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Abstract

The contribution of this paper is two-fold. First, we derive the asymptotic null dis-
tribution of the familiar augmented Dickey-Fuller [ADF] statistics in the case where the
shocks follow a linear process driven by infinite variance innovations. We show that these
distributions are free of serial correlation nuisance parameters but depend on the tail
index of the infinite variance process. These distributions are shown to coincide with the
corresponding results for the case where the shocks follow a finite autoregression, pro-
vided the lag length in the ADF regression satisfies the same o(Tl/ 3) rate condition as
is required in the finite variance case. In addition, we establish the rates of consistency
and (where they exist) the asymptotic distributions of the ordinary least squares sieve
estimates from the ADF regression. Given the dependence of their null distributions on
the unknown tail index, our second contribution is to explore sieve wild bootstrap imple-
mentations of the ADF tests. Under the assumption of symmetry, we demonstrate the
asymptotic validity (bootstrap consistency) of the wild bootstrap ADF tests. This is done
by establishing that (conditional on the data) the wild bootstrap ADF statistics attain
the same limiting distribution as that of the original ADF statistics taken conditional on
the magnitude of the innovations.

Keywords: Unit root; infinite variance; linear process; sieve estimator; wild bootstrap.

J.E.L. Classifications: C12, C14, C22.

1 Introduction

Practitioners routinely report the outcomes of unit root tests applied to macroeconomic and
financial data. These tests are invariably constructed with reference to published asymp-
totic critical values which have been obtained under the assumption that the innovations
driving the time series process display finite variance. However, it is well known that many
macroeconomic and financial series appear to violate this assumption having heavy-tailed
distributions; see, inter alia, Adler et al. (1998) and Embrechts et al. (1997).
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The asymptotic null distributions of conventional regression-based unit root statistics,
such as the ordinary least squares (OLS) based statistics of Dickey and Fuller (1979), Said
and Dickey (1987) and the semi-parametric statistic of Phillips (1987), differ from the finite
variance case when the innovations lie in the domain of attraction of a stable law, such that
they have infinite variance [IV]; see, in particular, Chan and Tran (1989), Phillips (1990),
Samarakoon and Knight (2009), Rachev et al. (1998) and Caner (1998). Indeed, in such
cases these limiting null distributions are no longer pivotal, depending on the so-called tail
index of the stable law and on the relative weights of the left and right tails of the stable
distribution. Comparing these statistics to critical values tabulated for the finite variance
case therefore leads to incorrectly sized unit root tests. Rachev and Mittnik (2000) tabulate
critical values from these limiting distributions for various values of the tail index and these
could be used for the case where the innovations are symmetric as approximate critical values
based on estimates of the tail index, as might be obtained using the method of McCulloch
(1986), as is done for inflation data in Charemza et al. (2005). However, it is known that it
is very difficult to estimate the tail index well; see, for example, Resnick (1997).

Where the innovations display IV the properties of unit root tests are strongly affected
by the way in which inference procedures treat extreme observations. In particular, Knight
(1989,1991) and Samarakoon and Knight (2009) show that robust estimation methods based
on the down-weighting of large errors through appropriate M-estimators can result in order
of magnitude gains in efficiency compared to standard OLS estimation in cases where the
innovations display IV. The same phenomenon occurs if large outliers are dummied out in
an iterated OLS regression, as is not uncommon in applied work; see Cavaliere and Georgiev
(2013). Knight (1989,1991) and Samarakoon and Knight (2009) develop unit root tests
based on M estimation (some of these papers additionally propose unit root tests based on
least absolute deviation estimation) and demonstrate that these have Gaussian limiting null
distributions (which do not depend on the tail index).

The use of these robust estimators remains uncommon in the empirical analysis of eco-
nomic and financial time series, however, possibly because applied researchers typically do
not want to commit to the assumption of infinite variance innovations, but rather view this
as a possibility they would ideally like their results to be robust against. Moreover, the M
estimators are dominated by OLS in the finite variance case; see, for example, Maronna et al.
(2006,p.269) for a comparison of M and OLS estimators. Related to this, while simulations
presented in Moreno and Romo (2012) suggest that under IV the M-based unit root tests
can display significant finite sample power gains over the OLS-based tests, these gains remain
relatively small when the tail index is close to two, whereas under finite variance the situation
tends to be reversed with OLS-based tests displaying greater power. In practice, therefore,
OLS remains an attractive estimation method for applied workers in economics and finance
and so for the purposes of this paper we restrict our attention to OLS-based unit root tests
with the goal to develop implementations of these which are robust to I'V.

To that end, the contribution of this paper is two-fold. Our first contribution is to extend
upon the work of Chan and Tran (1989) and Samarakoon and Knight (2009) to derive the
limiting null distribution of the usual OLS-based augmented Dickey-Fuller [ADF] test in the
case where the shocks follow a linear process which is driven by IV innovations. We show
that, provided the lag length used in the ADF regression satisfies the standard O(Tl/ 3) rate
condition, these distributions are free of serial correlation nuisance parameters and coincide
with those given in Chan and Tran (1989) and Samarakoon and Knight (2009) who assume
a first-order and finite-order autoregressive process respectively. The required rate condition
therefore coincides with that required for analogous results to hold in the case where the



innovations have finite variance; cf. Chang and Park (2002). We also establish the rates of
consistency and (where they exist) the asymptotic distributions of the OLS sieve estimates
from the ADF regression, in each case again establishing the rate conditions required on the
lag length for these results to hold. These rates are shown to depend on the tail index.

The second contribution of this paper is to explore sieve wild bootstrap implementations
of the ADF tests. While the formulation of the OLS-based ADF statistics gives no special
treatment to large innovations, these could still be taken into account through the choice of
reference population with respect to which the statistics are compared in forming a test and
bootstrap methods can be used to achieve this. It should be stressed that extant bootstrap
methods proposed in this literature do not do this. Zarepour and Knight (1999) and Moreno
and Romo (2012) establish the asymptotic validity of the m-out-of-n bootstrap with respect
to the unconditional asymptotic null distribution of the M-based Dickey-Fuller statistic for a
first-order autoregression driven by IV errors. These authors also demonstrate the invalidity
of i.i.d. bootstrap unit root tests when applied to IV data. For OLS-based Dickey-Fuller sta-
tistics, again in the context of a first-order autoregression driven by IV innovations, Horvath
and Kokoszka (2003) and Jach and Kokoszka (2004) do the same for the m-out-of-n boot-
strap and for subsampling inference, respectively. These approaches are also valid under finite
variance and do not require estimation of the tail index. However, the simulation evidence
provided by their authors suggests that they can be rather over-sized in finite samples.

The wild bootstrap approach we examine is one based on approximating the limiting
null distributions of the ADF statistics conditional on the absolute sizes of the innovations.
Doing so restricts the reference population and hence should be expected to gain precision.
The rationale behind this is that the restricted reference population corresponds to outcomes
whose information content is compatible with that of the sample. Lepage and Podgoérski
(1996) propose this idea and implement it by means of a permutations bootstrap in the
context of fixed-design regressions, though their formal analysis is incomplete; Cavaliere
et al. (2013) choose a wild bootstrap implementation and complete the analysis in the
representative case of inference on the location parameter of an i.i.d. sample. A similar
approach is applied by Aue et al. (2008) to the distribution of the CUSUM statistic. As
with the bootstrap approximations to the unconditional limiting distribution of the ADF
statistics mentioned above, the wild bootstrap ADF tests we discuss are known to be valid in
the finite-variance case, though without the conditioning interpretation of their null limits;
see, for example, Cavaliere and Taylor (2008,2009).

Under the assumption that the innovations are symmetrically distributed, we demonstrate
the asymptotic validity (bootstrap consistency) of the sieve wild bootstrap ADF tests by
showing that the wild bootstrap ADF statistics attain the same limiting distribution as that
of the original ADF statistics when taken conditional on the magnitude of the innovations.
We show that for this result to hold a Rademacher distribution (i.e., a two point, symmetric
distribution) needs to be employed in the wild bootstrap re-sampling scheme. Importantly,
our results are established under a general linear process framework rather than the first-order
autoregressive model considered in the previous bootstrap approaches outlined above. We
establish that valid wild bootstrap ADF tests can be formed using either the unrestricted sieve
estimates from the ADF regression or the sieve estimates obtained from a sieve regression
which imposes the unit root null hypothesis, as is done in the finite variance case in the
context of i.i.d. bootstrap ADF tests in Chang and Park (2003).

