and the nature of the innovation. The initial structure of
the product market detenmines the optimal licensing stratcgy of the innovator (see Kamien (1990)
forasurvey of the theory ofoptinial Hicensing) and the resulling changes in the market cquilibrium;
thus it determines the values of the puramcters H. K and J.

Obviously, A is always pasitive. It would appear natural 1o assume that K and J are positive,
100. But it is casy 1o construct non pathotogical examples where they may be negative.

Consider [or instunce an asymmetric Cournot duopoly, with one low cost firm and one high
cest finm, and with constant marginal costs. As is well known, when the high cast fimn reduces
slightly its own cost (50 that its cost remaing the higher one) the cquilibrium price decreases,
consumers’ surplus riscs and, quite obviously, the high cost fimn makes higher prolits. However,
the profits of the low cost finn ray decrease (o such an extent that not only aggregate profils, but
also social welfure (i, the sum ol industry profits and consumers’ surplus) decreases. The reason
is that the market share of the high cost fim expands and therelore the industry average production
cost goes up

Suppose now [hat the prospective innovation is specilic to the high cost fim, and that it is
small enough for the above phenomenon to oceur, Then the private value of the innovation is
positive (H >0), but its social vidue is negative. This means that J < 0; actually H +/ <. Or,
suppose that the innovation altows both finns to reduce their initial costs by the same amount. In
this case, it is casy 1o show that the patentee will find it optimal to license the innovation to the
low cost finn only. When the patent expires, the new technology becomes available also (o the
highcost finn which will then be abic to reduce its awn cost, But, as we have seen, this may actually
reduce social wellare, so that K <€) in this case.

Though most ol our analysis does not depend on K and J being non negative, to simplify the
exposition we shall assume /, K 2 0. 1t is not gifficult (o adapt our conclusions to the case where
this restriction docs not hold,

Onc case where the above assumption is satisficd is that of perfect competition inthe product
market. This is the case analysed by Nordhaus (1969) and inmost of the subsequent literature, The
remainder of this section cxamines this case, which will be taken up again in section 10 below.
Consider a competitive ket where initially all finms have access 10 the same technology and
can produce with constant marginal cost ¢ . The innovation reduces production costs to ¢ —d.
Let O(p ) denote the demand function

Withe innovation is net drasiic and there is perfeet patent proteetion, so that the innovation
cannot be imitated, the patentec will License the new technology for i fee o perunitol output. Thus,
in the post-innovation cquilibrivm cutput will stick to the pre-innovation level O, = Oy and the

patentee’s profits will be cqual 1o the cost reduction o times the pre-innovation output. This is the

'Sce Tirole (1988, ¢h. 107,

17 . . . .
Equivalently, one could assume i homogencous Berrrand oligopoly with constant murginal costs.



arca /1 in figure 1. The deadweight loss ereated by the palent is given by the triangle K in figure
L. Afier the patent expires, there is [ree aceess 1o the new technology. Under perfect competition
in the product market, the output fevel rises to the point Q, = Q(¢ — o) where the price cquals the
new marginal cost and the patentee’s profits are driven to zero. In this case, during the lifetinmie of

the patenr the pateniee reaps the entire social benelit from the innovation (f = 0).

o
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But consider now the case o a drastic innovation, An innovation is drastic if the monoepoly
price associated with the new marginal cost ¢ — is lower than the old marginal cost ¢, In this case,
the patentee will license the ncw technology for a fixed fee equal to the area H in figure 2. The
main difference with the case of non drastic innovation is that now part of the increase in social
welfare which socicly enjoyes before the patent expires is not captured by the patentee. This
corresponds to the arca J in figure 2. At time 7, the equilibrium price falls to ¢ —d and social

welfare 15 further increascad by an ameunt X
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A similar picture craerges in the case of imperfeet patent prolection, The gencral idea here
is that if the patent has a very bread scope. the new production process cannot be imitaied and
theretore the non-innovating fimas will stick 1o their pre-innovation cost ¢. But if the palentisimore
narrowly defined, one canimaginc ihat cventhe non-inmovating firms candevelop similar processes
without infringing the patent and therefore reduce their costs 1o a certain extent ', We can measure
the breadth of the patent by the fraction of the cost reduction that does nor spill out as frecly
available technology to the noa-innovating [irms. Thus, denoting by (1 - y) the breadih of the patent,

the non innovating finns wili have marginal costs equat 1o (¢ - Yd). See figure 3.

P See Nordhaus (1972).
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figure 3

Like in the casc of a drastic innovation, the main difference with the situation depicted in
figure | is represented by the arca /. which reflects the difference hetween the social and the priviie
benefit from the innovation during the life of the pateni. The only difference between figures 2

and 3 lies in the way the areaJ is determined.

3. The patent race

In this scction we analyse the invention industry. We consider a race for a patentable
innovation between 7 symmetric R & D finms (Jaboratories). We model the R & D tecchnoiogy as
in Loury (1979) and Dasgupta and Stiglitz (1980b). Attime 1 =0, cach fimu 7 decides s R & D
efforty, and pays a lump-sum amount oy, where G is the constant marginal cost of rescarch elfornt.
The R & D elfort determines the expected time of sucezssful completion of the R & D project.
Assuming that the date of innovation by linn # is exponentially distributed. and is independent of
the date of innovation of other fimms, the probability of firm 7 being successhul ai or prior 16 date
tis ! “‘L’—"'.
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The payoll function of finn / is the present value of expected profits, net of R & D costs,

ic.
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where risthe interestrate, v isi's R & Deffortand alsoi's instantancous probability of innoviating,

Xi= 2 X, is the instantancous prebability that one of the (i = 1) rivals of firm 7 innovates, so that
jri

expl(=X_i +.x;)} is the probability that no finn has innovated yet by time 7. Vs the present vilue

ol the profits aceruing 1o the winuer, and o is te lump-sum cost o R & D,

The prive to the winner Vis givea by the discounted profits from the patent:
,
V= f/‘/(’ Mr==H
-
t

where z = | = ¢ denates the fraction of the overal! discounted profits H/r thatis captured by the
pateniee.
Each finn chooses its R & D investment to maximisc its expected profits (1), The first order

condition for a maximum is "

(3) (X, 4+ 1)V

r+ X+ 1)

Since all finng are ideniical, we look for a symmelric Nush cquilibrivm where v, = for alt 7,
Condition (3) then becones,

(4) [ = D +rV
i(r-+nxy)

We congider (wo aliemative structures of the invention industry. The (irst one corresponds
W0 =1, Le.aresearch monopoly, This was the hypotiesis of Nordhius, Alematively, we assume
that there is free entry in the invention industry, but that in addition (o the variable cost oy, firms
doing R & D must also pay afixed cost £ Phis altcmative scenario wis first desceribed by Stiplitz
(1969) in his discussion of Nordivius " work and is analysed by Berkowilz and Kotowitz, ( 1982) in
the context of a4 mode! with i deternministic R & D fechnology. When £ goes (0 0, the invention

industry tends 1o become perfectly conpetitive. As we shadl see in more details Later (scct. 7). this

I , L
Ibmay be casily cheeked that the sceond order condition holds,



limit case corresponds (o Dasgupta and Stiglitz's (1980b) assumption that, under periect
competition inthe invention industry, cach fimy negleets the impact of a change inits R & D eftont
on the expected date of innovation,

4. The social problem

The govemment chooses the value of the patent grant’s duration 7 that maxiimises social
welfare, that is the sum of consumers” surplos and profits, net o R & D costs. We assume that the
social riate of discount equals the interest rie 1.

