THE CACTUS RANK OF CUBIC FORMS

ALESSANDRA BERNARDI, KRISTIAN RANESTAD

ABSTRACT. We prove that the smallest degree of an apolar 0-dimensional scheme to a
general cubic form in n 4 1 variables is at most 2n + 2, when n > 8, and therefore smaller
than the rank of the form. When n = 8 we show that the bound is sharp, i.e. the smallest
degree of an apolar subscheme is 18.

INTRODUCTION

The rank of a homogeneous form F of degree d is the minimal number of linear forms
Lq,...,L, needed to write F' as a sum of pure d-powers:

F=L{+-- + L%

Various other notions of rank, such as cactus rank and border rank, appear in the study of
higher secant varieties and are closely related to the rank. The cactus rank is the minimal
length of an apolar subscheme to F', while the border rank is the minimal r such that F' is a
limit of forms of rank r. The notion of cactus rank is inspired by the cactus varieties studied
in [Buczynska, Buczynski 2010]. For irreducible cubic forms that do not define a cone, the
cactus rank is minimal for cubics of Fermat type, e.g. F = x3 + - + 3. In this case all
three ranks coincide. There are however other cubic forms with minimal cactus rank whose
border rank is strictly higher. We show that the cactus rank is smaller than the rank for a
general form, as soon as the degree is at least 3 and the number of variables is at least 9,
and we show in particular that the cactus rank for the general cubic form in 9 variables is
18, while the rank and the border rank is 19.

The special computation is the first example, to our knowledge, of a computation of cactus
rank of a general form, where it is less than the rank. On the other hand the more general
result is an important explicit obstruction to the computation of rank.

The rank of forms has seen growing interest in recent years. This work is close in line
to [larrobino 1994], [Iarrobino, Kanev 1999] and [Elias, Rossi 2011], in their study of apo-
larity and the local Gorenstein algebra associated to a polynomial. Applications to higher
secant varieties can be found in [Chiantini, Ciliberto, 2002], [Landsberg, Ottaviani 2011] and
[Buczynska, Buczynski 2010], while the papers [Landsberg, Teitler 2010], [Brachat et al. 2010],
[Bernardi et al. 2011] and [Carlini et al. 2011] concentrate on effective methods to compute
the rank and to compute an explicit decomposition of a form.

1. APOLAR GORENSTEIN SUBSCHEMES

We consider homogeneous polynomials F' € S = Clz, ..., z,], and consider the dual ring
T = Clyo, - - -, yn] acting on S by differention:

d

yj(zi) = %(xi) = 0;j
J
1
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With respect to this action S; and 77 are natural dual spaces and < =zg,...,z, > and
< Yo, --.,Yn > are dual bases. In particular T is naturally the coordinate ring of P(S;) the
projective space of 1-dimensional subspaces of S7, and vice versa. The annihilator of F' is an
ideal F* C T, and the quotient Tp = T/F* is graded Artinian and Gorenstein.

Definition 1. A subscheme X C P(S)) is apolar to F if the homogeneous ideal Iy C F+ C T.

F' admits some natural finite local apolar Gorenstein subschemes. Any local Gorenstein
subscheme is defined by an (in)homogeneous polynomial: For any f € S,, = Clzy,..., 2],
the annihilator f+ C Ty, = Cly1,...,yn] defines an Artinian Gorenstein quotient Ty =
Tyo/f+. Now, Spec(T}) is naturally a subscheme in P(S;). Taking f = F(1,21,...,2,) we
show that Spec(T) is apolar to F'. In fact, F' admits a natural apolar Gorenstein subscheme
for any linear form in S.

Any nonzero linear form [ € S belongs to a basis (I,11,...,1,) of Si, with dual basis
(", 1,...,0) of Ty. In particular the homogeneous ideal in T of the point [I] € P(S;) is
generated by {l},...,I/,}, while {l1,...,l,,} generate the ideal of the point ¢([I]) € P(T}),

where ¢ : P(T}) — ]P’(Sl) Yi = Tyt = 0 , .

The form F € S defines a hypersurface {F = 0} C P(T1). The Taylor expansion of
F with respect to the point ¢([l]) may naturally be expressed in the coordinates functions
(I,01,...,1,). Thus

F=al®+al™ fi(li,....ln) + - +aafa(l, ..., 1n).
We denote the corresponding dehomogenization of F' with respect to [ by Fj, i.e.
F;=ay —|—a1f1(l1,...,ln) + .- +adfd(l1,...,ln).

Also, we denote the subring of T generated by {l{, ...,/ } by Tp». It is the natural coordinate
ring of the affine subspace {I' # 0} C P(S1).

Lemma 1. The Artinian Gorenstein scheme T'(F}) defined by Fi- C Ty is apolar to F, i.e.
the homogenization ()" ¢ F C T.

Proof. If g € Fj- C C[lf,...,l,], then g = g1 + -+ + g, where g; is homogeneous in degree

i. Similarly F; = f = fo 4+ -+ + fa. The annihilation g(f) = 0 means that for each e > 0,
> 9ifetr; =0. Homogenizing we get

g =G=U)" g+ tg, [P=F=Ufo++fa

= Zzld_T._egjfe+j = Zld_T_e Zgjfe+j =0.
e j J

e

and

O

Remark 1. (Suggested by Mats Boij) The ideal (F/%)" may be obtained without deho-
mogenizing F. Write F' = [°F;_., such that [ does not divide Fy_.. Consider the form
Fog_ey) = 197¢F;_.. Unless d — e = 0, i.e. F = 1% the degree d — e part of the annihilator
(Fa(d—e)) 1. generates an ideal in ()= and the saturation sat(Fyq—c))7_,) coincides with
(F/5)". In fact if G € Ty then

G(Fyg—e)) = G °Fy_e) = G ) Fy_e + 1G4 Fy,
s0 G(Fy(4—e)) = 0 only if G(17¢) = 0.
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Apolarity has attracted interest since it characterizes powersum decompositions of F', cf.
[Iarrobino, Kanev 1999], [Ranestad, Schreyer 2000]. The annihilator of a power of a linear
form ¢ € S is the ideal of the corresponding point p; € Pr in degrees at most d. Therefore
F =" 14 onlyif Ir ¢ F*: where I' = {p;,,...,p;.} C Pr. On the other hand, if
Irq CF, dL C Ty, then any differential form that annihilates each lf also annihilates F', so, by
duality, [F] must lie in the linear span of the [I¢] in P(S;). Thus F = Y, i if and only if
Ir C FL.