It should be stressed that our conditioning proposal does not require the practitioner to
do anything different from what is done in the finite variance case; that is, the wild bootstrap
ADF tests we discuss are constructed in exactly the same was as outlined for the finite



variance case in Cavaliere and Taylor (2008,2009). Conditioning is simply a useful concept in
understanding the meaning of an otherwise standard wild bootstrap inference procedure when
the variance happens to be infinite. The bootstrap procedure can therefore be successfully
applied in ignorance of whether the innovations display finite or infinite variance, and lies
fully in the regression framework.

The plan of the paper is as follows. In section 2 we detail our reference IV linear process
data generating process (DGP) together with the usual ADF tests obtained from a sieve
approximation to this DGP. In section 3 we derive the asymptotic null distribution of the ADF
test statistics, thereby extending the results of Said and Dickey (1987) and Chang and Park
(2002) to the IV case. We do this assuming that the order of the sieve approximation increases
with the sample size at the same rate as is required under finite variance. The asymptotic
properties of the (appropriately normalised) sieve estimators from the ADF regression are
also established and related back to the extant results in the literature. In section 4 we outline
how the sieve wild bootstrap principle can be applied to the ADF testing problem. Here we
also develop the necessary asymptotic theory to demonstrate the validity of the sieve wild
bootstrap ADF tests. The finite sample properties of these tests are explored in section 5
and compared with those of standard ADF tests together with m-out-of-n and sub-sampling
implementations of the ADF tests. Extensions to allow for deterministic components are
briefly discussed in section 6. Some conclusions and directions for further research are offered
in section 7. Proofs are contained in the Appendix.

In the following we use P*, E* and Var® respectively to denote probability, expectation
and variance, conditional on the original sample. We denote weak convergence and con-

vergence in probability by — and £>, respectively. The Euclidean norm of the vector z is
||| :== (2'z)"/?, where x := y indicates that  is defined by y. Also, I(-) denotes the indicator
function; |-| denotes the integer part of its argument; I, denotes the k x k identity matrix,
I is the infinite identity matrix and 0, the j x k matrix of zeroes; i, € R* denote a vector
of ones and i € R* an infinite column-sequence of ones. The space of cadlag functions from
the unit interval [0, 1] to R¥ is denoted by Dy[0, 1] (or D[0,1] for k = 1) and is endowed with
the Skorokhod topology.

2 The Model, Assumptions and ADF Tests
We consider the time series process {y;} generated according to the recursion

Yt = pyi—1 +ug, (t €N) (1)

where the initial value yg is assumed to be Op (1) and available to the practitioner, and where
{ut} is a stationary and invertible linear process of potentially infinite order with innovations
following an IV distribution.

Our primary interest in this paper is on testing the usual unit root null hypothesis Hg :
p=11n (1) against the stable root (stationary) alternative Hy : |p| < 1. The key feature of
our setup is that the innovations driving the linear process u; display infinite variance. More
precisely, u; is taken to satisfy the M A(oo) scheme

o0
u =Y vigr—i, (tE€L), (2)
=0

with the following set of assumptions, collectively labelled Assumption 1 in what follows,
taken to hold.



Assumption 1

(i) The random wvariables e, (t € Z) form an i.i.d. sequence which is in the domain of
attraction of an a-stable law, o € (0,2); that is, the tails of the distribution of €, exhibit
the power law decay:

P(let| >x) =a"%L(z) forz >0

with L(-) a slowly varying function at infinity, and im oo P(e; > x)/P (|e¢] > ) =:
p € 10,1], im 4,00 P(et < —x)/P (let| > z) =1 —p. Where E |e1| < o0, it is assumed
that Ee1 = 0; that is, where the mean of €1 exists, it is assumed to be zero. Moreover,
we assume that there exists a normalising sequence ar such that a}l ZtLZIJ g = S()
as random elements of D[0, 1], where S is an a-stable process (or a-stable motion).

ii) There exists a & € (0,a) N[0,1] such that S ilv.|%/? < .
() ) ) 1=0 Fyz

(iii) The power series v (z) := Y ooq V2", where we set vo = 1 with no loss of generality in
what follows, has no roots on the closed complex unit disk.

(v) Its reciprocal 350, B;2" i= (3.0, 7:2") 7! satisfies 520 |8;]° < 0o where § is as defined
in part (ii).

Some remarks are in order.

Remark 2.1. The parameter « in part (i) of Assumption 1, which will be treated as unknown
in this paper, controls the thickness of the tails of the distribution of ¢, and, as such, is often
referred to as the tail index, index of stability or characteristic exponent; for further details
see Chapter XVII of Feller (1971). The parameter p, also defined in part (i), is a measure
of the relative heaviness of the two tails of the distribution of ;. Where ¢; has a symmetric
distribution, p = 0.5. Moments E |e;|" are finite for 7 < « and infinite for » > «a; the
moment E |¢;|* can be either finite or infinite, discriminating between some results in section
3. The tail index, «, is inherited by the limiting process S. Heavy tailed data are widely
encountered in financial, macroeconomic, actuarial, telecommunication network traffic, and
meteorological time series; see, inter alia, Embrechts et al (1997), Finkenstddt and Rootzén
(2003) and Davis (2010) for examples and references. Reported estimates of a include 1.85
for stock returns (McCulloch, 1997), above 1.5 for income, about 1.5 for wealth and trading
volumes, about 1 for firm and city sizes (all in Gabaix, 2009, and references therein) and even
below 1 for returns from technological innovations (Silverberg and Verspagen, 2007).

Remark 2.2. In part (i) of Assumption 1, choosing ar = inf{z : P(|e1| > x) < T},
which implies the existence of a slowly varying sequence l7 such that ap = TYp, ensures
that the stated invariance principle holds without extra conditions for all a € (0,1). It also
holds for this choice of ap when « € (1,2) and Ee; = 0. For a« = 1 a sufficient condition for
it to hold, again for this choice of ap, is that the distribution of &; is symmetric around zero;
see Resnick and Greenwood (1979). In all the three cases the limiting process S(-) induces
on DI0,1] the same measure as the pure jump process » .-, 6iFi_1/a]I({Ui < (4)}), where
{I';} is the sequence of arrival times of a Poisson process of unit intensity, {J;} is an i.i.d.
binomial sequence with P(§; =1) =p=1—P(6; = —1), {U;} is an i.i.d. sequence of uniform
[0, 1] random variables, and the sequences {I';}, {d;} and {U;} are jointly independent of one
another; see LePage et al. (1997). The sequence of jump magnitudes {Fi_l/ “} is the weak
limit in R* of the order statistics of {|e;|7_;}, {0;} is the weak limit of their respective signs,



and {U;}, of their relative location in the sample. Where the invariance principle holds with
ar = aTl/"‘, ¢ 1s said to be in the normal domain of attraction of a stable law.

Remark 2.3. Most of the unit root literature deals with cases where &; has finite variance.
Under finite variance, the invariance principle in part (i) of Assumption 1 is satisfied with
ar = aT'/? and with S replaced by a standard Brownian motion (or 2-stable motion). In this
case &; therefore belongs to the normal domain of attraction of the Gaussian distribution.

Remark 2.4. Part (ii) of Assumption 1 guarantees the almost sure convergence of the
series Y o0 v;€t—i (as well as certain series in £?) and underlies the asymptotics for sample
correlations (see Davis and Resnick 1985b, p.270, and 1986, p.547). It also implies that
52, i2/%)7,] < 0o holds on the «; coefficients in (2). It can therefore be seen that part (ii)
of Assumption 1 would also impose weak stationarity on u; in the case where the mean and
variance of £; were both finite and constant. Part (iii) ensures that the M A polynomial, v(z),
is invertible, while part (iv) implies, among other things, that the infinite autoregressive series
in (3) below converges absolutely with probability one. O

Under Assumption 1 the process u; is strictly stationary and invertible and, equivalently,
solves the (potentially) infinite order difference equation

up =Y Pui+e,teL (3)
=1

Notice that the coefficients in (3) satisfy >.5°,i%?|3;| < oo due to the analogous property
imposed on the {;} coefficients in part (ii) of Assumption 1; see Brillinger (2001, pp.76-77).
Assumption 1 therefore allows us to re-write (1)-(2) as

[e.@]
Aye=dye1+ > Bui+e (4)
i=1
where ¢ :=p — 1.
In order to obtain an operational unit root test, the ADF sieve-based regression of Said
and Dickey (1984) is then formed by truncating the autoregression in (4) at a given order
k =k (T') and substituting w,—; by Ay;—j, j = 1, ...k, yielding

k
Ays=dye1+ > Bidyri+erp (5)
i=1

where €1, 1= € + pyj, With p,j := 32, | Bius—i. As will be formally established in section
3, in order to ensure that the error associated with the sieve approximation is asymptotically
negligible, it is sufficient that the lag truncation k used in (5) increases with the sample size,
though at a sufficiently slow rate such that consistent estimation of the sieve coeflicients, 3;,
i =1,..., k, remains feasible.