Nomalising 1o zero the Now ol social wellire betore the innovaiion, the expected discounted

social welfare is:

&) 7
W= (4’ Y St - Gy

J
[H

where nvis the instantiancous probability that one fimy innovates at time £, conditional on no onc

having innovated before ¢, and S s the social value of the innovaiion:

© / -
S= j(’ TN - e + f(""(./ +H + Kt

T

That is. § is the overall discounted social benelit from thie new technology, which equals (M -+.J)

before the patent expires and (H + K + /) therealter. From (8) and (6) one gets:

-7 ~rT
L (H A )+ (H 4 S +K)

W=y ~ QULY
ny+r
or
N v [H A+ K|
W= i [———-—+(l-:)—l--(lll\'
nv+roor roy

I the innovation process were conpleied instaniancousty, the discounted social benefit
would be (4 4 )i plusa (raction (1-2y ol K2 The Sactor nx /oy + ryinay beinterpreted as a fuither

discount factor that acconnis for uncertainty over the timing of the innovation. I is large, the




expected dale of innovation is small and theretore this discount factoris close (o 1. As ax deereasces,
socicly on average must waite longer and longer for the innovation and therefore the discount
factor falls 10 0.

The policymaker's objective funciion may also be rewritten as follows:

(®) ' u\{;li-(l -:)H:K}
W=TIT+

HY + 1

where IT denotes the aggregate profiis in the invention industry.

When choosing 7., the policymaker must take into account that x (and, in the model with free
entry, also #) depends on 7 in o way that is described by the cquitibrium condition in the invention
industry (4). In the follawing secrions, we consider the cases ofmonopoly (scct., 5). oligopoly with
free entry (scet. 6) and "perfect competition™ in the invention industry (scct. 7).

5. Monopoly

In this section we assume that there is only one lim doing R & D, i.e. n = 1. The cquilibrium

R & D effort can be casity found using cquation (4). We have (r + XY =rV/o. that is

) [ H

R L
.\--'\J o 1

Asnoled by Scherer (1972), the putent grant really plays two reles, which he calls the stimdus
effect and the Lebensraum effect. First, the paient grant must be sufficicntly Tong to make room
for positive profits tothe pateiiee., for uriicrwise no anc will invest in R & D: (his is (he Lebensraum
effect. Second, the marginal social gain from more investment in R & D induced by the patent
must cqual the marginal social cost of the protection of the innovation: this is the stimulus efrect,
which is captured analytically by the first arder condition for welfare maximisation.

To put it mere presaécally, we mast first cheek that the patent life be sufticiently fong 1o
exclude that the equilibrium aggregate R & D efivn is zero (i.c., a comer solution) and only then
we can procecd 1o apply the rechnigues of differential caleulus Lo the society's problem,

Denote by T the minimum patent fength that induces the monopoly o do R & D, Thus T is
implicitly defined by the following condition:

(10 T

I
l—¢™ w—y?



Clearly, for all values of T in the interval (0.7 the expected social welfars is constant (and cquitl
(o O under our normalisation), Thus we can restrict our attention (o the interval (T‘m)
Obviousty, the problem would be meaningless il the rescarch monopoly coutd not be induced

1o do R & D even if the patent's life were infinite, Thus we assume that T is finite, that is '™

an g
o

>0

If this condition is not satisficd, the patent system is inclTective as an instrument of innovation
policy and must be replaced withother instruments like R & Dsubsidies ordireet publicintervention
in the invention industry.

We can now tum to the stimulus effect, Under rescarch menopoly social wellare is:

(12 wzl SHll-n)tE

W = ! | A ——
— o |t .
X+r X+

where the tenn inside square brackets represents the profits ol the monopolist in the invention
industry.

The social problem may now be stated as follows: choose T s0 as 10 maximise (12), given
that x depends on T (via V) according (o (9). But notice that W depends on T onty through z. There

is a onc-to-onc correspondence between = and 7t given z, T is determined by:

(13) o log(l-2)
p

Thus the social problem is to choose = in the interval (2. 1), where T = z(T). s0 as to maximisc (12).

B1f there were a fixed cost to pay to do R & D, condition (11) would hive to be strengthened. Let
F denote the fixed cost. Then, substituting (9) into (1) onc gets the monopoly’s profits,

n:(aﬁ_@)zw

The monopoly would do R & D with T =~ only if

1 F > \or




Differentiating:
(14) aw___x K, [J (- +K)dx
d= " Nwrr (+ryLr : r iz

The first term on the right hand side of (14) is the direct effeet of a change in z on social wellare:
when z increascs, society can appropriate only a smaller fraction of the potential discounted gain
Kir. In other words, when 7 increases socicty must waite longer and longer 1o appropriaie the
welfare triangle K. Clearly, the direct effect of an increase in T'on social welfarc is always strictly
negative provided K >0 and v > 0. It measures the social cost of longer patent terns.

The second tenm is the indirect effect of = on W through x. Notice that, by the envelope
theorem, the derivative of the temy inside square brackets in (12) with respect o x is zero. That s,
the marginal change in R & I casts associated with o chinge inxis exactly offsel by the marginal
changeinthe privately appropriahic fraction = ofexpected valuc of the gain H/r from the innovation,
Equation (14) shows that the nct marginal social gain from a longer patent life is proportional to
thcsum of three componenis: J/rand u fraction (1-2) of H/r and K/r. The reason that only a {raction
(1-2) of Hirand Kir enters the marginal social benelit is the following: zH/r is oflset by (he change
inR & D costs and zK/r is lost duc 1o monopolistic distortions during the patent’s lifctime. The
term r/(x +r)? measures the change of the "discount factor" x/(v + ) due 1o a change inx.

Factoring the tenm 1/(xv + ) out, the derivative of social welfare with respect 10 2 can be

rewriticn as follows:

i K t dy
ey~ —— | (] -2 )] —
N .\'+r{ \/'+.\'+1" T )(H+/\)]d:}

We shall refer 10 xK/r as the marginal social cost of increasing the ptent lile, and 1o
(Ax/dz)[J + (1 = 2)(H + K)x +r) vs the corresponding marginal social benelit, The optinium
patent lifetinze is found cquating the marginal social cost and the marginal social benefit.