Various notions of rank for F' are therefore naturally defined by apolarity : The cactus
rank cr(F) is defined as

cr(F) = min{lengthl’ | T' € P(Ty),diml" = 0, Ir C F*},
the smoothable rank sr(F) is defined as

sr(F) = min{lengthl’ | T C P(T}) smoothable, diml’ = 0, Ir C F*}
and the rank r(F) is defined as
7(F) = min{lengthT' | T C P(T}) smooth,dimI’ = 0, Ir C F*}.

Clearly cr(F') < sr(F) < r(F'). A separate notion of border rank, br(F'), often considered,
is not defined by apolarity. The border rank is rather the minimal r, such that F' is the limit
of polynomials of rank r. Thus br(F) < sr(F). These notions of rank coincide with the no-
tions of length of annihilating schemes in Iarrobino and Kanev book [larrobino, Kanev 1999,
Definition 5.66]: Thus cactus rank coincides with the scheme length, cr(F) = lsen(F), and
smoothable rank coincides with the smoothable scheme length, sr(F') = lschsm (F), while bor-
der rank coincides with length br(F) = [(F'). In addition they consider the differential length
laig (F), the maximum of the dimensions of the space of k-th order partials of F as k varies
between 0 and degF'. This length is the maximal rank of a catalecticant or Hankel matrix at
F, and is always a lower bound for the cactus rank: lqig(F) < cr(F).

For a general form F' in S of degree d the rank, the smoothable rank and the border rank
coincide and equals, by the Alexander Hischowitz theorem,

) =) =)= [ (Y],

when d > 2, (n,d) # (2,4),(3,4),(4,3),(4,4). The local Gorenstein subschemes considered
above show that the cactus rank for a general polynomial may be smaller. Let

B 2("HM) when d = 2k + 1
M) Na = { (") + (Y when d = 2k + 2

and denote by Diff (F') the subspace of S generated by the partials of F' of all orders, i.e. of
order 0, ...,d = degF.

Theorem 1. Let F € S = Clxo,...,x,]| be a homogeneous form of degree d, and let | €
S1 =< xg,..., T, > be any linear form. Let F; be a dehomogenization of F with respect to [.
Then

er(F) < dimeDiff (Fp).
In particular
er(F) < Ny.
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Proof. According to Lemma 1 the subscheme I'(F;) C P(7}) is apolar to F. The subscheme
['(F;) is affine and has length equal to

dimc Ty /Fit = dimeDiff(F)).
If all the partial derivatives of F; of order at most L%J are linearly independent, and the
partial derivatives of higher order span the space of polynomials of degree at most L%j, then

1 a
dimCDiH(Fl):1+n+(n+ >+-~-+<H+L2J)+---+n+1:Nd.

n—1 n—1
Clearly this is an upper bound so the theorem follows. O
Question 1. What is the cactus rank cr(n,d) for a general form F € Clzg, ..., Zn]q?

If T' computes the rank (resp. smoothable rank or cactus rank) of F, then T is locally
Gorenstein [Buczynska, Buczynski 2010, proof of Proposition 2.2]. Every local Gorenstein
scheme T in Pz is isomorphic to Spec(C[yi, ..., y,]/g*) for some polynomial g € C[z1,...,x,]
(cf. [Tarrobino 1994, Lemma 1.2]). If T' is a local Gorenstein component of an apolar sub-
scheme to F', then the number r of variables in the polynomial g defining I" is at most n
but the degree of g may be larger than the degree of F. In particular, even local apolar
subschemes of minimal length may not be of the kind T'(F}), described above.

2. CUBIC FORMS

If F € S is a general cubic form, then the cactus rank according to Proposition 1 is at
most 2n + 2.

If F is a general reducible cubic form in S and [ is a linear factor, then f = Fj is a quadratic
polynomial and I'(f) is smoothable of length at most n + 2: The partials of a nonsingular
quadratic polynomial in n variables form a vector space of dimension n + 2, so this is the
length of I'(f). On the other hand let E be an elliptic normal curve of degree n + 2 in P**1,
Let T'(E) be the homogeneous coordinate ring of E. A quotient of T'(E) by two general linear
forms is artinian Gorenstein with Hilbert function (1,7, 1) isomorphic to Tj for a quadric ¢
of rank n. Thus T} is isomorphic to T, and I'(f) is smoothable.

Theorem 2. For a general cubic form F € Clxg, ..., x|, the cactus rank is
er(F) <2n+ 2.

For a general reducible cubic form F € Clxo,...,x,] with n > 1, the cactus rank and the
smoothable rank are
cr(F)=sr(F)=n+2.

Proof. It remains to show that for a general reducible cubic form c¢r(F) >n+2. T C Pp
has length less than n + 1 it is contained in a hyperplane, so Ir C F* only if the latter
contains a linear form. If {F = 0} is not a cone, this is not the case. If I' C Py has length
n + 1, then, for the same reason, this subscheme must span Pp. Its ideal in that case is
generated by (”;1) quadratic forms. If F is general, F3- is also generated by (”JQFI), so they
would have to coincide. On the other hand this equality is a closed condition on cubic forms.
If F=xo(z+--+22), then

F12L =< y1y27~--7yn71ynay8_y%a"wyg_yrzl >,

In particular dimF3- = (”;1), But the quadrics F5- do not have any common zeros, so

cr(F) > n+ 2. The general reducible cubic must therefore also have cactus rank at least
n + 2 and the theorem follows. O
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Remark 2. By [Landsberg, Teitler 2010, Theorem 1.3] the lower bound for the rank of a
reducible cubic form that depends on n + 1 variables and not less, is 2n.

If F=ux9Fi(x1,...,2,) where Fy is a quadratic form of rank n, then cr(F) = sr(F) =
n + 1, the same as for a Fermat cubic, while the rank is at least 2n.