Dickey and Fuller (1979) and Said and Dickey (1984) proposed the use of the so-called
normalised bias and ¢-ratio ADF unit root statistics, each based on OLS estimation of (5),
for testing Hp : ¢ = 0 against Hy : ¢ < 0; see also Chang and Park (2002). To define the
ADF statistics, first let ¢, and B, denote the OLS estimators of ¢ and 8, := (8, ..., 8;.)
respectively from (5), based on the sample data yo, ..., ypr; that is estimating (5) over t =
k+1,...,T. The normalised bias ADF statistic is then given by

Ry = Akd)k (6)
(1)

™



where Tj, ;=T — k and 3 (2) :=1— Zf:l ;2. The corresponding ADF regression t-statistic
from (5) is given by

_ b
s(x)

where 5(¢;,) denotes the usual OLS standard error of ¢, from (5).

In each case, Hy is rejected for large negative values of these statistics. Critical values
from the limiting null distributions of these statistics, obtained for the case where g; is a
finite variance process with finite fourth moments, are provided in Fuller (1996). Bootstrap
implementations of these sieve-based ADF tests have been provided based on standard i.i.d.
re-sampling in Chang and Park (2003) and on wild bootstrap re-sampling in Cavaliere and
Taylor (2009). In both cases the validity of the bootstrap tests is demonstrated under the
assumption that the variance of ; is finite (although in the case of the wild bootstrap ADF
tests it can be time-varying) with finite fourth moments.

In what follows, we will show that the sieve wild bootstrap ADF unit root tests, imple-
mented using a Rademacher distribution in the wild bootstrap re-sampling scheme, developed
in Cavaliere and Taylor (2009) are also valid for symmetrically distributed innovations sat-
isfying Assumption 1, so that neither the fourth order moment nor the variance are finite.
As a result, the wild bootstrap ADF test can be validly applied regardless of whether the
innovations have finite or infinite variance and, in the case of the latter, without knowledge of
the tail index, «. The same is not true of the standard ADF tests based on the critical values
from Fuller (1996) since, as we show in the next section, the null distribution of these under
Assumption 1 differs from the finite variance case and, moreover, depends on the unknown
tail index, o. The i.i.d. sieve bootstrap ADF tests of Chang and Park (2003) are invalid
under IV innovations; see Zarepour and Knight (1999), to which the reader is referred for
further discussion on this point.

Qr :

(7)

3 Asymptotic Results

In this section we establish the large sample properties of the OLS estimators g?)k and [3 i from
(5). We first establish the result that these estimators are consistent. We then derive the
asymptotic null distributions of the sieve ADF unit root statistics Ry and Qr from section 2,
along with those (where they exist) for the sieve estimates, B Ly eees B i, thereby establishing the
consistency rates of the estimators from (5). The results for the latter are shown to coincide
with the corresponding results which obtain in the stationary case provided o > 1 but to
differ otherwise.

In Theorem 1 we first establish the consistency of the OLS estimators from (5), in the
sense that under Hg, both (Aﬁk and Bk — B, become arbitrarily small (in probability) as the
sample size increases.

Theorem 1 Let y; be generated according to (1)-(2) under Assumption 1. Then, under
Ho : ¢ = 0, the OLS estimates ¢;, and 3;, from the ADF regression (5) are such that:

(i) if 1/k + k*/T — 0 and (ap/T) >4, 1 18;] — 0, in each case as T — oo, then b =
op(1);

(ii) if, in addition to the conditions given in part (i), it also holds that kY/?(ar /T) Y im i 1Bl
— 0, as T — oo, then || By, — Bill = or(1).



Remark 3.1. The conditions (ar/T) 350, 1 |8;| — 0 and kY2(ar/T) > 2,1 18] — 0
required in parts (i) and (ii) of Theorem 1, respectively, are redundant for a € (1,2), since
they are then implied by the summability condition Y7, i2/%|8,] < oo ensured by Assumption
1(ii). It is stronger than its standard finite-variance counterpart » 72, it/2|B;] < oo; see,
for example, Liitkepohl (2005, Proposition 15.1). O

In Theorem 2 we present the asymptotic null distributions of the ADF statistics Ry and
Q7 from section 2.

Theorem 2 Let y; be generated according to (1)-(2) under Assumption 1 and let Hp: ¢ =0
hold. Then, provided 1/k + k*/T — 0 and ap > 52, ., |8;] — 0 in each case as T — oo:

Ry 2% (/0132)_1/01&13 (8)
Qr = ([8]1/0182>_1/2/018d5 (9)

where S is the a-stable process defined in part (i) of Assumption 1 and [S]; denotes the
quadratic variation of the semimartingale S at unity; that is, [S]; := S(1)? — 2[01 SdS.!

Remark 3.2. The asymptotic distributions in (8) and (9) first appeared in Chan and Tran
(1989). They are expressed as the same functionals of the a-stable motion S (with a < 2)
as the so-called Dickey-Fuller distributions are of a standard Brownian motion (an a-stable
motion with & = 2). A graphical comparison of the distribution in (8) for @ = 1 with the
corresponding Dickey-Fuller distribution is given in Figure 1 in Chan and Tran (1989, p.361).
Although scale-invariant, the distributions in (8) and (9) depend on the distribution of &;
through the two scalar quantities o and p defined in part (i) of Assumption 1. Where the
distribution of €; is symmetric (so that p = 1/2), this dependence is characterised by the tail
index, «, alone.

Remark 3.3. For the case where the lag length k is set to zero in (5), Phillips (1990)
shows that the limiting null distribution of ¢y := (3, v7 1) ™' Y., ye—1Ay; is given by (under
technical conditions similar to our Assumption 1)

Ty (/01 52> B </01 SdS+ 11— ﬁi)[3]1>
2

where k2 := (322,77)/(3°207;)?. He further demonstrates that the semi-parametric ana-
logues of Ry and Q7 proposed in Phillips (1987) and Phillips and Perron (1988), which use a
non-parametric correction for the weak dependence in u; rather than an autoregressive sieve
device, achieve the same limiting null distributions as given for those statistics in Theorem 2

above.
Remark 3.4. The analogue of our condition that ar ) 2, . [8;| — 0 in the finite-variance

case is that T/2 > icp1 1Bil — 0; see Berk (1974) and Lewis and Reinsel (1985). Both

conditions involve the order of magnitude of the (possibly centred) error sums Zthl €, Te-
spectively ap and T1/2 for infinite and finite variance. Our condition entails that k is, in

'Notice that because S is a pure jump process for o € (0,2), it holds that [S]; = Do) [AS (u)]?, where
AS (u) :== S (u) — S (u—) is non-zero when a jump occurs in S at time u (see also Remark 2.2).



general, required to grow at a faster rate the smaller is . Nevertheless, in the important
special case of a finite-order autoregression, it would suffice to choose k at least as large as
the true autoregressive order, while in the case where the 5;, ¢ = 1,2, ... exhibit exponential
decay (as happens for finite-order ARMA processes), any power rate of the form k£ = 7"
(r € (0,1)) would be sufficient uniformly in c.

Remark 3.5. In common with most of the literature on unit root testing when the inno-
vations are infinite variance, we have assumed that no deterministic component is present
in either the DGP (1)-(2) or in the ADF regression (5); this amounts to assuming that the
distribution of the innovations is (known to be) centred on zero. More generally, one could
consider replacing (1) with (y; — d¢) = p(yt—1 — di—1) + ut, where d; is a purely determinis-
tic component. In the case where d; was a slowly evolving deterministic component (which
includes a constant as a special case) of the form considered in Elliott et al. (1996,p.816),
the results given in this paper should not alter, at least for o > 1, if the ADF regression
in (5) was constructed using the appropriate quasi-difference de-trended data in place of yy;
see Elliott et al. (1996,p.824) for details. Where d; is either a constant or a linear trend,
inference should be based on the appropriately de-trended data; as in Phillips (1990, p.55),
we will discuss this extension for the case of OLS de-trending further in section 6 below. It
is also worth noting that where o < 1, the usual constant and linear trend cases of d; both
cease to be an issue so far as the results in Theorem 2 are concerned because here the scaling
term a' is of o(T71). O

We now move to establishing the asymptotic distributions of the OLS sieve estimators,
Bl, ...,[j’k, from (5) under Hy. A by-product of this is to provide us with the rate at which
181, — By shrinks to zero under the unit root null, information which will be subsequently
used for establishing the validity of the bootstrap ADF tests discussed in section 4. There
we shall also discuss the sieve estimator of 3, obtained under the restriction of Hg. This
estimator, employed in the bootstrap tests of Chang and Park (2003), will be denoted Bk =
(B, .-, B)'and is computed by OLS regression of Ay; on XF | := (Ays_1,..., Ay 1), t =
k+1,...,T. Therefore Bk under Hg coincides with the sieve estimator analysed for the case
of stationary linear processes driven by IV innovations in Cavaliere et al. (2016). The results
therein show that three kinds of asymptotic behaviour are possible under Hy for ,Bk, depending
on the existence of the a-order moment E |;|* and, moreover, on the behaviour of the ratio
P(le1ea] > n)/P(le1| > n) in the tails of the distribution, i.e. for n — oo. This feature
was first observed by Davis and Resnick (1985b, 1986) for the case of stationary finite-order
autoregressions driven by IV innovations. Theorem 3, below, shows that the same trichotomy
occurs with the unrestricted sieve estimator Bk for a > 1, albeit not for o < 1 where also the
consistency rate is affected.