Itis notobvious that tiic policymaker's problem has a solution, because social wellare might
wellbealways increasing in z (and therefore in T): that s, the murginal social benelit from increasing
the patent’s duration may always exceed the marginal social cost. With a stight abuse of
termiinology, if that is the case we shall say that the optisnum patent length is infinite.

A simple argument shows that the optimum patent length is indeed finite if / = Q and K > 0.
When T = e and J =0, the social wd the private incentive to innavale coincide, so that by the
cnvelope thearem the indirect efice! vamishes and only the direet clfect is at work. Since the direct
cltectis always positive if & >0, the optimal patent life cannot be intinite,

The next Proposition s:tes more precisely when the oplimum patent length is finite.

*“Notice that by (1) v is always positive il T = o,
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Proposition 1. The oprimal life of a patent T with monopoly in the inmvention industry is positive

and is associated with a positive R & D effort, it is finite if

[5 )
(9 .I<2/\"(%‘\/%—l)

and is infinite otherwise.

Proof. First of all, notice that:

(16 il’—\.—~l-'\/£{~>()
dz "2 o

Thus, the marginal social benelit is always positive. Al z =2, v =0 and therclore the marginal
social cost vanishes. This implics that i z =, dW/dz is positive, showing that the optimal patent
life T"is greater than T (and is therefore positive). In particular, when the patent life is set optimally,
the cquilibrium R & D cffort is positive.

Next we evaluate the first derivative of social welfare (14) at 2 = 1 (i.c. T = o) obiaining:

W /(x) { o
- -—K(l—l -[-_/— +2/ I

The sum of the first two terms on the right hand side is negative biccause of (11); hence il =0
the optimum T is finite. More generally, the optimum T is linite i

J <2K{%' -fi~1‘]

(03 J

When condition (15) is satisficd., the F.O.C. for the social problem reduces to:

17 [ [: X
(17) _5(. /;/1_,.)+;[M+A>_(H+K)1=o
r o 2 z J

-

The first term on the left hand side of (17), which corresponds to ihe marginal social cost of
increasing the patent’s duration, is increasing in 2z, whereas tie sccond tenn, which corresponds
to the marginal social benefit of increasing T is decreasing in z. Morcover, the marginal social
cost vanishes at z =z whereas the marginal social benelit is always positive. Hence cquation (17)
has onc rcal and positive solution, which is the optimum 7.

QE.D.




The first pari of Propasition | (and the anlogous results of the following scction) may be
inierpreted as a formal statement ol Scherer’s Lebensraum effect: wheneveritis passible, the patent
life should be set in suci 4 way that the corresponding cquilibrium R & D effort iy positive. In
other words, the comer solution ¢ = 0 is never socially optimal.,

Figure 4 1epresents the two curves corresponding to the marginal social cost and the marginal
social benefit of increasing the patent duration, ie.c the two terms of the lefi hand side of equation
(17). The intersection of the two cuives is the optimum z, 2°, which corresponds (o the optimum
patentlife 7°, Figure 4 depicts the case where z* < Land therefore T i finite. If the marginal social
benelit curve always lies above the marginal social cost curve over the range (z, 1) the optimal
patent life is infinite,

W
A\
v

figure 4
Severai comparative statics resuils are summuarised in {he nexi Proposition,

P'roposition 2. Wit moncpaly in the invention indusiry, if'the optimal lifetime of the pasent iy finite,
thewiris:

iyincreasing in the cos: R D

it) decreasing in the deadweishe loss associated with the pateni K,

i) increasing inJ, the difference bevween the social and privare benefit from the innovation during
the lige of the patens;

iv)decreasing in the pateniee’s instantaneous profins 1.




; Proof. Denote by @ the left hand side of equation (17) above. Clearly, ©, < 0. This implics
that for any arbitrary parameter m that influences = °, the sign of 9z /dan equals the sign of @,
To prove the Proposition it therefore sulfices (o consider the signs of the following

derivatives:

) MKk [z
“T2r N oo

i) i /.:H 1N
e)\.:-—— -——-—+—~(——-l‘
[AN S ¢ 4 7‘: /

Evahuated at the stationary point, this reduces (o:

| .
(—)K=2K(H+J——:H)>\)
i) |
@,=§:—>0
i) KL 5 1
@,,-——-————:Z +;):\(\—:'~—]}

Evaluated at the stationary point, this reduces to:

(-),,=-5:L7(:K+K+./)>O

Q.E.D.

The optimal life of the patent increases with ocand J. The reason why it increases with J s
obvious. Recall that/ is the social henelit from the innovation which is not captured by the patentee
and is therefore a positive externality of the R & D uactivity. The targer J is, the more R & D
investment should be stimutated through longer patents. Granhically, anincrease inJ shifts upward

the marginal social benelit curve. Figure § illustrates.
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figure 3

Theeflectof o on T is enly slightly less intuitive. On the onc hand, an increase in o leads

1o a fall of x and this reduces the marginal social cost of increasing the patent’ life. On the other
hand, a change in o has (wo offsetting effects on the marginal social benelit: botl dx/dz and (x +r)
decrease with o and their ratio is independent of o Figure 6 illustrates. The marginal social cost
curve shifts downward when o increases whereas the marginal social benefit curve is unatfecied
by a change in a; this leads to an increase in =, and hence in the optimal patent’s lifetime T,
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figurc 6

The optimal patent life is decreasing in H and K. Since changes in these two variables shift
in the same direction both the marginal social cost and the marginal social benefit curves, the
graphical analysis is not very useful in this case. However, the intuition behind these results is
prefty clear. When H increases (and K and J stay constant), a farger fraction of the social benelit
from the innovation is privately appropriable. This reduces the nccessity to incentivate R & D
through the patent. As faras K itself is concemed, it is obvicus that it has an adverse cffect on the
optimum life of the patent, for K measurcs the social cost of patent protection.

Suppose indeed this cost vanished (this situation may arisc, for instance, if the slone of the
demand function at the pre-innovation equilibrium goes to infinity): then, it would clearly be
optimal to protect the innovator forever. This follows directy from Proposition 1 ifJ > 0. instead
7 =0, the result follows by inspection of figure 4: when J =K =0, both the marginal social cost
and the marginal social benefit curves tend 10 0 as z tends to 1. and therefore for finite 7 the latter
curve lies above the former onc. Analogousty, when the enn w'/—z'_/_ri—r) tends to 0, the optimial
patent lite T* tends (o so. Though it is obvious, this resull is noteworthy and therefore we state it
formally in the next Proposition.