We give another example with cr(F) =n+ 1 < sr(F). Let G € C[zy,...,2n] be a cubic
form such that the scheme I'(G) = Spec(C[yi, . ..,Ym]/G*) has length 2m + 2 and is not
smoothable. Denote by G1 = y1(G), ..., Gm = ym(G) the first order partials of G. Let

F =G+ 2021Tmi1 + - + ToTmTom + Toomi1 € Clzo, ..., Tomi1)-
Then
Foy =G+ zi1Tmy1 + -+ Tm%om + Tam+1
and
Diff(Fyy) =< Firyy G1 4+ Zimt1s -+ s G 4+ Tom, T1, o Ty 1 >

so dimeDiff(Fy,) = 2m + 2. Therefore I'(Fy, ) is apolar to F' and computes the cactus rank
of F. Since {F = 0} is not a cone, I'(F,,) is nondegenerate, so its homogeneous ideal is
generated by the quadrics in the ideal of F*. In particular I'(F,,) is the unique apolar
subscheme of length 2m + 2. Since this is not smoothable, the smoothable rank is strictly

bigger.
By Proposition 2 the cactus rank of a generic cubic form F' € Clxo,...,z,] is at most
2n + 2. The first n for which 2n + 2 is smaller than the rank r(F) = fnil (";3)1 of the

generic cubic form in n 4 1 variables is n = 8, where r(F) = 19 and cr(F) < 18.

In the remainder of this paper we show that the bound on the cactus rank is sharp.
Proposition 1. The cactus rank of a generic homogeneous cubic F € Clxy,. .., xg] is 18.

Proof. The strategy for our proof is to consider the dimension hg of the Hilbert scheme
Hilby(P®) of length d subschemes of P®, for d < 18. In the third Veronese embedding
P® — P!64 the span of each subscheme I' of length d is a linear space Lr of dimension at
most d — 1. The cactus rank of a general cubic form is then the minimal d such that these
linear spaces fill P14, So the cactus rank is at least the minimal d such that hy+d—1 > 164.

For this minimum it suffices to consider the subscheme of the Hilbert scheme parameteriz-
ing locally Gorenstein schemes, i.e. all of whose componenets are local Gorenstein schemes, cf.
[Buczynska, Buczynski 2010]. Furthermore, any local Gorenstein scheme of length at most 10
is smoothable (cf. [Casnati, Notari 2011]), so for our estimate we need only to consider locally
Gorenstein schemes with a component I'y of length at least 11. Denote by H ilbgﬁoAg the sub-
scheme of the Hilbert scheme parameterizing local Gorenstein schemes of length [y supported
at the origin of A®. Let g;, be the dimension of HilblG"floAg. Comparing with the smoothable
subschemes we get that h;, = max{g;, + 8,8lp}. In the above inequality hi7 + 17 — 1 > 164
we then get (for 11 <y < 17) g;, + 8+ 8(17 —lp) + 17— 1 = g;, + 160 — 8y > 164, i.e.

g1, > 8lo + 4.

Now each local Gorenstein scheme in A® supported at the origin is a Gorenstein scheme
['(f) C A8 defined by a polynomial f € Clxy,...,zg]. In particular the affine coordinate ring
of T'(f) is a quotient Clyy, ..., ys]/f+ . The length of T'(f) equals the dimension of Diff(f),
the space of partials of f of all orders. For our computations, we therefore consider set of
polynomials

Vi = {f € Clan, .., a,) | dimeDiff(f) = lo} € Clay, ..., ;]
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modulo the equivalence relation f = g if and only if Diff(f) = Diff(g). In particular ¢;, =
dimVj, — lo.
Thus we have shown

Lemma 2. The cactus rank is 18, if
dimV,, = dim{f € Clzy,...,zs] | dimcDiff (f) = lo} < 9o + 4
forlyg=11,...,17.
For each polynomial f € V;,, the grading of the polynomial ring induces a degree-filtration

of the vector space of partials. Assume that f has degree §, then for each i < § the partials
of f of degree at most i form a subspace Diff(f); of Diff(f) and

Diff(f)o C Diff(f)1 C Diff(f)2 C ... C Diff(f)s = Diff(f)

where Diff(f)o =< 1 > and Diff(f); C< 1,z1,...,zs >.
Diff(f) is a vector space of polynomials, closed under differentiation. Furthermore there
is a natural linear isomorphism

T:T/f+ = Diff(f); g~ g(f)-
Let m be the maximal ideal in the local ring T/ f+ and let § be the degree of f. The image
of (0 : m*) under the map 7 is precisely Diff(f);_1, so the Loewy filtration
0:m®)c(0:m ) cO:m2Hc...c(0:m)cT/f*
of T/ f* is mapped to the degree-filtration of Diff (f). Since (0 : m?)/(0: m*~1) = (mi~!/mi)*
the integral function
Hf(()) = 1, Hf(Z) = ChIIl([j]:)lff(f)Z - dimcDiﬁ‘(f)i_l,Z‘ = 1, ey 1)

coincides with the Hilbert function h(i) = dimgm’/m'™! of the associated graded ring
Com/m?@---®m° to the quotient ring T/ f+.

The order of a partial g(f) of f is defined as the smallest degree term g; of g € T such
that g;(f) is nonzero. Thus the image 7(m?) C Diffs_;(f) is simply the space of partials of
order at least i of f.

Let

Coi=7((0: mt=e N m‘s_i)/r((O cm TN m‘s_i),
i.e. C,, C Diff;(f) is the vector space of partial derivatives of f of degree 7 and order at least
6 —a —i. Thus
Co,; C Cy,; C...C Cs; = Diff;(f).
Let
Aa7.f(i) = dimC(Ca,i/Ca—Li)

Iarrobino shows that for each non-negative a, the integral function A, ¢(7) is symmetric
around (d — a)/2 [Iarrobino 1994, Theorem 1.5]. Clearly, these functions add up to H;

Hy=> Agy
a
so we obtain a symmetric decomposition of the Hilbert function Hy. Furthermore, if

f=fh+fooi+--+fit+fo
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is the decomposition of f into homogeneous summands of degree given by the index, then
any partial derivative of f of degree ¢ and order 6 — a — ¢ must be a partial of the summand
fs—a + -+ fo. Therefore
Hptohps o =Aca = Z Ay.
b<a

In particular, each partial sum A, is the Hilbert function of a C-algebra quotient of
Clxy, ..., xs].

To estimate the dimension of Vj, we consider the decomposition of V;, into subsets accord-
ing to the Hilbert function and its symmetric decomposition A:

H,A
Vlo = UHvA‘/}() = UH{f € ‘/lo | Hf - H’ Aa,f - Aa}
where H ranges over all possible Hilbert functions whose total sum of values is Iy, and the
union ranges over all possible symmetric decompositions of H. Since the components VIOH are
disjoint, the dimension of V;, equals the dimension of the largest component Vlf’A.

We describe the Hilbert function H and its symmetric decomposition by its values:

H: (H(0),H(1),...,H(5))
H=> A Ag(i) =206 —a—1).