Before we present Theorem 3 we need to define some additional notation. First, for
Ele1]* < oo and lim, . P(le1e2] > n)/P(le1] > n) = 2E|e1|* define ar := ar, whereas
otherwise define ar := inf{x : P (|e1e2| > ) < T~ 1}. In the latter case, ar = arly for some
Ir, slowly varying at infinity, such that Ip — 0oas T — oo (see Davis and Resnick,1985b,
p.263, 1986, p.542). Second, define the cross-product matrices S§, := Zfzkﬂ XE o (XE Y
and S§ = ZtT:k_H X¥ y;-1. Third, define the infinite Toeplitz matrix ¥ := (Ti—j)75=0
formed from the scale-free autocovariances, r;_; = Y e 0YsYs 4li—j|- Finally, denote by
L a generic m x oo selection matrix of constants, with (¢, j)th element l;;, and let Lj :=
(L., ..., L) denote the matrix formed from the first k£ columns of L.



Theorem 3 Let the conditions of Theorem 2 hold, including the rate conditions on k imposed
therein, with the additional condition that k is not a slowly varying function of T for the
particular value o = 1. Also assume that there exists some & € (5,22%0[), where § is as
defined in part (i) of Assumption 1, such that the selection matriz L has &' -summable rows

under linear weighting; that is, such that Z;’il j|l¢j\5/ <o0,i=1,...,m. Then:

CASE (i): If E |e¢|* = oo, then

ahar' Ly {(Br - B) — gr} > STV Y 4,8, (10)

j=1

where agr = dT — g%k(S{)“O)_lS{)ﬂ with C.lT = Tk’}/(l) /LT(S(I)CO)_lik, Hr = E(5152H{|€1€2|S&T})’
A; € R™ and are given by Aj := Y 1_; LE;lfyj_i (5 € N), {S;}32, is an i.id. sequence
of a-stable random variables and S is an almost surely positive a/2-stable random variable
independent of {S;}52,. For a € (1,2), the term 61, (SE)TLSE in the definition of gr above
can be omitted.

CASE (#): If Elet]* < 0o and lim,—,o P(|e182] > n)/P(|e1] > n) = E |e1|®, then the con-
vergence result in (10) holds with a2ar* = ar, and where {81521 and S are as described in

Case (i) except that they are now dependent with joint distribution as given in Theorem 3.5
of Davis and Resnick (1985b).

CASE (ui): If Elet|* < oo and P(|e1e2| > n)/P(le1] > n) does not converge to E |e1]|* as
n — oo, then

T

ILi{(Bx = Br) — g1} —07° Y A D (er—jer — pp)|| = op(az’ar), (11)

J=1 t=k+1

where 0% = ZtT:k-H 2, although no limiting distribution for Ly{(By — Bx) — gr} needs to
exist.

Remark 3.6. The need to place a summability condition on the rows of L in order to
obtain the consistency rates and, where appropriate, distributional results (rather than simply
establishing consistency) given in Theorem 3 is standard in the sieve literature. A similar
condition is, for example, imposed on L in the finite-variance case; see Theorem 2(iv) of Lewis
and Reinsel (1985).

Remark 3.7. In the finite variance case the condition 7''/2 > ieps1 1Bil — 0, which as
discussed in Remark 3.4 is the analogue of our condition that ar Y ;2. |3;] — 0, is required;
see Berk (1974) and Lewis and Reinsel (1985).

Remark 3.8. Given part (i) of Assumption 1 and the assumption of ¢’-row-summability
of L under linear weighting, the A; (j € N) are also row-wise ¢’-summable under linear
weighting; that is, Z;’ilj]Aij]‘sl < 00,7 =1,...,m. This property allows us to employ Davis
and Resnick’s (1985b and 1986) asymptotic theory for sample autocovariances. The upper
bound on ¢’ is used to control the convergence rate of the quantity LkE,;l to LY.

Remark 3.9. The results stated in Theorem 3 also hold for the restricted sieve estimator,
Bk, which imposes the unit root null hypothesis, on deleting the term qAﬁk(S(’fo)*lS(’fl from the
definition of g7 given in Theorem 3. These results therefore coincide with those given for sieve
estimators in the case of stationary linear processes driven by IV innovations in Cavaliere et
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al. (2016). As a consequence, it would be possible to develop bootstrap specification tests
on the elements of B;, based on either Bk or B as is done in Cavaliere et al. (2016), which
could then be used for data-based selection of the lag truncation k to use in (5). It should
also be possible to select k via standard information criteria; Burridge and Hristova (2008)
show that k£ can be consistently estimated in (5) by standard information criteria in cases
where the true autoregressive order in (4) is finite. We conjecture that their results should
carry over to the setting considered in this paper.

Remark 3.10. Using standard least squares algebra, the restricted sieve estimator Bk can
be written in terms of the unrestricted estimator as B;, = By + ¢ (S§,)~1SE,. Hence,

Li(Bi — By — dr) = Li(By, — By, — dr) — ¢ Li(Sko) - Sky. (12)

For a € (0,1), the first term on the right hand side of (12), Li(B,— B —dr), is asymptotically
dominated by the second term, ¢, Lx(S&,) 1S4, under Hp. It is shown in the Appendix that
in this case, without correcting for the latter term,

roBe- - an) 5 -LZ (G LFE e 0 n),

where dr = o(T~') can be omitted. For a = 1, (13) holds if a2./(Tar) — oo, whereas its
right-hand side is replaced by A + Blimy_,o a2 /(Tar) if 0 < limy_,o a2/(Tar) < oo and
cases (i) or (ii) of Theorem 3 apply; here A and B are the right hand sides of (10) and (13),
respectively. As a consequence, when « € (0,1) the rate of consistency of the unrestricted
sieve estimator B . under Hg is reduced to T, slower than that of ,Bk, while they attain the same
rate of consistency when a € (1,2); at « = 1 the consistency rates differ by a slowly varying
factor. For the wild bootstrap to be asymptotically valid a sufficiently fast consistency rate
is required on the sieve estimates, such that the corresponding sieve residuals are sufficiently
close to the true innovations. As we shall see in section 4.2, the consistency rates established
here for both the restricted and unrestricted sieve estimates are sufficient for these purposes,
regardless of the value of «.

Remark 3.11. The results given in this section are also sufficient to determine correspond-
ing results for the class of modified unit root tests originally proposed in Stock (1999) and
developed further in Perron and Ng (1996) and Ng and Perron (2001); see also Haldrup and
Jansson (2006). Where these are based on semi-parameteric estimation of the serial correla-
tion nuisance parameters, the limiting null distributions of these statistics are an immediate
corollary of the results given in Phillips (1990). Results for the analogous tests based on
an autoregressive spectral density (ASD) estimator of the type proposed in Berk (1974) fol-
low immediately from the results given here. Moreover, the sieve wild bootstrap principle
outlined in section 4 can also be applied to these modified unit root tests using the ASD
estimator from Cavaliere and Taylor (2009). The results given in this paper are sufficient to
show that these would also constitute asymptotically valid bootstrap tests in the presence of
infinite variance innovations, under the same conditions as given for the sieve wild bootstrap
ADF tests here. O

4 Wild Bootstrap ADF Tests

It is well known that in the case where the innovations have IV, commonly used bootstrap
re-sampling methods such as those based on either i.i.d. re-sampling or the wild bootstrap
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are unable to replicate the (first-order) asymptotic null distribution of test statistics; see
Athreya (1987) for an early general reference and Zarepour and Knight (1999) for the specific
case of unit root statistics. Valid bootstrap solutions can, however, be obtained based on
either sub-sampling techniques (see, inter alia, Romano and Wolf, 1999) or the m-out-of-n
bootstrap (see, inter alia, Arcones and Giné, 1989, 1991). The validity of the latter is shown
by Zarepour and Knight (1999), Horvath and Kokoszka (2003) and Moreno and Romo (2012),
and for the former by Jach and Kokoszka (2004). However, in many testing problems these
methods, which entail the use of a bootstrap sample which has a smaller sample size than the
original sample, have been shown to result in tests with somewhat unreliable finite sample
size properties; see, in particular, Cornea and Davidson (2015). Moreover, the validity of
these methods is only demonstrated by the aforementioned authors for an AR(1) process.