Propositien 3. Under monopoly in the invention industrv, the optimal life of the patent tends o
infinity if the deadweight loss associated with the patent K andlor the difference (NH10.~1) tend
to 0.




A more sublle question is how (he aptimal life of the patent varies with the discount re -,
When r tends to VA /q, by Propasition 3 the optimal patent life tends o infinity: thus for r “high”,
T'is an increasing function of 7, Morecver, itis casy 1o show that = js always increasing in s, for
the marginal social cost curve shifis downward as rincreases. But since = is a lunction of Tand r,
this docs not imiply gencrally speaking a positive relationship between rand 7°, In fact, we have

been able 1o prove just the tellowing pastiat result.

Proposition 4. Under monapoly inthe invention industry, (f H < K the opiimal life of the parens is
increasing with the rare of fnicrese r.

Proof. First of all, noiice (e foliowing rekionship:

(18) . dr

The firest tem inside brackers in (18} s positive whereas the second tenn is negalive.,

Next, by implicit differentition:

19) . :
(1i' %V//“’-
S >0
o .
NI ar - K

WH =K. (19) reduces 10° =4l = (2230 Substituting into (18) we gel:

Thus il H = K the ontinal ength of e patent is an increasing funciion of the rate of interest. If
H <K theter dzrdr is Rwgerthan ia the case H = & and therefore the sime conclusion follows.
Butif # is sufficiently greatzr than K (he stgn ol dT i may become ambiguous (for r small; when
s large we know that the positive effect must picvail),

QED,

6. Freeentry inthe R & D industry

We now tum 1o the model with frec entry. Fims operating in the R & D mdustry incur a

fixed cost £ in addition to the variable cost o, The profit of fimm 7 is therelore:




A
I, = e =, =
o+ +r

The presence of the fixed cost does not aftect the F.O.C. and the equilibrium condition (4), Now,
however, the number of operating finns # is endagenous and is determined by the zero profis

.. 7 s , N . . . cpe .
condition 7 (v VWY x4 r) - o = 1= Q0 which in the symineiric cquilibrium becomes:

20 v
gy F =0
Hny-+r

Equations (4) and (20) deiermine tie equilibrivm number of finus o and the individual R &
D elfort v, Luckily, even it these equations are non Hnear it is possille to find an explicit solution.
Indeed, combining cquations (4) and (20 it can be shown that the aggregate R & D effort X = ny

ig'®

17 As usual, we ignore the intcger problem ircating a2 as a continuous variable.

"8 To obtain cquation (21) we proceed in the following way. First of all, substitute (4) into (20).
This gives:

W v o
—_“‘—“'2'[/‘ +{n -~ Pivy=F
ny+ro (nydr)

which simplifics 10:

v
(n_\‘+l')z
ar
ZV
R L *
) =
(v +1r) 3 "

Next rewrite (4) as:
Vo= + )V =-ofw+ )
Squaring and using (*) we gel:
v
RV L NN Y
X —-—[;“{\*I"O.(H.. +1)
or

(V= o(r +nx)) = FV

whenee cquation (21) follows,
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Inserting expression (*) of foomote 16 into (4) one also gels:

Qn N
e
A (1

and then, from (21) and (22),

22) v o
"o P
’ FovE-p

Clearly, the equilibrium number of finns is « decreasing function of the fixed R & D cost £,

We now show that social welflare depends only on the aggregate R & D effort X. To sec why,
notice that with free entry in the invention indusiry the aggregate industry profils T vanish, and
therefore cquation (8) becomes:

= e -0tt]
W=

X+r

Thus social welfare depends only on the aggregate R & D effort X1 it does not depend separately
onnand x ™",

Like in the case of monopoly in the invention industry, denote by T the minimum patent
length that induces a positive equilibrium R & D effort. Notice that the aggregate cquilibrium R
& D cffort X may also be writien as:

(24) H[FeH
¥ =l __'ﬁ_,.
o r

1t can be checked that if VF =HIr —Vrow so that ihe prolits of the rescarch monopoly vanish
(scc footnnte 15 abave), the cquilibrium number of fimms is |, Nevertheless, as we shall see in
more details in section &, the behaviour of o monopoly (that is, its reaction 1o changes in the
exogenous parameters) is different from that of an oligopolistic invention industry.

2This resull is not obvious: notice forinstance that aggregate fixed R & D costs #7 do depend on
n.
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Thus T is implicitly detined by the following condition:

(23) | TL/ /—/"v F _2
= —//;\’\ Z-i‘ "4"+CXI

ForT < T achange inthe patent grant’s duriion is completely ineffective. We can thercfore restrict
our atiention 1o the interval (T, ). Obviously, for the problem to be meaningful we must assume
that T is finite, that is:

(20 H ( [F _[F ’
T/\\ :‘v Z+(1/'

Hercalter we assume that condition (26) holds,
The policymaker chooses T {or, equividently, 2) so as to maximise social wellare, tking into
account that X is given by (21).

The first derivative of the objective {unction is:

dw X (K+H) o

Z (|._,)______.(H+K) X
dz X4 o (X 4y N r

d:

The two teoms that appear in this expression may again be interpreted as the marginal social cost
and the marginal social benelit from increasing the patent lifctime (or, more precisely, from
increasing the fraction z of the total discounted prolits H/r that the patentee can appropriale). Like
in the casc ol monopoly, it is convenient (o factor out the temy /X + 1), oblaining:

(27; W L[ K H) (=) KX
dz T X+l r X +r dz

and to define the marginal social cost and the marginal social benefit, respectively, as the first and
second tenu inside curley brackals in cquation (27).

The marginal social benefit has the same form as under monopoly, whereas the marginal
social cost termy differs because we now have (/7 + X)) in place of XK. Of course, the way in which
aggregate R & D ceffort X iy determined is different, and also dX/d= is different from the
corresponding term under monopoly. Upon substitution, then, the marginal social benefit will tum
oul 10 be dilferent, too. (

Mare precisely, the marginal social costis:

<t [ZHF
MSC AR 1) ”)L'—/i—l l[i—/i—r)
r rasoo r )




itis increasing in z and vanishes al = = 7. Using the relationship

(28) dX i FH L "

the marginal social benefit becomes:

[(H+K+./) } VH ~3\rF
MSB =| 2 gk
‘ H~rfe

and is always positive and decreasing in -,

Like in the case of monopoly in the invention industry, we first show that the optimal patent”
life is always greater than T that is, il g always socially optimal to have a positive cquilibrium R
& D investment (provided, of course, that condition (26) holds, so that a sufficiently long patent’s
term may induce finns to invest in R & D). Morcover, we determine when the optimal patent life
is finitc.