As Hilbert functions H and A<, satisfy first of all that a; > 0, for 0 <4 < 4. Secondly each
partial sum A<, satisfies the Macaulay growth condition (cf. [Macaulay]): If the i-binomial
expansion of A<, (%) is

Aca(i) = (WZI> + <Zni_11> 4+ -+ (n;j>, m; >mi—1 > >my >j>1,

then

. _(mi+1 m;—1+1 m; + 1
o s () () e (1)

We now argue by considering all Hilbert functions H whose sum of values is between 11
and 17, and all possible symmetric decompositions H = ), 5 A;, where § is largest argument
with nonzero value for H. B

Let us fix the notation,

(3) H=(1,HQ1),...,H(6-1),1),
...+

and let Hgy, =14+ H(1) + (6 — 1) + 1 be the sum of the values.
Example: For H(1) = 8 H(2) > 5 and Hgy, = 17 the possible Hilbert functions H
and their decompositions that satisfy the Macaulay growth conditions are the following:

H=3,A

H= 1 8 6 1 1 H= 1 8 5 1 1 1
521321%:11111 Ap= 1 1 1 1 1 1
A1:01007 A= 055 00" A= 0442000

A= 0 2 0 0 0 A= 0 3 0 0 0 O

H= 18 5 2 1 H= 1 8 5 2 1
Ao= 1 2 3 2 1 Ap= 1 2 2 2 1
Ai;= 02 2 0 0’ A= 03320 0"
Ao= 0 4 0 0 0 A= 0 3 0 0 0
In the appendix we list all decompositions of Hilbert functions with Hgy,, = 17.
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The value H(1) is the embedding dimension of T'(f). We compute an upper bound for the
dimension of VZOH’A, the set of polynomials f = >, f; with Hilbert function H, Hgym = lo
and symmetric decomposition H = )" A,, where

Aa(i) = dimCa,i/Ca,l,i
and C,; C Diff;(f) is the vector space of partials of f of degree i and order at least 6 —a —i.
Inductively, we compute an upper bound d; for the dimension of the set of summands f;
given f5 + -+ firq for i = 46,6 —1,...,1. Thus dimV;"® < ds+--- +di + L.

A polynomial f € Vlf’A defines a filtration of S; and 73 defined in terms of the symmetric
decomposition A. So we fix a filtration first, and then consider the variety of filtrations to

find estimate the dimension of WOH’A.
Given a symmetric decomposition A, let

and consider the filtration
< Tl Ty DC< Ty ooy Ty >C oo C< X1y, Ty _y >C< X1, .., T8 >=51.

Let f be a polynomial with symmetric decomposition A of its Hilbert function. Then
Z1,...,%p, span the partials of degree one and order at least § — 1, and more generally,
Z1,...,Tp, span the partials of f of degree one and order at least § — 1 — 4.

Lemma 3. Let f = fs+ -+ + fs—q and assume that y € T is a linear form such that

y(fs+- 4 fo—ar1) = y(Diff(f)1) = 0, while y(f) = y(fs—a) = g # 0. Then there is a linear
form x, with y(x) =1, fs—a = xg+h and y(g) = y(h) = 0. Furthermore, for any linear form

y €T, if y (Diff(f)1) = 0, then y'(g) = 0.

Proof. Since y(fs + - + fs_as1) = 0, we get y(f) = y(fs_a), and y(fs_a) = g # 0 means
that there is a linear form x such that fs_, = xg + h, with y(h) = 0 and y(z) = 1. The
form g is homogeneous, so if y(y(f)) = y(y(fs—a)) = y(g) # 0, then x is a partial of order
6 —a — 2 of g, and hence z is a partial of degree one of f contrary to the assumption that

y(Diff (1)) = 0. Therefore y(y(fs—a)) = y*(zg + h) = y(g + 2y(9)) = 2y(9) +2y*(9) =0, i.e.
2y(g) = —xy(y(g)). But then y(g) = 0, since g is a polynomial. Finally, assume y’ € T; and
y'(g) = ¢'. There is a u € T such that u(g) = 2’ and y'(2’) = 1. Then uy(f) = 2/, and hence

y'(Diff (f)1) # 0. O

We call xg, as in Lemma 3, an exotic summand for f of degree § — a.

Corollary 1. f = fo + f., where T/f+ and T/f+ are isomorphic, and fo € Clxy, ..., 7p,],
while f,, is a finite sum of exotic summands.

Proof. If xg is an exotic summand, then y(f) = g = u(f) for some u € Clyy, ..., yp;]. Then
y —u € f* hence f and f — gx have isomorphic apolar rings. O

Corollary 2. The leading summand of a partial of f of degree § — i and order j lies in
(C[lel, N ,xbiﬂ.].

Proof. Tt suffices to consider partials of order j = 1. If g is the leading term of degree § — ¢

of a partial of order one, and g ¢ Clx,...,xp,_,], then there is a y with yz; =0 for j < b;—;
and y(g) # 0. Let uw € T be a form such that u(y(g)) = 1. Then u(g) = x is a linear form
with y(z) = 1, so z is not in Clzy,...,zp,_,]. But then x is also a partial of order one of

f>s_i, contrary to the assumption. ([
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In enumerating polynomials f with given Hilbert function and symmetric decomposition,
we write f = fo + f3, where f, has summands f; o € Clz1,...,2s,], while fg is a sum of
exotic summands.

In the largest degree ¢ the summand f5 = f5, is a form in by = Ag(1) variables, with a
Ag(2)-dimensional space of second order partials, so if § > 4 we get

ds< ("0 1) (M) - o+ (M) - 2o

The second summand is a lower bound for the codimension of the rank Ag(2) locus for a
symmetric submatrix of a catalecticant matrix in degrees (§ — 2) x 2, therefore if § = 3 we

simply take d3 < (b°+?)

If ¢ > 0, and § —¢ > 4, then the form f5_; has two summands f5_; = f5—;; + fs—i,co. The
first summand belong to f,, while the second belongs to f3.
The first summand fs5_;; is a form of degree § — ¢ in b; variables with at most

=00 —i—2)+ - +2;0—i—2)

partials of order 2, so it depends on

. bi+1
ds,: — §—it+bi—1\ (("") —ea+1
T b; —1 2
parameters.