In this section we establish the result that a particular version of the sieve wild bootstrap
ADF unit root test, originally proposed in Cavaliere and Taylor (2009) for time series driven
by unconditionally heteroskedastic shocks with finite variance, can provide p-values which are
(first order) asymptotically valid (such that they are uniformly distributed on [0, 1] under the
unit root null hypothesis) also in the presence of symmetric IV innovations. We show that
a sufficient requirement for this to hold is that the wild bootstrap innovations are generated
by multiplying the sieve residuals obtained in section 3 by a sequence of i.i.d. symmetric two
point (Rademacher) distributions. In the finite variance case, Cavaliere and Taylor (2009)
show that the wild bootstrap ADF tests are valid for any i.i.d. sequence with mean zero, unit
variance and bounded fourth moment. As a result, the wild bootstrap ADF tests discussed
here are asymptotically valid, when implemented using the Rademacher form, for both finite
and infinite variance innovations.

The key feature of our approach is that we do not attempt to deliver a bootstrap algorithm
which is able to approximate the unconditional asymptotic distribution of the unit root test
statistics given in (8) and (9). Instead, in contrast to the finite variance framework, we show
that the sieve wild bootstrap tests we propose replicate particular conditional asymptotic
distributions, where the conditioning is upon the absolute values of the original innovations.
Because the sieve wild bootstrap replicates the asymptotic distribution of the unit root sta-
tistics conditional on the sample extremes, it has several potential advantages; see Cavaliere
et al. (2013), who applied this idea to a simple location model. Specifically: (i) the unit root
statistics are evaluated with respect to a more concentrated distribution than the uncondi-
tional distribution so power gains might be expected; (ii) the sample size of the bootstrap
sample coincides with the original sample size; (iii) preliminary knowledge or estimation of
the tail index « is not required. The downside of conditioning on the absolute values of
the innovations is that these will need to be assumed symmetric. While this assumption is
commonly made in the IV literature it is still important to stress that our proposed unit root
tests would not be valid if this assumption did not hold. A property close to symmetry is
also imposed by Zarepour and Knight (1999) in establishing the asymptotic validity of their
m~out-of-n unit root tests.

In section 4.1 we now detail our sieve wild bootstrap algorithm. Proof of its asymptotic
validity is then given in section 4.2.

4.1 The Sieve Wild Bootstrap Algorithm

Our bootstrap algorithm involves the OLS estimators of ¢ and 3, = (84, ..., ;) from (5). As
discussed in section 3 these can either be obtained unrestrictedly, denoted by (&)k, ,B;C)’ , OT un-
der the restriction of the null hypothesis ¢ = 0, denoted by (¢, B;ﬂ)’ = (0, B;C)’ . Additionally,

12



let (¢, B;)’ be any among the unrestricted and the restricted estimator.

Algorithm 1

(i) Compute the OLS residuals, & := Ay; — ¢pys—1 — Zle BAy_i, t=k+1,..,T.

(ii) Using the OLS residuals, &, from step (i), generate the bootstrap innovations €} := & wy,
t=k+1,.., T, where the w; are i.i.d. Rademacher random variables, i.e. such that wy €
{=1,+1}, each outcome occurring with probability %, and are independent of the original
data.

(iii) Construct the bootstrap shocks u; using the recursion

k
uf =) B +ef t=k+1,..,T (14)
=1

initialized at (uf, ...,uj) = (0,...,0); accordingly, the bootstrap data are generated as

t
vi=u+ > ult=1,..T (15)
=1

initialized at y5 = 0.

(iv) Estimate the ADF regression
k
Ay;; = ¢y2k—l + Z/BZA:U:—Z + 5;]:7 t=k+ 17 7T
i=1

on the bootstrap sample, yielding the corresponding OLS estimators g%]: and BZ = (/B;, vy BZ)’,
together with S(¢Z>, the OLS estimate of the standard error of gbz.

(v) Define the bootstrap statistics

R} = % and Qr = (Z)Ak* .
1- Zizl Bz 3(¢k)

(vi) The associated bootstrap p-values are defined as Prr = Ghy (Rr) and por =GoHir (Qr),
where G, p and G, 1 denote the cumulative distribution functions (cdfs) of R} and Q% in
each case conditional on the original data.

Some remarks are in order.

Remark 4.1. In step (iii) of Algorithm 1 the bootstrap process u; is initialized at zero. This
is not strictly necessary; for instance, one may alternatively set uy = Ay, t = 1,....k (i.e.,
the initial values are set to the corresponding value that u; takes under the null hypothesis),
or uj = Ay — c}boyt_l, where &50 is the OLS estimator from the regression of Ay, on ;1.
These alternative initialisations for u; would not alter the asymptotic results given in section
4.2. Other initialisations for y; could also be considered; Chang and Park (2003, p.390), for
example, set y5 = yo.
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Remark 4.2. Algorithm 1 uses the OLS estimates of 3y, ..., 8; to recolour the bootstrap
shocks e} through the recursion in (14) of step (iii). Although it seems likely this will improve
the finite sample properties of the bootstrap test, this step is not strictly required. One
could in fact simply set uj = & in place of (14) so that the bootstrap sample obtained
in step (iv) would be the random walk with (conditionally on the data) i.i.d. increments,
yi =yp+ Zle ef,t=1,...,T. The asymptotic results given in section 4.2 relate to the use of
the recoloured bootstrap shocks but apply equally where no recolouring is used. Some finite
sample comparisons between these two versions of Algorithm 1 are reported in section 5.

Remark 4.3. The sieve estimates used in step (i) of Algorithm 1 to generate the residuals
g, can be either the unrestricted OLS estimates ((}ﬁk,,@;{;)' or the restricted ones (0, 3;). In
order to prove bootstrap validity under the null hypothesis (which is based on a conditional
argument, where conditioning is upon the absolute values of the innovations, |e¢|), it is crucial
that the estimator used in step (i) is sufficiently precise to guarantee that the residuals £; and
the true innovations ¢; are sufficiently close. In section 4.2 we shall show that both ((Eﬁk, ,[:};C)’
and (O,B;{)’ satisfy this requirement for any o € (0,2). However, it should be noted that
under the alternative hypothesis Bk will not necessarily be close to the true 8; and this may
affect the finite sample power of the corresponding test. These issues will be explored further
by Monte Carlo simulation in Section 5.

Remark 4.4. Computation of the bootstrap p-values in step (vi) of Algorithm 1 requires
the (conditional) cdfs to be known. Taking Ry to illustrate, these can be approximated
numerically in practice by generating B (conditionally) independent bootstrap statistics,

*

T4 0= 1,..., B, computed as in Algorithm 1, steps (i)-(v). Then, pj  is approximated by

Prrp = B! Zle I(R}., < Rr), and is such that PrT.B 5 Prr s B — oo; cf. Hansen
(1996), Andrews and Buchinsky (2000) and Davidson and MacKinnon (2000). O

4.2 Bootstrap Asymptotic Theory

In this section we establish that the sieve wild bootstrap tests from Algorithm 1 deliver
asymptotically valid inference conditional on the (unobservable) vector of magnitudes of
the innovations, |er| := (|e1],...,|er|), under the assumption that the distribution of the
innovations is symmetric. In order to simplify exposition and save on space we will only
present the results relating to the normalised bias test. Analogous results for the t-ratio test
follow similarly as does the fundamental result that the wild bootstrap ¢-test is asymptotically
valid in exactly the same sense as the normalised bias test.

Specifically, in the remainder of this section we will show that under the unit root null
hypothesis the distribution of Ry, conditional on |ep|, is consistently estimated by the distri-
bution of R, conditional on the data. More formally, we will establish that the distributions
of Ry conditional on |er| and of R}, conditional on the data converge jointly to the same
random distribution. We obtain this result as a consequence of a consistency property of the
wild bootstrap that we formulate in Theorem 4 below in a general setup, abstracting both
from the particular unit root inference problem and the IV assumption.