Proposition 5. The optimal life of a patent wnder free-entry is positive and is associated with a
positive aggregate R & D effort: it is Sinite if

(29) (H+K) H /_r NH=rF
r /(r (r. r \/— \["‘

Proof. Let 1 be the value of z implicitly delined by X(z) =0, thatis z(T). By (26), 0 < < |.
Henee, the refevant range of zis 7 <z < 1.

Al z =7 by definition X(Z)=0 and therelore the marginal social cost vanishes: since the
marginal social benelit is always positive, itfoliows hat T° > T > 0, implying that when the patent
life is sct optimally. the aggregate R & D elTor X is positive.

Atz = |, the marginal social cost is

& H 1 [HE
Il oo r

and the marginal social benelit is

N 12N
H-HE
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If the marginal social benefitat z = | were greater than the marginal social cost, the first derivative
ol the abjective function would be positive everywhere, so that the optimal patent life would be
infinite. The optimum patent life is finite ifand onty i condition (29) holds.

Q.E.D.

Figure 7 illustrates the marginal sociul cost und marginal social benelit curves for the casc

of free entry in the invention industry.
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Like in .he case of monopoly in the invention industry, the optimum patent length is finite
ifJ =0. It is instructive to consider in more details this special case. When J =0 social welfare

tecomes:

W {{_LA__\_.(_L::_)

r X+r
Thus the social problem 1educes 1o maximising:

(30) N =2)
ST X+




g

26

This special form of the social wellare function may be explained as follows. When J = 0,
socicty in fact does not benefit from the innovalion until the patent cxpires, for finns enter and
investin R & D up to the point where expected protits vanish. Thus social weltare equals (1 + K )r
discounted at rate » for a period equal (o the expected date of innovation plus the length of the
patent. The corresponding discount factoris given by (30). The patent s length alfects social welfare
only through this discount factor,
; From the above discussion it is clear that under free entry and J = 0 the optimum patent life
cannot be infinite *', because the social benefits from the innovation before T are entirely dissipated
by the profit-sccking behaviour of finms and therefore if T =eo the net social gain from the

innovation would vanish. A direct formal proof is as follows: by inspection, A(z) 2 0. Bu
AE) = A(1)=0; this implies that 2 = | and = = = e actually points ol minimum ol the objective
function, sothat T < T < oo,

Another thing 1o notice is that when / = 0 the objective function A does not depend on K
ncither direcdy nor through X, and therefore the optimal patent length does not depend on K. This
fact is especially noteworthy becuuse in (hie case of monopoly in the invention industry K is one
of the main factors affecting 7°, The nex! Proposition summariscs these conclusions for the case
J =0

Proposition 6. Under free entry in the invention indusiry and 1 =0, the optimal patent lengih is

Sinite and does not depend on the deadvweivhs lnss K.

We have seen that when / = 0 the optimum patent life is always finite. However, it tends o

inlinity as:

7 r
X(z = l)Z-"{"""I"'\/_‘.{“—"

0L (L i

tends to zera, This result is the counterpart of Proposition 3 in the cuse of Tree entry inthe invention
industry.

Let us now tum {o the general case. The first order condition for a masimun is ihat the
marginal social cost of increasing the paient Foreh cavals the marginal social benetin, From (24),

(27) and (28) we can write this condition as {ollows:

(b [(/»{ + K +J)

~(H+K)}

2 Ay e . . e - -
*This result is already implicit in Proposition 5.




Lot W denote the left hand side of (31). Clearty. W, <0 The above discussion aso implics tha
cquation (31) has only one root in the interval (7, 1, which actually corresponds 10 the optimum

patent life,

We pow tum 1o the comparative NRUY
Proposition 7. Under free eatry i the [nveniion industry, the optimal paient length is:
i) increasing in the variable costof R & O o
iy inervasing in the fixed R & D cost I
iii) increasing ind, the difference benve
the lirefime of the pateni grant;

iv) decreasing in the deadweight loss of the p

en the social and private benefit from the jnnovationduring

arent KiFF >0

V) decreasing inthe pareniec’s instantaeois profie H.

Sear that Tor any arbitriry par

Proof, Since W, <0, 1tis € ameler nr that influences 2", the sign

of 02/ equals the sign ol

Points i), i) and iif) arc cvident. juilibrium aggregaic R&D

An increase in o reduces the ¢

effort X and therefore shifls downward the margina social cost curve. The marginal socia
ol goon (X + ) and dX/dz exactly cancel out. An increase
ause it reduces X, and the marginal social
ial benefit curve and

| benetit

curve does not move because the cfects
in F shifts the marginal social costcurve downward, bee
penefit curve upward. Finally, an inerease in/ shifts upward the marginal soct
does not affect the marginal sociat cost curve.

More Tormatly, we have:

‘F“J z (Iﬂl\)J\ /] \r—) r IF >0

amplivated, sinee @ change in K shifis both the margina

The elfcet of K is slightly moe ¢
in the same direction. But notice thatt

cociar cost and the narginal social benehiteurves

p-o X 1
poom (.,,__.X

K 3\11 r



which cvaluated at the maximum becomes:

J .
TET R

W= =X'(z)r

if / >0. As we aleeady know from Proposition 6, i / = 0 the optimum pitent life is not affected
by K.

Last, consider the effect of H. At first sight, H affects in a complicated way both the marginal
social cost and the marginal social benelit curves, However, one can distinguish three cflects that
can be separately signed, and tum out to have the same sign. First, H enters (31) inthe lorm (14 + K)
whenever K does. Thus this first effect cquals the elfect of K which we have already determined.
Sccond, when H increases the aggregate R & D etort X increases and therelore the marginal social
cost curve shifts upward; the optimal patent life tends (o decrease. Third, when H increases the
factor (\/ﬁ—gﬁy(«/ﬁ-x//?) decreases and therelore the marginal social benefit curve shills
downward. This third effect has therelore the same sign as the first two ones.

Formally, we have:

N

( K)J——-—————~—<O

NHNH -7y

V==X

J _H+K 2 | F _i‘”(H+K+j)~
roo 200 N M

H+K r re 2a '’ 4
Q.E.D.

We have been unable to determine the effect of a change in the interest rate on T°. What

can be shawn is that 2" is increasing in %, but this is not sulficient to sign T fedr.

All results parallel those obtained in the case of monopoly in the invention industry, The
only new result is ii). When F decreases. (he aggregate R & D efion X tends 1o increase and this
allows socicty to shorten the patent grant’s teo. But we have seen that the cquilibrivm number
of firms 1 increases when F decreases, so that 77 may be taken as a parameler measuri ng the degree
of compctition inR & D. Proposition 7 then says (hat more competition in the invention industry
entails a shonter patent life. In the next sectjon we study what happens when £ becomes negligible
and perfect competition prevails in the invention industry.