The second summand is exotic. It is a sum of products of linear forms in 8 — b; variables
and a partial of f of degree § — i — 1, so it depends on at most

di—ioo = (8 —b;) ZA §—i—1))

parameters. So we take ds_; < ds—;; + ds—i o0-
In degree 3 the estimate is

6-3
bs—3 42
dsS( 3 ) —bésjz::()AJ

while in degree 2 and 1 the estimate is
bs—o+1
dy < ( o 2’2 ) + (8 — bs_2)(bs_2) and dy =8.

We finally turn to the set of filtrations of < z1,...,xg > with respect to the symmetric de-
composition of H. It is parameterized by the flag variety Fl(bg,b1,...,bs,8). The dimension
of F‘l(bo7 bl, ey bg, 8) is

da < bo(8 = bg) + (br — bo)(8 — by) + -+~ + (b5 — bs—1)(8 — bs) ZA
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Together we get:
(4) dimV,!"® < ds + ) " ds_i +da =

i>0

+‘§(<5Zi+_bi1> - ((bf,jl) 2ci+1))

. <b5_2+ 2> N <ba—22+ 1) 4 (8= bs_a)(bs_2) + 9
53 @

+ Z(S - bi)(z Ap(d—i—1))
=1 k=0

Example:
H= 145 4111
Ap= 11 1 1 1 1 1
A= 03 4 3 0 0 O
We get that 6 = 6,10 = 17, Ao(l) = 1,A2(1) = 3 and (bo7b17b2,b3,b4,b5,b6) = (1, 174,4,4,4,4).

Therefore dqy = 8,dy = 26,d3 = 40,d4 = 36,d5s = 8,dg = 1,da =19, hence d =1+dy +---+
dg + da = 139 which is less than 9-17 + 4 = 157.

The dimension estimate for the other Hilbert functions are computed similarly, with no
estimate exceeding the bound 91y +4. We list all of them in the Appendix. The computations
are done with Matlab. (]
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APPENDIX

In this section we list all the possible Hilbert functions H’s for which 11 < [y < 17 and that
satisfy the Macaulay growth condition (2). For all of them we will write the corresponding
value of d = ds + ), ds—i + da as computed in (4). For the case Iy = 17 we will also
present the symmetric decompositions H = Y i<s A For 11 <y < 16 we will not write them
because they are already listed in [Iarrobino 19§4} §5.F. When the symmetric decompositions
of H is not unique we get different values for d’s, in that case, if 11 <[y < 16, we will write
only the biggest one.

We explain here the compact notation that we will use in Section 2.7.

Example:

H= 145 4 1 11
Ag= 1 1 1 1 1 1 1
A= 0 3 4 3 0 0 O

In this case we will write
(1,4,5,4,1,1,1) — (1,1,1,1,1,1,1),(0,3,4,3,0,0, 0).
The fact that (1,1,1,1,1,1,1) and (0, 3,4, 3,0,0,0) correspond to Ay and As respectively, is
clear from the centre of symmetry. In fact for 2 < ¢ <[ we have that
A = (A1=i(0), ..., Ar(1 = 0),0,...,0)
with [ — 4 zero at the end and A;_;(j) = Aj—;(l —i — j) for 0 < j <1 — i ([Iarrobino 1994,
Theorem 1.5]).

2.1. lp = 11. In this case we have that the bound 9ly 4+ 4 computed in Lemma 2 is 103. The
list below shows that d < 103 for any possible choice of H with [y = 11.

(1,5,4,1), d = 78 (1,6,3,1), d =173 (1,7,2,1), d = 65
(1,8,1,1), d = 53 (1,4,3,2,1), d < 85 (1,4,4,1,1), d = 91
(1,5,2,2,1), d = 80 (1,5,3,1,1), d = 88 (1,6,2,1,1), d = 80
(1,7,1,1,1), d = 66 (1,4,2,2,1,1), d = 89 (1,4,3,1,1,1), d = 90
(1,5,2,1,1,1), d=86  (1,6,1,1,1,1), d = 76 (1,4,2,1,1,1,1), d = 89
(1,5,1,1,1,1,1), d =83 (1,4,1,1,1,1,1,1), d = 87

2.2. lp = 12. In this case we have that the bound 9ly 4+ 4 computed in Lemma 2 is 112. The
list below shows that d < 112 for any possible choice of H with [y = 12.

(1,5,5,1), d = 89 (1,6,4,1), d = 82 (1,7,3,1),d =173 (1,8,2,1), d = 61

(1,4,3,3,1), d =88  (1,4,4,2,1),d<95  (1,5,3,2,1),d<91  (1,5,4,1,1),d =98
(1,6,2,2,1), d=82  (1,6,3,1,1),d=91  (1,7,2,1,1),d=79  (1,8,1,1,1), d = 61
(1,4,2,2,2,1), d=92 (1,4,3,2,1,1),d=99 (1,4,4,1,1,1),d=99 (1,5,2,2,1,1), d

(1,5,3,1,1,1), d =96 (1,6,2,1,1,1),d=88 (1,7,1,1,1,1),d=74 (1,4,2,2,1,1,
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13. In this case we have that the bound 9ly + 4 computed in Lemma 2 is 121. The

list below shows that d < 121 for any possible choice of H with [
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14. In this case we have that the bound 9/y + 4 computed in Lemma 2 is 130. The

list below shows that d < 130 for any possible choice of H with [
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15. In this case we have that the bound 9ly + 4 computed in Lemma 2 is 139. The

list below shows that d < 139 for any possible choice of H with I

2.5. 1
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16. In this case we have that the bound 9ly 4+ 4 computed in Lemma 2 is 148. The

2.6. 1o

16.

list below shows that d < 148 for any possible choice of H with [
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17. In this case we have that the bound 9/y 4+ 4 computed in Lemma 2 is 157. The

list below shows that d < 157 for any possible choice of H with [

)

The notation for this section is given at the begin of the Appendix.