Theorem 4 is based on a few ingredients which we now define:
(a) Let Zp := (Zy, ..., Z1) denote a possible sample of observables which may depend on
a vector ep := (£1,...,er) of (potentially unobservable) i.i.d. shocks, defined on the

same probability space as the data Zp. In applications of Theorem 4, the data Zp
will typically be a function of some random ‘shocks’, including er, and possibly other
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random variables. For instance, in our unit root testing problem Zr corresponds to the
data {yt}tTZO, which depend on the shocks er := (e1, ...,e7) as well as on the pre-sample
innovations {¢;}Y___ (which are not included in e7). It is important to stress that, for
the purposes of Theorem 4, we do not need to assume that e satisfies Assumption 1;
only symmetry is further imposed on e7.

(b) The shocks e are re-sampled using the wild bootstrap, based on Rademacher bootstrap
signs. In particular, we let wp := (w1,..., wr) denote a vector of i.i.d. Rademacher
random variables (possibly defined upon expansion of the probability space on which
Zp and ep are defined), independent of Z7 and ep. The corresponding wild bootstrap
process is then denoted as e} = (51, ...,5TT), where 51 = ggwy, t =1,...,T. Notice that
this bootstrap is in general a merely theoretical device, except in the special case where

et is observable.

(c) We consider two statistics: the first, denoted by gr, which depends on the original
data Zr only; the second, denoted by g7, which is a classical wild bootstrap statistic,
depending on both Z7 and the wild bootstrap Rademacher shocks wr.

The results in Theorem 4 will allow us to detail the proximity in distribution of gy and
gp- Specifically, it provides sufficient conditions such that, conditionally on the original data,
the bootstrap quantiles of g7 can be consistently used in order to evaluate g7.

Theorem 4 Let Zr, er and s} be as defined above, with the additional requirement that e
has a symmetric distribution. Moreover, let there be given:

(a) a statistic gr = gr(Zr) and a wild bootstrap statistic g = g7 (Zp, Wr);

b) a measurable function :RT - R, T eN.
( YT

As T — oo, if the following two conditions hold:

(i) for everyn >0,

P P
P (lgr —vrler)| >n) =0  and  Pzo(|gh —vp(el) > n) =0,

where P and Pz denote probability conditional on |er| := (|e1l, ..., |er|) and {Zr.eT},
respectively;

(ii) the distribution of yp(er) conditional on |er| converges weakly to a random measure ¢
with cumulative distribution process p((—o0,+]) which is a.s. continuous at every point
in R,?

then,
Pz (97 < gr) = U[0,1], (16)

where Py denotes probability conditional on the data Zp and U|0,1] denotes the uniform
distribution on [0, 1].

2For the relation between weak convergence to random measures and the associated cumulative processes,
see e.g. Daley and Vere-Jones (2008, pp.143-144).
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Remark 4.5. The consistency of the wild bootstrap established in Theorem 4 is based on
the following triangular argument. First, under condition (i), the statistic of interest gp
is well approximated, in Pjj-probability, by a function of the shocks er, namely vyr(er).

Second, the bootstrap statistic g7 is well approximated, in Pz .-probability, by the same

function, but evaluated at the bootstrap shocks s:}. Third, due to the assumed symmetry

of er, the (random) distributions of the approximating quantities vy, (e7) under P and

VT(E}) under Pz, (equivalently, under P;) coincide a.s. Notice that the specification of w;

to be Rademacher random variables is crucial for this distributional equality to hold; see
also Remark 4.8 below. By combining these three facts we can conclude that the cumulative
distribution process of g7 under P is close to that of g7. under Pz (equivalently, under Pyz).
Moreover, as both processes converge weakly to the same a.s. continuous limiting process
under condition (ii), their proximity is uniform:

P

sup | Py(gr < o) — Pa(gi <) 20
z€R

as T — oo. It is in this sense that the wild bootstrap approximates the distribution of
gr conditional on the shock magnitudes, |er|. Again using a.s. continuity of the limiting
cumulative distribution process, (16) follows.

Remark 4.6. The triangular argument used to prove the result in (16), relies on the dis-
tributional equality of e7 under P and sTT under P.. Given symmetry of 7, this property
is ensured by choosing the Rademacher distribution for the bootstrap signs in wp. Other
choices, such as the N (0,1) distribution proposed in Cavaliere and Taylor (2008), will, in
general, compromise the required distributional equality. O

As anticipated earlier in this section, our approach to formally establishing bootstrap
validity of sieve bootstrap ADF tests under IV is to verify that the conditions of Theorem 4
are satisfied by the unit root statistic gr = Ry of (8) and its sieve wild bootstrap counterpart,
¢ = R from Algorithm 1, with Zr = {y:}1_,. In order to do so, we choose the function
v7(+) appearing in Theorem 4 as follows. For any vector x7 := (1, ...,z7) in RT, T € N, we

let
Zt 1$t25 1%s )
Zt 1(25 1%)2

Notice that yp(xr) is the normalised OLS estimator of ¢ for a random walk starting at 0
and steps collected in the vector x7p.
Our interest therefore centres on the two quantities

Zt 1&25 18s d t Zt 18 Zs 15S
Yr(er) = 2 an vr(er) = -1 _T\o
Zt 1(25 1€s) Zt 1 (X1 €3)?
Again, these two quantities correspond to the normalised OLS estimator of ¢ for a random
walk with steps collected in the vectors er and E;, respectively.
Verification that condition (i) of Theorem 4 holds in our framework is given in Lemmas
A.2 and A.3 in the Appendix. In particular, in these lemmas we show that, as T' — oo,

Yr(xr) = (17)

P . T P
P\s\(’RT —r(er)| >n) =0 and P*(|Rp — ’YT(é"TT)‘ >n) — 0,

as required in (i).
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That condition (ii) also holds is established in the following lemma, which provides a weak
convergence result for the distribution of vy, (e7) conditionally on the magnitude of the shocks,
ler|. The lemma provides a representation for the relevant (random) limiting measure and
states the required result that this measure has an a.s. continuous cumulative distribution
process. To establish the latter, we assume that the unconditional limiting distribution in
(8) has a continuous distribution function; although this property appears to be treated as
known in the profession (e.g., Jach and Kokoszka, 2004, p.78), we could not find reference
to a formal proof. Before introducing the lemma, recall from Remark 2.2 the distributional

equality S(-) £ 32, T, V*5,1{U; < (-)} in D[0, 1].

Lemma 1 Let I' := {I';};cn denote the sequence of arrival times of a Poisson process with
unit intensity, U := {U; }ien denote an i.i.d. sequence of uniform random variables on [0, 1],
and let 6 = {0;} denote a sequence of i.i.d. Rademacher random variables, such that T',U
and & are independent. Finally define J () :== >, Fi_l/a&-]l{Ui < (-)}. Under Assumption
1, if the distribution of €, is symmetric, it holds that

r U)

{IAS(U)I}ue(o,u) (18)

w (112 -3 T
£ (el er)) % £ (2
Jo 7
4, Ji Sds
Jo 82
in the sense of weak convergence of random measures on R, with conditioning on the magni-

tude and the location of the jumps of J and S respectively. Moreover, the cumulative process
of the limiting random measure is a.s. continuous at every point in R.

We are now in a position to use Theorem 4 and show our main theoretical result; that is,
the consistency of the sieve wild bootstrap ADF test under the unit root null hypothesis. This
is provided in Theorem 5 below. The theorem also allows us to conclude that the bootstrap
unit root statistic R}, approximates the same limit distribution as that found in Lemma 1.

Theorem 5 Under the conditions of Theorem 2 and if the distribution of €, is symmetric,
it holds under the unit root hypothesis Hyg : ¢ = 0 that

[} Sds
Jo 52

in the sense of weak convergence of random measures on R, provided the shocks w; used in
step (i) of Algorithm 1 form an i.i.d. sequence of Rademacher random variables, i.e. such
that P(w; = 1) = P(w; = —1) = 0.5, and are independent of {y:}1_o. Under this condition,
1t also holds that

£(R§“‘ Yo, -~-73/T) ﬂ) L (

{!AS(U)\}ue(o,1]> (19)

Prr = P*(Rp < Rr) = U0, 1]. (20)

Remark 4.7. An immediate implication of the result in (20) is that the wild bootstrap
implementation of the Ry tests (the same holds for the wild bootstrap Q1 tests) detailed in
Algorithm 1 of section 4 will have correct asymptotic size in the presence of IV innovations,
regardless of the value of tail index, «, provided the Rademacher distribution is used in
step (ii) of the algorithm. Combined with the results in Cavaliere and Taylor (2008,2009),
this therefore establishes the result that the Rademacher-based wild bootstrap Rp and Qp
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ADF tests are asymptotically valid regardless of whether the innovations display finite or
infinite variance. From a practical perspective this is a powerful result as it implies that
using these wild bootstrap implementations of the ADF tests allows the practitioner to take
an ambivalent stance on whether the innovations have finite or infinite variance.