2tis casy to show that ¥, > 0. An increase in  shifts downward the marginal social cost curve
and upward the marginal social benelit curve,




7. Perfect competition in the invention industry

A special case of the model analysed in the previous section arises when the fixed R & D
CosLF goes (o zero, In this case it tums oul that the cquilibrium number of finns and the individual
R & Deffortare indelenninate. However, the aggregate R & D effort X is determinate and is given

by:

The cquilibrium aggregate R & D effon is positive when T = o provided:

[
— >
.

‘This condition is cxactly the same as (11), which guarantees that with nonopoly in the invention
industry the R & D effort can be made positive prolonging indefinitely the life of the patent.

Interestingly, the equilibrium condition (32) may be justificd in a different way. Following
Dasgupta and Stiglitz (1980b), onc may define perfect competitioninthe R & D industry as a state
where cach finn maximises its profis taking the expected date of the innovation as given, Inother
words, finns do not take into account the effect of their R & D investment on the aggregaie R &
Deffort X,

Under our assumptions, this implics that the profit function perccived by a representative

firm 7 is lincar inx, and its derivalive is:

art, 1%

a.\',' B X +r

o4

[t follows that if there is an cquilibrium in the invention industry with positive R & D cffon, it
must satisfy equation (32). This argument shows that Dasgupla and Stiglitz's (1980b) assumption
ol aperfectly competitive invention industry corresponds in our mode! to F = ().

Substituting (32) into (8) we oblain the following expression for social wellire under pericet
competition in the invention industry:
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which ncglecting constants reduces (o

33) H+K :
( “/z-‘_“i‘d_:—.’}?{(}(,l.}-K"‘j)l‘
I 2

The solution to the social problem is straightforward and is described by the following Proposition.

Proposition 8, Under perfect competition in the R & D industry, the optimal patent' s length is
positive and is implicitly given by:

34 2 =minf | @ ]+ 4
© 7 NN YR

When

(35) /or. J
. — >
! I+ Knl

the optimum life of the patent is infinite. In particular, since r < VH/o by (11), this casc may occur
only when J is large relative (o (H+K). When /=0, the optimum patent length is always finite and
is given by:

o o)

= -
From (34) it is immediate to decuce the following comparative statics results.

Proposition 9. Under perfect competition in the invention industry, if the optimal lifetime of the
patent is finite, then it is: .

i) increasing in the cost oR&Da:

i) decreasing in the deadweight loss associated with the patent K, provided J > 0;
ifiYincreasing inJ, the difference benween the social and private benefit from the innovetion during
the life of the patent;

iv) decreasing in the patentee's instantancouy profirs H;

v} increasing in the rate of interest r.
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Proof. The only result that docs not follow dircetly by inspection of (34) is v). But using the
definition of z and (18) one can casily show that:

r 17 Wz
i—-~=-~[l(>g(l—:)+ ,]>0
drr -z

Q.E.D,

8. A comparison between monopoly and free-entry in the invention industry

We have seen that with free entry in the invention industry the optimal patent length is
decreasing in the size of the fixed R & D cost £, Since the cquilibrium number of finus in the
invention industry increases when the fixed R & D cost does down, there is a sense in which more
competitionin R & D allows socicly (o reduce the fength of patent grants.

This is nol, however, the standard result that the optimal patent tean is Tonger when the
inventor is a monopolist than when inventors are competitive, which holds in Nordhaus-type
models. Nor does the former result imply the Luter, as could be conjectured noting that monopoly
is nothing clse than a = 1, The reason that this seemingly convineing argument is fault is that the
negative relationship between the optimal parent life and the cquilibrium number of fims a holds
whithin the confines of the model with free entry. Even il the fixed R & D cost F were so high as
to feave room for anly one finn in the invention industry®, the reaction of the industry to a change
in the exogenous paramelers under free entry would be quite different from the reaction of a true
monopolist. This implics that the social incentives to change the life of a patent weuld also be
different. In fact, in this scction we shall show that comparing the optimal patent term wilh
monopoiy and with {ree entry in the invention industry, the former may be shorter than the {atter,
however, the optimal patent life is shortest in the limit case of pericet competition,

Consider again the marginal social cost and marginal social benelit curves. The forer is
proportional to the cquilibrium aggregaic R & D effort: however, the factor of propostionality is
Kir under monopoly and (M + K under free chiry. Even if we assume that the equilibrium
aggregate R & D elfortis the same, the marginal social cost is higher under {ree entry. The reason
is that the privately appropriable part of the sociai gain from the innovation before the cxpiralion
of the patent, M, is dissipated under [ree entry bul not under monopoly. Inother words, monopoly
avoids excessive duplication of R & D efTorts.

P Thatis. iFVF = HIF =Jro. See footnote 15 above,




On the other hand, the marginal socia! bene it ix%{(H + K+ )z ~(H + K)]under monopoly,

whereas under free entry the tenm inside square brackets is multiplicd by a factor greater than 1.
Thus the marginal social benefit is also higher under free entry. This is duc to the same factors that
makc the marginal social cost higher under free cntry: the duplication of eflforts that characieriscs
frec entry implies that prolonging the patent duration provides a higher stimulus 1o invest in R &
I than under monopoly.

To facilitate the comparison, divide both the marginal social cost and the marginal social
benefit under free entry by the factor (\/ﬁ-%\ﬁ?)/(\/ﬁl rF), and multiply the corresponding
two terms under monopoly by 2, so that the "adjusted” social mirginal benefit with bath free entry
and monopoly cquals [(H + K +.J )z = (H + K] Then, the optimal patent life witl be shorer under
free entry il and only if the “adjusted” marginal social cost under frec cniry is higher than the
marginal social cost under monopoly, i.c.

(36) H+KX >ﬁ£(\/ﬁ~§l\fr_/-:)x
R T

where X, denotes the aggregate R & D elfort under free entry and X, that under monopoly.
In the modet with free entry, we know (hat the optimal patent term is shortest when F =0,

i.c. under perfect competition. Let us therefore compare monopoly with perfect compelition. The
"adjusted" marginal social cost is

Hak(al
I Qo !

under perfect competition, and

vk

under monopoly. Using cendition (11) - which must hold under both moanepoly and perfect
competition - it can be easily shown that the "adjusied” marginal social cost curve is higher under
competition over the range (7, 1), where T = 2w/t < 1, 1 follows that perfect compeiition enizils
a shorter patent life than monopoly. Figure 8 ilfustratcs.




e

Asnd

(e

Proposition 10. With perfect comperition in the invendion industry the optimal patent lifeis longer

than with monopoly,

Consider now the case of a positive fixed R & D cost. Maoreover, [ix

(A7

\fﬁ:x/’]l—ﬁ

o that the cquilibrium number of fimms is 1. We compare the optimal patent length in this case
] p ng

with that under monopoly.