2.7. 1o



15

THE CACTUS RANK OF CUBIC FORMS

134
132
137
128
135
142
117
129
135
119

~3 ~3 ~3 =3 3
—~ —~ —~ —~ = —~
(an) (@) o O o O () o O (@)
=3 S o3 oo =3 ==Y =)
™ © < —“ OO mI- — = 00 1D ™M 10 O HCNCC o OCNCHNCCPaa—HoNCm»
N mm eI B I B o < N oA AN SN S AN S NN SN A S
— — o = — e B e B B e e e B B R I T B
1 = I | | V| N T A 1 R A T R | s T R R T R T I T |
=W I S Tias T~ e s I S TS aSTia~Tia~ B~ Ta sl s VWV VWIS ITL2220ITIIL2I
—~ == ~ === ~ === _~ 1 1 =X N ==
oo o oo ocoococoo oo ocoooo O o oo ocooococoo oo oo ocoococoocococoo
o O O OO OO o oo OO OO oo O OO OO OO o oo O OO OO OO oo oo o

N =N =R -l -l U=l lee NNl le oo ee el ieiie)

N oo~~~ cadoc " mmafcdco o adocNaYylocoScScSmnosSsSoSa S
BeleSel I Bala NalaBale Rot el e le i B IcEo N kol B o NSt N s A M N B M B M B W U Wk
S S SO S S S S S s S S SCS SsS 00 SgSSosSsossSsSaessS

SIS P W W e e e N P e e W W e W e e e e e S S e S

134
135
131
07
1a
1a
3
4

d
d

e e N N N N N N N N N N N N N S S S S S S Y O N N N N S S S S S S S Y N Y Y AN
oo o oo oc o oo oo ococ oo oc oo oc oo o oc o oc oo oc oo o oc o ocococococ oo ococ oo ocooco
o i I o Bl s Bl Sl A o Bl Bl S e B Bl S o B e B S S s B B e SO Bl Bl e S O B Bl Sl O B B Sl e i s Bl Bl s Sl i e i o Bl e i Bl e i e Ml e Bl
e R N e Rl e S R i S e QRS S X R N B e QR e Sl e N~ Tl S RN e IV o Sl e i e N TR N R e I RV S e Sl e T N T B e e i e S N S
ST A A AR IS A AN AN AN AR AR TS A A A AN AN HN—AS AN~ NN D A — N — <
A H N OO TN AN A A A AN ANFTN AN A STANA AN A AN N OSTA NN I B SANNN IS — N~ <f
=R === = e e e i e Y e Y o e Y e s Yl e i Yl e Y e Sl e Sl e Sl Yl o i e Yl o P o Sl e Sl o Yl e Yl e P e Yl e Y o Pl e S o i e Yl o S o Pl e S o Yl Yl e P
N S S S N N N N N e e S S e e e N e e e S S S e e e e e e e e e e e e e e e S S e e e e e e S N
L1111 11111111111 =
R T o TR s TR s TR o R o R s R o O o T o T o T o TR e TR s TR o R o R o R o R o T TR o T e TR o TR TR o TR o R o R o R o R o TR o T o T o TR e TR o TR o TR s R s R o R o R o O o TR o TR o TR o TR s B o B |
HA N AN BN NN NN AN AN A A NN A A NN AN A A= NN
AN AN AN A NN AN N A AN A NN AT NN AA—NBNANN—A — = NN~ —
AT AN A AT A NN AN N A AN AN NN AT NN A"~ B N A NN~~~ NN~ —
AN aA N~ rTaadddN NN AN NN AT NN AA NN A NN A A NN
17 17 17 17 17 17 17 1’ 17 17 17 17 1’ 17 17 17 17 17 17 17 17 17 17 1’ 17 17 17 17 1’ 17 17 17 17 17 17 17 17 17 17 1’ 17 17 17 17 1’ 17 17 17
N N N N N N N N S N e e e e N e N N e e e e N N N N e S e e e e N N e e e e e N N N N N N N N

rrtrtrtFTTTTTYTTYTTYTYTYITYITYOTIYOYIOYOTEILOTILTILATLATAITATITTITTTTTTTTT

D R R N N N N N S S N S SN N N N T S N e T S N N N N N N N N N
R T e T e T e B e A e B e T e B e T e B s B e A s AR T e A e B e T e R e B s e O e O e B e B s R e B s B e R A s B s R s R s R e R s R s R e R e R o A s T e R e R s R e R e R e R e B |

AN rTaadddN NN AN AN AT NN AAANNANN—A NN
I NI FFFTA AT I TN FFN A F TN FFNNASAANTAFNNG AN~ NN DN —
T F I T I I C N FAFFF A A I T I I ST A NN FFSFF DT T IS od < Fid S o3 ol od <
I I I R Yo Yo S Vo S Vo B Vo R Vo S Yo S Vo S Vo B Yo Yo B Vo Vo B Yo B i 7 B Ve B Y Ve i Y Ve Y Y Vo BV NG SURY SR SO NS Uy N N NG B B s s Bl ')
\sAsAsAsAsAsAsAANNSNNNAASASAS AN NN AN A AN AN NSNSNN AN A A AN NSINSINSNS NSNS A



ALESSANDRA BERNARDI, KRISTIAN RANESTAD

16

—~ —~
=) =)
=3 =3
o o
— @ ~N <@
S S o
I I
= 2 = 2
—~ = —~ =
oo oo
==} S o
== =N=}
oﬂ 0717 % 1707
o Ko~
T s
—~ <= —~ =
oo o oo o
oSS oo
SHS OoND
Oalal.; 2a2a1a
S = - — N o~
NS aNS
=== = N==]
S— N S N
— o N = -
NN N~
M ANAN N -
AN NH
AN NS
NN N
171717 17 1717
oo oo
~~ o~~~
— o — o
NN N
™3 o <t N [ap)
o3 of < « < < o «@

444d444d
111 111

—~ —~
o o
=) =3
=) o
o @ M~ OO0 o+
NS FTFN AN F S
— - — = — = .~
I 11 =
"L VT3 _IWY 2
—~ =< —~ <= —~ ==
oo oo o oo oo
oS o do oo o
oS o do SoooSo
oSS SaSgodTSa
— - — A B oSS S~
—- S A AN Il MmN N
SS SO S wS S oSS
S— S— N N S N N N
—~ = ~ X 1 ==X
oo oo ocoocooocoo
oS Sooodccood
oN N~ oo~
N NSO A AN -
—_Aa Nt AN -
N N Ao S N -
== === == =]
SN— S S N N N N N N
— o~~~ - -
27 17 17 17 27 17 27 27 17 17
N — —_ AN AN AN
N — —_ N - NN
N — —__ N NN~ -
N — —_ N NN~ -
17 17 17 17 17 17 17 17 17 17
ZZ oo
~ o~~~ o~~~ —~
— — o o o =
27 1’ 17 17 27 1’ 27 2’ 17 17
NAB g aN NN SN o
<t o)

3»31342433341
< <f __44553333 I
44d44445555d

11 11111111
— e e

132

(1,5,4,2,2,2,1) — (1,2,2,2,2,2,1),(0,0,1,0,0,0,0),(0,1,1,0,0,0,0), (0,2,0,0,0,0,0),
d