Remark 4.8 It could be shown that if the Rademacher assumption on w; was dropped and

a different zero-mean finite-variance symmetric distribution was used instead, then the limit

in (19) would involve, in place of S, a process S (-) 4 > F;I/awiH{Ui < (+)}. Such a limit

would differ from that of yr(er) in (18) and, more importantly, it is not obvious that such
a limit could be attained by v (e7) upon any change of the conditioning o-algebra in (18).
In this sense the requirement of a Rademacher distribution for w; is essential for showing
bootstrap validity. O

5 Finite Sample Simulations

In this section we use Monte Carlo simulation methods to investigate the finite-sample perfor-
mance of the wild bootstrap implementations of the Ry and Q7 ADF unit root tests outlined
in the previous section. We will report results for both recoloured and non recoloured versions
of the tests from Algorithm 1 (see Remark 4.2), and for versions based on both restricted and
unrestricted residuals (see Remark 4.3). Comparison will also be made with analogous tests
derived using the sub-sampling procedure of Jach and Kokoszka (2004) and the m-out-of-n
bootstrap of Zarepour and Knight (1999), in each case extended to include a sieve element
and associated recolouring. We will also include results for tests based on the Ry and Qr sta-
tistics using either the asymptotic critical values appropriate to the finite variance case from
Fuller (1996) or critical values simulated from the asymptotic null distributions in Theorem
2. The latter are of course infeasible in practice as they are based on knowledge of «; they
do, however provide a useful benchmark to compare the performance of the bootstrap tests
against and, moreover, the power results for these tests essentially quantify the size-adjusted
power of the tests based on the asymptotic critical values from Fuller (1996).
As our reference DGP we consider the M A(1)

Ay = oy1+ue, t=1,...,T,
u = e +0g_q, t=1,..,T,

with e_; = yp = 0, and where &; was generated as an i.i.d. sequence of a-stable random
variables; that is, g4 ~ i.i.d. stable(c). Results are reported for the following values of the
tail index, o € {2,1.7,1.5,1}. The Gaussian case o = 2 is included to illustrate the uniform
behaviour of the wild bootstrap across finite and infinite variance. We consider the following
values of the MA parameter, § € {0,+0.5,£0.8}, allowing both positive and negative and
moderate and large MA behaviour, as well as the i.i.d. case. We report results both for the
null hypothesis, ¢ = 0, and for alternatives of the form ¢ = —¢/T where we set ¢ = 7.
Following Schwert (1989), the lag length used in the ADF regression, (5), for the purposes
of computing the ADF statistics, Rt and Q7, was set to k = LE(T/100)1/4J , and as is common
in the literature, we report results for K = 4 and k = 12. For all of the procedures considered,
this lag length was also used in the corresponding bootstrap analogue of (5) (for the wild
bootstrap procedures, see step (iv) of Algorithm 1), regardless of whether recolouring was
used or not. Where recolouring was employed this was also based on this same choice of k.
In Table 1 we report results for empirical size while Table 2 reports results for empirical
power (non size-adjusted). Results are reported for the following tests: (i) the (non-bootstrap)
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Ry and Qr tests of section 2 based on either the critical values from Fuller (1996), denoted
R% and Q2T or using critical values where « is assumed known, denoted R and QF; (ii)
wild bootstrap implementations of the Ry and Q7 tests constructed as in Algorithm 1 using
recolouring and unrestricted residuals, denoted R and Q7"; (iii) tests as in (ii) but using
restricted residuals, denoted R"" and Q""; (iv) tests as in (ii) but with no recolouring used,

denr’lﬁ)ted R and Q"; (v) tests as in (iii) but with no recolouring used, denoted R/:" and
T -

Tables 1-2 also report results relating to the m-out-of-n bootstrap testing approach of
Zarepour and Knight (1999), extended to allow for the same recolouring device as we use
with the wild bootstrap tests discussed in this paper. This procedure parallels Algorithm 1
except that the bootstrap errors in step (ii) are generated using the m-out-of-n re-sampling
scheme with m = |T/InlnT|, and with the lag length again set to k in both the original and
bootstrap ADF regressions.?> We denote these tests R and Q7. The reported results relate
to the use of the unrestricted sieve residuals in step (i) of the algorithm; we also considered
versions of the m-out-of-n bootstrap ADF tests based on restricted residuals and without the
use of recolouring - these alternatives delivered no discernible improvements over the results
reported here. Finally, we also report corresponding results for implementations of the Rp
and Qp tests based on the sub-sampling approach outlined in Jach and Kokoszka (2004).
The procedure we adopted is as outlined on page 76 of their paper but applied to the sieve
residuals in order to construct the bootstrap sample. In particular, the sieve residuals are
centred and all possible blocks of consecutive residuals of length b = [0.125 x T'| are then
sub-sampled from the centred residuals and then cumulated with no recolouring employed
(since the residuals are re-sampled in blocks). A regression of order k is then fitted to the
bootstrap sample. These tests will be denoted R]T',k and Q]fk.

All simulations were programmed in Ox 7.01 using 10,000 Monte Carlo replications and
B = 399 bootstrap replications (see Remark 4.4) using an implementation of the algorithm
of Chambers et al. (1976) to generate the a-stable random variables. Results are reported
here for T' = 100. Results for T' = 500 are available on request.

Table 1 about here

Consider first the results reported in Table 1 relating to the empirical size properties of the
various tests considered. There are two striking features in these results. First, the naive ADF
Q% t-type test, based on the standard critical values from Fuller (1996), is surprisingly robust
to IV. Abstracting away from the large negative MA case (6 = —0.8) which causes oversize
in most of the tests, size is reasonably well controlled regardless of the value of «, although
there is a tendency to undersizing for the smaller values of o considered. The same cannot
be said for the corresponding normalised bias test, R?p, which is often significantly over-sized,
most notably when xk = 12, suggesting that the standard (Dickey-Fuller) asymptotic critical
value may be an increasingly poor approximation to the true finite sample critical value as
k is increased in the ADF regression (5). The same pattern is seen with the infeasible RS
test which uses the simulated asymptotic critical value based on the knowledge of . These
patterns are not replicated in either the corresponding wild or m-out-of-n bootstrap tests,
further supporting this conjecture. The second striking feature is the failure of the tests based
on sub-sampling, Q]Tk and RJTk. These tend to be over-sized when 6 is large and negative with

While one might consider setting the lag length in the m-out-of-n bootstrap ADF regression to
|k(m/100)*/4)] (reflecting the smaller bootstrap sample size under this method of re-sampling) this would
not be appropriate because of the k-th order recolouring polynomial employed in the analogue of step (iii) of
Algorithm 1.
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Kk = 4 but are often very heavily under-sized when x = 12 regardless of the value of 6. As we
will see when we discuss the results in Table 2 this has dramatic implications for their finite
sample power properties.

Among the wild bootstrap tests considered some variation is seen between the results
based on recoloured data vis-a-vis non-recoloured data, and between the bootstrap procedures
which use restricted and unrestricted residuals in step (i) of Algorithm 1. Overall the wild
bootstrap test based on restricted residuals would appear to deliver somewhat better size
control than the corresponding tests based on unrestricted residuals, other things being equal,
as might be expected. The differences between the wild bootstrap tests based on recoloured
and non-recoloured data appear less pronounced, although the tests based on non-recoloured
data do perhaps perform slightly better overall. While it is clearly seen from the results in
Table 1 that the wild bootstrap does tend to deliver significant improvements on the naive
normalised bias R% test, it is also fair to say from the results in Table 1 that any improvements
seen in the finite sample size of the corresponding Q%p test are far from spectacular. This
is perhaps not too surprising given the apparent robustness to IV shown by this test, noted
above. However, excepting some cases where 8§ = —0.8, the best performing version of the
wild bootstrap procedure does consistently deliver, albeit relatively small, improvements on
the size of the Q% test.

The m-out-of-n bootstrap, despite being calculated from a bootstrap sample which has
a smaller sample size than the original sample, also performs well in our experiments. It
is much less affected than the wild bootstrap tests by large negative values of § when « is
relatively small (o« = 1.5 and o = 1.0), but on the other hand tends to be more affected by
such MA behaviour when @ = 2 or « = 1.7. These cases aside, the m-out-of-n bootstrap
performs very well overall with broadly comparable size control to the best performing among
the wild bootstrap tests.