Since when (37) holds we have X = Xy, the adjusied social marginal benelif will be greater

under monopoly it

2K (V(/_/—ti\"'(f} H+K

>
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which using (37) alter some algebra reduces o
Kool .

This means that if we compare monopoly and oligopoly with free entry in the invention
industry holding the aggregaie R & D investment constant (that is, assuming that the R & D fixed
cost Fis such that in the equilibrium with free cntry = 1), the optimal patent Life may be shorer
under monopoly if K is sufficiently high relative (o /. By continuity, the optimal patent lire may
continue to be shorter under monopoly even when £ stans deereasing: however, Proposition 10
shows that for £ sufficiently Jow the optinial patent Hife is necessarily shorter under Iree cntry for

all admissible parmmcters configurations.

9. Over-investinent in R & D?

We now tum to a different problem. I is well known that with perfect competition in the
invention industry there may be over-investiment in R & D, duc (o a socially wasteful duplication
of efforts. We now ask, whether over-investiment can still occur once the life of the patent is
optimally set in the way analysed in the previous scelions.

Since this question involves a comparison between the socially optimal level of investmen
inR & D and the equilibrium one. 1o avoid spurious elfeets, we rule out fixed R & D costs ¥ Thus
we limitour analysis to monopoly and perfect competition onthe one hand, and the social optimum
on the other hand,

Also, we consider the constrained social optimum, that is we assume that the policymaker
fixes the level of R & D investinent taking as given the life of the patent, and therefore faking info
account that socicty must wail until 7 1o appropriate the welfare triangle K. From (7), it is clear
that the constrained socially optimal R & D investment is:

oy 127k

X. = )

¢4

Of course, the unconstrained sociatly optimat devel of investmen carresponds 1oz =0 and is

therefere higher than the constrained onc.

2 . . A - - .

* Since there are constant returns to scale in R & D apart from the fixed cost, socicty would
obviously pay the fixed cost F only once: this would give a socially managed R & D industry o
technological advantage over an oligopolistic onc.
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Comparing Xy and the equilibrium R & D effort of a monopoly X,,. it is immediate that the

Btter is always not greater than the fomier: the two coincide only if / =0 and z = [, i.c. the patent
has infinite duration, But from Proposition 1 we know that when J =0 tie optimad patent life can
be infinite only if K = Q. Thus with monopoly in the invention industry there will always be
under-investment in R & Dionly when K =/ = 0. the equilibrium R & D investment coincides
with the sacially optimal one.

Proposition 11, With monopoly in the invention indusiry, if the patent life is ser optimaliy. there

iy wnder-investment in R & D uniless K =1 = (),

This result is quile obvious as we know thiat monopoly is immune from the duplication of
clivots probleny, whereas if K +./ > 0 it does not appropriate all the retums o R & D. The case of
periect competition in the invention indusiry is mare interesting. In this case, for arbitrary patcnt
length 7% there may indeed be over-invesiment in R & D. Consider for instance the case J = 0and
z = 1. Comparing (38) and (32) onc immedialely confinns that there is over-investiment in R & D
(recalt condition (11)). By continuity, there will still be over-investment if / is positive but smatll
and il the patent life T is finite bul Turye.

Butwhat happens i T'is set optimally according to (34)? Proposition |2 provides the answer.

Propoyition 12.With perfect competition in the invenion industry, ifthe parenr life is set optimally,
there is under-invesment in R & O wnless K = 1 =0 in this case, the equilibriun aggregare R &
D investment coincides with the constrained socially optimal one.

Proof. We must distinguish the case when the optimal patent life is finite and the case when
itis infinite,

The latter casc aceurs when:

Then we have:

[H+]+K NHNHYE _H
R > >—=X.+r
b \/ o o or Xets

so thi the socially optimadlevel of R & Dis greser than the R & D elfort with perfcet competition

given by (32),
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10 Perfect competition in the product narket

Up 1o now we have black-boxed the product market, whose equilibrium is described by the
three pariuncters H, K and /. We now tum 10 3 more detailed analysis of the product market
cquilibrium, focussing on the case of perlect competition. Without giming at dealing with all
relevant issues, we concentrale on 4 fow topics where the results follow most direcdy from our
general treatment of the problem. Foltowing Nordhaus, we assume that initialty production is
carried out at constant unit cost ¢, and that the innovation reduces the production cost to ¢ = o, We

also make the regularity assumplion that the marginal revenue curve is downward sloping.

A Non-drastic innovation with intarion

Panents not always confere complete protection ever the invention, As we explained in seet.
2, ithe patentis narrowly delined, a fraction 7orthe costreduction may spill out as [recly wvailable
technology to the non innovating finns. Our first (ask is to analyse the cffcct on 77 of a change in
the parameter v, that can be taken as an inverse measure of the breadth of the patent.

Whenyincreases, the sum (4 + K +/) stays constant. However, K decreases and J increases,
I the innovation is non drastic, M decreases 100 {for otherwise the innovalor - or a unique licensee
- could profitably engage in monopoly pricing™). The optimal patent life T° would therefore tend

1o deereuse.

Proposition 13. With perfect competition in the product market, non-drastic innovation and
imperfect protection of the invention, T" iy decreaxing in the breadth of the patent.

B Non-drastic innovarion, no imitation

Consider now the elfect on the optima! patent life of a change in the cost improvenent d.
Clearly, as far as the invention is non drastic. an increase in d alfects both X and K positively, and
therelore leads to a reduction of the sactally aptimal life of the patent.

Proposition 14. With perfect competition in the product market, if the innovation is non drastic
the optimal lifetime of the patent is decreasing in the size of the innovation d.

Indeed, it can be shown that for sutficiently small inventions the optinial duration of the
patent becomes infinite. We have scen that when the aggregate R & D effort coriesponding 1o
infinite patent length tends 1 O, the optimal parent fength tends 1o infinity beeause the marginal
sacial cost tends to vanisl), Formally, it T tends 1o infinity, also 7" must tend 10 infinity because

T > 7. Bul cquations (10) and (23) show that 7 tends (o infinity it # becomes sulticiently small

¥ Notice that with constant marginal cosl and a downward sloping marginal revenue curve, the
profit function of the monopoly is quasi-concave. )
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relative to - and o (and also £ in the case of free entry). Now, since /f = Qul (where g, denote
the pre-innovation equitibrium output), itis cicar that for sufficienlty small innovitions the optimal
patent length is infinite. More precisely, detine 7 as an invention so small that conditions (4 1} and
(20) hold as cqualitics. Then we have:

Proposition 15. With perfect competition in the product market, when d tends to d from the above,

the optimal life of the patent tends to infinirv.