)’ (07 ]" ]"0, 07 07 0)’

11d

)
)

111d

an%%%Oaa

o

55a/0.u\555a/ﬂ.w55d

11
~—

(

111

11

—~ —~ —~
=) &) =)
=N Y =3
=Y =3
N N Y -
N =) RO —)
= <« I e
S 2 e
—~ = —~ —~ =
oo S oo
oo o ==}
S o ==}
oS o oI
S —~ o~ S =
NS N B
€S £ S8
—~ = —~ —~ =
oo =) oo
oS o oI
S~ ==}
[ R— N
I I I el
o = N
ss £ s<
—~ = —~ —~ =
— — —
17 17 17 17 17
17 17 17 17 17
— — -
S C - — -
dd~d &<
T3 TT
U\hﬂwﬂ/ —_—
17 17 O./ 17 17 17
— N NN = NCN e~ o
N TS 3737B

Waodedod || o < DT o

5666d66am\6d66d

1111
~— — — —

11

1
~

11
~— —

(1,6,5,2,1,1,1) — (1,1,1,1,1,1,1),(0,1,1,1,0,0,0), (0,3, 3,0,0,0,0), (0, 1,0,0,0, 0, 0),

141
(1,6,6,1,1,1,1) — (1,1,1,1,1,1,1),(0,5,5,0,0,0,0), d = 144

d =



17

THE CACTUS RANK OF CUBIC FORMS

=132
108

), d
), d

0
0
0

)
)

0
0
’07 )7(0’5’0507070’0))

137

), d
),(0,0,1,0,0,0,0,0), (0,2,2,0,0,0,0,0),

0
0

)
)

138
142

o ed o T
R I I

8
4
4
4
d
(1,4,3,3,2,2,1,1) = (1,1,1,1,1,1,1,1),(0,1,1,1,1,1,0,0),(0,1,1,1,0,0,0,0), (0,1,0,0,0,0,0,0),

d

i
)
)
)

1
1
1
1

= 140

),(0,1,1,0,0,0,0,0), d

134
)7 (07 0’ 17 07 07 07 O’ 0)7 (07 3’ 0’ 07 07 07 O’ 0))

(1,1,1,1,1,1,1,1),(0,1,1,1,1,0,0,0), (0,2,2,0,0,0,0,0), (0, 1,0,0,0, 0,0, 0),

140

d
(1,5,3,3,2,1,1,1) —» (1,1,1,1,1,1,1,1),(0,1,1,1,1,0,0,0), (0,1, 1, 1,0,0,0,0), (0, 2,0,0,0,0,0,0),

(1,5,3,2,2,2,1,1) - (1,1,1,1,1,1,1,1),(0,1,1,1,1,1,0,0), (0,1,1,0,0,0,0,0), (0, 2,0,0,0,0,0,0),

136

)7d:

0
0

o8 RS
1518 218 =5 1615 =3
P =T
Z

),(0,1,0,0,0,0,0,0),

), d
), d

144
131

) )7 (074’070707070’0)5

0
0
0

o O O



ALESSANDRA BERNARDI, KRISTIAN RANESTAD

128
133

d
(1,6,3,2,2,1,1,1) — (1,1,1,1,1,1,1,1),(0,1,1,1,1,0,0,0), (0,1,1,0,0,0,0,0), (0, 3,0,0,0,0,0, 0),

d

18

—~ —~

o &)

=) =)

=) =)

=) =)
-2 0o ko2 2 2 = ==
N S N AN S N O —H o () o o o o
— . — .~ — o~ - - - - O./ 07

=) =) o =)

I e IR ol S 5 = = S <
"L Ve v . - - - - -
e St . . .o =) o =) =) o
~ = == ===" - - - - -
oo oo o oo oo =) o =) =) o
oS SO SSoS S S H oo o
oS oo Soood 9~ — — @ - o~
oo oSS SO =) — — | < o~
SS S SSSe S € € =g g
S S H ©993S 1 = =& = o=t =
NN A A Mo @ o o oo o
SS S8 SSSe 2L =2 =2 =22 <=
e G I~ =) o =) == o
~ = === ==="2 . - - . .
oo oo o oo o — — — =) == =)
O oS SIS A —H —H S —H 0 o~
oS oo S~ 9~ A A o3~
oSS SHS SIS A A A «aAa9%A
N — S — S =S = — — — o=~
N S o mAddS 2 2 2 22se
2717 471.;17 371723\!” \DN \)7 \l” \lN\lN\h\lH
S S S oo oo o — — — — 110;1
S0 A T
—~ =< —~ <= ~ = - - S - - o -
— — o — o~ — — — — — — O -
— - — — — = - — — — — - O —
17 1’ 1’ 17 17 1’ 1’ 17 17 1’ 17 17 1’ 1’ o 17
— — = — == o o 170)17
— — = — = = S pC R I Y
17 17 17 17 17 17 17 17 17 17 __ 17 __ 17 __ 17 17 — 17
w3 A A dedendsdided
— — — — o - Yy - Yy
T TTT T1T T odososocasa
= A F A" A4A S de e age g
e T T T T B B R o e e e B B B
— — — = - — — =~ NN T 52 &

HH O N A A A NP AN NN AN
e JRACTRSE AP SO RN AP R AN S I S N IS R S I RN
BF e N FANdAN Nl el e T

SO RO IN NN 6B sF2F A 2 <~
1.; 1./ 17 17 17 1./ 17 17 17 1./ 17 17 1./ 17 17
-2 ZZZ Z“ZoZ” o Zo oo o o

134
(1’ ]'7 ]‘7 ]‘7 ]'7 1’ ]'7 ]‘7 1)7 (0’ ]" ]‘7 ]‘7 1’ 0’ 0’ 07 0)’ (07 ]‘7 17 07 0) 07 07 07 O)’

138
(1,1,1,1,1,1,1,1,1),(0,2,2,2,0,0,0,0,0),(0,2,0,0,0,0,0,0,0),

140

1,1,1,1,1,1,1,1,1),(0,1,1,1,0,0,0,0,0), (0,2,2,0,0,0,0,0,0),

d
(1,1,1,1,1,1,1,1,1),(0,3,3,0,0,0,0,0,0), (0,2,0,0,0,0,0,0,0),

138
141
137

d
(]‘74’ 4’ 3’ ]‘7 ]‘7 1’ ]" 1) — (1’ 17 1? ]‘7 ]'7 1’ 17 1? 1)7 (O’ 2, 27 27 0’ O) 0, 07 0)’ (07 17 ]‘7 0’ 0’ 07 07 07 0)’

d
(1,5,2,2,2,2,1,1,1) = (1,1,1,1,1,1,1,1,1),(0,1,1,1,1,1,0,0,0), (0,3,0,0,0,0,0, 0, 0),