Propositions 14 and 15 provide an answer in the negative to the question whether large
innovations should be protected more than simalier ones. Small innovations should be protected
for a longer period, Tor two reasons: st Free innovations are associated with large deadweight
losst second, small innovations require fong paient duration to persuade ans in the invention
industry to make i positive R & D clfort (Scivrer's Lebensraum cffect).

Obviously, very small innovations (i.c. <) will never command a positive R & D effori
and thercfore need not be protected.

We have thus shown that T* is ncgatively related 1o the size of the innovation d, as long as

the invention is non drastic. We now ask wha happens when the innovation is so large as 1o become
drastic, As we know, for drastic innovations / is positive. Moreover, as long as the marginal revenue
curve is downward sloping, J increases with the size of the innovation. This abscrvation led
Nordhaus (1972) to conjecture that the aptanal patent life is longer for drastic and product
inventions. But this is not necessarily true, because /4 continues (o incrcase with (he size of the
innovation cven when the innovation is d rastic, and the same may be truc of K these countervailing
effects may prevail over the effect of a positive and increasing J.

In order to bring these paints out more clearly it will prove usciul to consider the case of a
product invention with a linear demand function,

C) Product (or drastic) innovation vitti a linear demand

Assume that the demand functionis p =« - (0, where pis price and Q is industry output and
that the initial cost is ¢ = a. $0 that before the innovation the goad is not produced. In this casc,
H=3d'and K =J =K,

Considerthe model with free entry first. Divide both (he marginal social cost and the marginal
social benefit by H. The marginal social cost becemes:

MSC =
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and the marginal social benelit reduces to:
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Then, it is clear that the marginal social costis increasing in A and the marginal social benefit is

decreasing in 4. This implics that the optimal patent life decreases as o (and henee H) increases,
A similar argument establishes the result for 1he case of monopoly in the invention industry.

Proposition 16.With a drastic innovation if the initial size of the market is zero, the optimal parent

life decreases as the size of the innovation inereases.

By continuity, the same conclusion holds when the size of the market before the innovation,
0

aZuy

is positive but small.

D) Uncertainey over the size of the cost reduction

Let us come back to the general case, assuming that the innovation in non drastic and there
is no imitation, so that J = 0. Supposc that not only the timing, but also the size of the innovation
d is stochastic *, If fims and socicty arc risk neutral, and if d is distributed independently of the
date of the innovation, they are inlerested onty in the expected values of H and K, £(H) and E(K).

Consider now anincrease in the uncertainty over the size of the innovation, By this we mcan
a mean preserving spread of the probubility distribution of d. Clearly, E(H) is unaffcected by this
change because A s aldincar function of d, whereas £(K) increases because K is a convex function
of d*'. Since an increasc in the deadweight loss of the patent reduces the optimal patent lifetime,

we have the following result.

Proposition 17. With pecfect comperition in tlie preduct market an increase in the uncertainty over

the size of the innovation leads to a shorier oprimal patent life.

*To wit, when the research process is completed and the patent is awarded, it is not yet known
the size of the cost reduction that the invention will bring about.

T The reason is thatl;

where C(p) s the denand Tunction and 0, = ¢(¢). Since the demand function is decrcasing, K is
CONVEX ind,
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Notice that this result holds independently of the conditions prevailing in the invention
industry, whereas Rafiquzzaman (1987.1988) found that in the context of a Nordhaus-type model
the effect of uncertainty is different winder monopoly and perfect competition >,

F. Summary and conclusions
We bricfly summarise the main resulls of the paper.

L. The optimal patent's length is increasing in the cost of R & D a. The reason is that an
increase in a reduces the marginal social cost of increasing the patent’s duration, and docs not

affeet the marginal social benelit,

2.The optimal patent’s length increases with J, the difference benween the social and privare
benefitfron the nev technology before the rerm of the patent grant. One may think of / as a positive
externality of the R & D activity. The greater this exicmality, the greater the necessity of stimulating
R & D.

3. The optimal patent's length is decreasing in K, the deadweight loss of the parent. This
result is obvious, since K measures the social cost of the monopolislic power accorded to the
patentee,

4. The optimal patent's length is decreasing in M, the privarely approprialble benefit from
the innovation. This result is quite general, but far from intuitive. It is clear that a higher H enhances
ihe private incentive to do R & D. As it tums out. it enhances it more than is socially desirable, so
that the policymaker reacts by lowering the patent duration.

5. The optimal patent’s length decreases with the degree of competition in the inveniion
industry. With more competition in the invention industry, the aggregate equilibrium R & D effort
increases because of the "duplication of effors” offect. Thus there is less need (o incentivaie R &
D. However, the optimal patent fenuth may be shonter under monopoly than under frce entry, if A

is high relative 10 4 and if the fixed R & D cost f7as sulliciently high.

6. Whenever it could be privately conveniont o do R & D, the patent’s length should he

sufficiently long so as to encourage a pasitive & & D effort.

¥ Clearly, a result similar to Proposition 17 would hold also in the case of drastic invention
considered in subsection C), because in that case 4 is convex in dand thercfore amean preserving
spread in the probability distribution of ¢ would increase E(H).
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1. With perfect comperition in the product market, the optimal parent' s lengeh is decreasing
inthesize of the innovation. A largerinnovation entails a largerdeadweight loss and a larger private
meentive to innovaie; both factors tend (o reduce he optimal patent length.

8 Whew the parent's length is set optimuily, there Is under-investment in R & D. This resull
shows that patent policy always solves the duplication of effort problem. But, since there is
under-invesiment, other policy instruments, such as R & D subsidics or dircct public provision of

baxice rescarch, should be used 1o regulite the R D activity,

Indeed, the simultancous use of different instruments of R & D policy is one of the
highest-ranked issucs in the agenda for Tuture research, Patent’s breadth and Iengthis one relevant
exampler patent policy and R & D subsidics is anather, Though there has been some rescarch on
the optimal patent breadth recently, much remains 1o be done in this area.

Our analysis has also side-stepped the camulative nature of the innovative process, New
mventions build on older ones, and niny innovations are surpassed well before (he expiration of
the patent. This puts new demands on the patents system, which are discussed by Scotchmer (1991)
and sUH await formal analysis™.

Another limit of our model is (he assumption that finns doing R & D arc neatly separated
from fins operating in the downstremm product market. As a matter of fact, most R & D is done
by fums that are themselves the users of thcir ins vutions, whereas licensing provides only a small
fractionof' the overall private benelits from R & D, But when the samc finns compete in the patent
race and in the product market, their strategic interaction is more complex and new problems arise.

hese three issues are quite important 1o o better understanding of the functioning and the

uptimat structure ol the patent system, and we plan to deal with them in future research.

P See Green and Scotchimer (1995) and Chung (1993); these authors study some aspects of patent
policy inmodels with two innovations in sequences however, they do not address the issue of the
optimal patent life,
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