(1,4,4,3,1,1,1,1,1) —» (1,1,1,1,1,1,1,1,1),(0, 2,3, 2,0,0,0,0,0), (0,1, 0,0,0,0,0,0,0),
d

(1,7,2,2,1,1,1,1,1) —» (1,1,1,1,1,1,1,1,1),(0,1,1,1,0,0,0,0,0), (0,5, 0,0,0,0,0,0,0),
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d = 140

(1,4,3,2,2,1,1,1,1,1) - (1,1,1,1,1,1,1,1,1,1),(0,1,1,1,1,0,0,0,0,0), (0,0, 1,0,0,0, 0,0,
0

(72,0,0, ,0,0,0,0,0), d =137

(1,4,3,2,2,1,1,1,1,1) — (1,1,1,1,1,1,1,1,1,1),(0,1,1,1,1,0,0,0,0,0), (0,1, 1,0,0, 0,0,
(071a0a05 7O7Oa0a070) d_140

(1,4,3,3,1,1,1,1,1,1) = (1,1,1,1,1,1,1,1,1,1),(0,2,2,2,0,0,0,0,0,0), (0, 1,0,0,0,0,0
d =138

(1,4,4,2,1,1,1,1,1,1) — (1,1,1,1,1,1,1,1,1,1),(0,1,1,1,0,0,0,0,0,0), (0,2, 2,0, 0,0, 0
d =141

(1,5,2,2,2,1,1,1,1,1) = (1,1,1,1,1,1,1,1,1,1),(0,1,1,1,1,0,0,0,0,0), (0,3,0,0,0,0,0
d=135

(1,5,3,2,1,1,1,1,1,1) — (1,1,1,1,1,1,1,1,1,1),(0,1,1,1,0,0,0,0,0,0), (0,1, 1,0, 0, 0,0,
(0,2,0,0,0,0,0,0,0,0), d— 137

(1,5,4,1,1,1,1,1,1,1) — (1,1,1,1,1,1,1,1,1,1),(0, 3, 3,0,0,0, 0,0, 0,0), (0,1, 0,0, 0,0, 0,
d =138

(1a6a2527171a1a15171) (1717171a1a1717171’1) (071’1’1507070a0a050)7(Oa430707070a0
d=128

(1,6,3,1,1,1,1,1,1,1) — (1,1,1,1,1,1,1,1,1,1),(0,2,2,0,0,0,0,0,0,0), (0, 3,0,0,0,0,0
d=131

(1,7,2,1,1,1,1,1,1,1) = (1,1,1,1,1,1,1,1,1,1),(0,1,1,0,0,0,0,0,0,0), (0,5,0,0,0,0,0
d=1

(1,8,1,1,1,1,1,1,1,1) = (1,1,1,1,1,1,1,1,1,1),(0,7,0,0,0,0,0,0,0,0), d = 101

(1,4,2,2,2,1,1,1,1,1,1) — (1,1,1,1,1,1,1,1,1,1,1),(0,1,1,1,1,0,0,0,0, 0, 0),
(0,2,0,0,0,0,0,0,0,0,0), d = 138

(1,4,3,2,1,1,1,1,1,1,1) —» (1,1,1,1,1,1,1,1,1,1,1),(0,1,1,1,0,0,0,0,0,0,0), (0,1, 1,0
(0,1,0,0,0,0,0,0,0,0,0), d =139

(1,4,4,1,1,1,1,1,1,1,1) = (1,1,1,1,1,1,1,1,1,1,1),(0, 3,3,0,0,0,0,0,0,0,0), d = 139

(1,5,2,2,1,1,1,1,1,1,1) - (1,1,1,1,1,1,1,1,1,1,1),(0,1,1,1,0,0, 0,0, 0,0, 0), (0, 3, 0, 0,
d=134

(1,5,3,1,1,1,1,1,1,1,1) — (1,1,1,1,1,1,1,1,1,1,1),(0,2,2,0,0,0,0,0,0,0, 0), (0, 2,0, 0,
d =136

(1a6a2517171a1a1517171) (17171’151717171a15171) (0’151707Oa0a0507070’0)5(0747()’07
d=128

(1,7,1,1,1,1,1,1,1,1,1) = (1,1,1,1,1,1,1,1,1,1,1),(0,6,0,0,0,0,0,0,0,0,0), d = 114

(1,4,2,2,1,1,1,1,1,1,1,1) — (1,1,1,1,1,1,1,1,1,1,1,1),(0,1,1,1,0,0,0,0, 0, 0, 0, 0),
(0,2,0,0,0,0,0,0,0,0,0,0), d = 137

(1,4,3,1,1,1,1,1,1,1,1,1) — (1,1,1,1,1,1,1,1,1,1,1,1),(0,2,2,0,0,0,0,0,0, 0,0, 0),
(0,1,0,0,0,0,0,0,0,0,0,0), d = 138

(1,5,2,1,1,1,1,1,1,1,1,1) — (1,1,1,1,1,1,1,1,1,1,1,1),(0,1,1,0,0,0,0,0, 0,0, 0, 0),
(0,3,0,0,0,0,0,0,0,0,0,0), d = 134

(1,6,1,1,1,1,1,1,1,1,1,1) — (1,1,1,1,1,1,1,1,1,1,1, 1), (0,5,0,0,0,0,0,0,0,0, 0, 0),
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d=124

(1,4,2,1,1,1,1,1,1,1,1,1,1) — (1,1,1,1,1,1,1,1,1,1,1,1,1),(0,1,1,0,0,0,0, 0, 0,0, 0,0, 0),
(0 2,0,0,0,0,0,0,0,0,0,0,0), d = 137

(1,5,1,1,171 1,1,1,1,1,1,1) — (1,1,1,1,1,1,1,1,1,1,1,1,1),(0,4,0,0,0,0,0,0,0,0, 0,0, 0),
d=131

(1 4’]‘ 7171’1’1)17171’1’171) (1’1717171’171717171’1717171) (0’37070’0’0707070’0’0707070)’
d=135
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