Table 2 about here

Turning to the results in Table 2 relating to empirical power, perhaps the most obvious
feature is the tendency to very low power in the tests based on sub-sampling, consistent with
the heavy under-sizing in these cases observed in Table 1. Based on the results in Tables 1
and 2, the Qgpk and RJTk tests cannot be recommended for use in practice.

In terms of the naive QQT and R?p tests, a comparison with those for the corresponding
tests based on known « critical values, Q7 and R7., shows that the latter can be significantly
more powerful than the former, although this may in part be attributable to size differences
between these tests; cf. Table 1. Focusing on the ¢-type tests (given the lack of size control
seen in the R2 and R% tests), the best performing (in terms of size control) among the
wild bootstrap tests display similar power to the corresponding ()7 and Q% tests in both
the Gaussian case, a = 2.0, and when a = 1.7, but outperform the Q% test (and often
even more so the Q% test) for a = 1.5 and smaller. This suggests that the wild bootstrap
tests simultaneously improve on the finite sample size properties of the naive ADF tests, and
deliver gains in finite sample power over both these tests and on the benchmark given by the
infeasible ADF tests based on knowledge of . The m-out-of-n t-type bootstrap test, Q7,
also performs well although its power is more comparable with the infeasible ADF tests than
the wild bootstrap tests. It is also apparent from the results in Table 2 that the m-out-of-n
implementation of the normalised bias test, 7', can display very low power relative to the
other tests when k = 12.

To conclude this section it is worth commenting that the usual trade-off between empirical
size and power relating to the choice of the lag length k (see, in particular, Schwert, 1989)
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is apparent for all of the tests (except for the ill-behaved R% and sub-sample unit root tests
discussed above) in the results in Tables 1 and 2. In those cases where significant oversize
is seen, empirical size is often considerably improved by increasing x from 4 to 12; these
improvements are most obvious for those values of 8 where the size distortions are the most
pronounced and in particular in the near cancellation region where § = —0.8. The usual flip
side of the coin is that empirical power is decreased between x = 4 and xk = 12, other things
equal. That this usual trade-off exists in the IV case, just as it does in the finite variance
case, is not surprising and suggests that the use of data-based lag selection methods, see
Remark 3.10, is likely to be a useful tool here too and the development and evaluation of
such methods in the IV environment constitutes a useful topic for further research.

6 Deterministic Terms

We now provide some brief discussion of how deterministic terms, in particular a constant or
a linear trend, can be introduced into the model.

To that end, let y; satisfy (1)-(2), but now suppose that we have observations on 2}’ = y;+pu
or z{ = y; + 1+ 7t, where p, 7 are unknown parameters.® Then suppose 24" is demeaned,
yielding g := 2 =T~ S"T_| 2% or that 2] is detrended by the OLS regression of z on (1,t)’,
yielding residuals §7. The AR sieve (5) may then be applied to either g’ or §7, as appropriate.
We may then define, analogously to Ry and Qr from Section 2, the corresponding unit
root test statistics based on the de-meaned and de-trended data as R}, Q% and R%., Q7F,
respectively, using an obvious notation. Under the assumption that the distribution of e is
symmetric and using the notation of Lemma 1, it could be shown that, for k € {u, 7},

[ ardg
J0 7 77

2 T, U) (21)

in the sense of weak convergence of random measures on R, where, for u € [0, 1],

L(Rrl|ler|) gﬁ(

) =) - / J(r)dr = ile/“&-w{w <u}+U -1, (22)

1 1
I = J(u) — /0 (4 6r)J(r)dr + 6u /0 (1= 20)J(r)dr (23)

= S VS IU < ul— 1+ (4 - 6u)U; — (3 — 6u)UZ).
=1

The corresponding representations for Q% and Q7. are similarly obtained. Importantly, from
the expressions for J* and J7 it can be seen that randomness in the conditional limit dis-
tributions (21) is fully due to the Rademacher signs §;, which are independent of I',U, as
in Lemma 1. Consequently, the wild bootstrap based on Rademacher signs w; could be suc-
cessfully used for inference with the reference distribution given by the limit in (21). To this
end, after estimating (5) for the demeaned data g (or the detrended data, g7 ), bootstrap
data could be generated exactly as in steps (i)-(iii) of Algorithm 1. Prior to conducting step
(iv), the same transformation, either demeaning or detrending, should then be applied to the

4More generally we could allow for the case where 2z =y, + dy with d; a pth order, 0 < p < P < oo,
polynomial in ¢, but the leading constant and linear trend cases would seem sufficient for the purposes of
exposition.
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bootstrap data as was applied to the original data, z;". Step (iv) of Algorithm 1 should then
be performed on the transformed bootstrap data.

Remark 6.1. It is worth noting that for inference based on any of the RY., Q4. R} and
Q7 statistics, the assumption made in section 2 that yo is of Op (1) is made without loss
of generality because all these statistics are exact similar with respect to yg; cf. Miiller and
Elliott (2003).

Remark 6.2. The foregoing conclusions would continue to hold if rather than OLS de-
trended data, the appropriate quasi-difference de-trended data of Elliott et al. (1996, p.824)
were used. In such a case, replace the de-meaned and de-trended processes J* and J7 in (22)
and (23), respectively, by the corresponding quasi-difference de-trended processes; see Elliott
et al. (1996, p.817) for further details. O

7 Conclusions

We have extended the corpus of available asymptotic distribution theory for the ADF test
to cover the case where the shocks follow a linear process driven by i.i.d. infinite variance
[IV] innovations. We have demonstrated that the limiting null distributions of these statistics
coincide with those previously derived in the literature for the case where the shocks follow
a finite-order autoregression driven by IV innovations, provided the lag length in the ADF
regression satisfies the usual rate condition given in Said and Dickey (1987) for the case
where the innovations have finite variance. Because these distributions depend on the tail
index of the innovation distribution they cannot be used directly for inference on the unit
root hypothesis. We have also established the large sample properties, including consistency
rates, of the associated sieve estimates from the ADF regression and of the corresponding sieve
estimates which are obtained under the restriction of the unit root null hypothesis. Using
these results we then established that asymptotically valid wild bootstrap ADF tests can be
formed using the residuals from either of these sieve regressions combined with a Rademacher-
based implementation of the wild bootstrap re-sampling scheme. Although these results rest
on the assumption that the innovations are symmetrically distributed they do not require
knowledge of the tail index. Monte Carlo simulation results were reported which suggested
that the sieve wild bootstrap ADF tests perform well in practice.

It would be interesting to investigate whether the symmetry assumption could be dropped.
In order to do so, we would need to find an alternative method of re-sampling to the wild
device currently used in step (ii) of Algorithm 1 such that the resulting sieve bootstrap tests
were still asymptotically valid. This would likely entail convergence to a different conditional
limiting null distribution from the one shown to hold for the wild bootstrap statistics here.
Unfortunately, we have been unable to find such a conditional distribution and so we leave
this as a suggestion for further research. An alternative approach, along the lines suggested
by Cornea-Madeira and Davidson (2015) for tests in a simple location model, would be to
base inference on direct simulation of the asymptotic limiting distribution from Theorem 2
using consistent estimates of the tail index « and the asymmetry parameter p. It should
be possible, given the results obtained in this paper, to show the asymptotic validity of
such an approach. However, it is important to note that this method will approximate the
unconditional, rather than a conditional, distribution of the ADF test statistics. The power
gains observed for the wild bootstrap tests discussed here could not then be expected. Again,
we leave a detailed exploration of this alternative approach for further research.

The Monte Carlo results reported in this paper also suggested that a sieve m-out-of-n
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bootstrap procedure also performed well in finite samples. Formally establishing the asymp-
totic validity of these tests would also constitute an interesting topic for further research,
although it should be noted that symmetry is also assumed by Zarepour and Knight (1999)
for establishing the asymptotic validity of m-out-of-n bootstrap unit root tests they consider
in the context of a first-order autoregressive model.

Finally, our focus in this paper has been on the case where the innovations driving the
linear process in (2) are drawn from a class of infinite unconditional variance processes.
In many applications in finance an equally plausible model is one where the innovations are
drawn from a class of infinite variance conditional variance processes, a leading example being
the well-known integrated GARCH (IGARCH) and explosive GARCH models considered in
Zhang, Sin and Ling (2015). An analysis of such cases is clearly beyond the scope of this
paper, but would constitute an interesting area for further research and the work of Zhang,
Sin and Ling (2015) should provide a useful basis for doing so. It is important to note,
however, that (under certain regularity conditions) the tail index of such processes is a = 2,
and so they are in the Gaussian domain of attraction. As a consequence, the wild bootstrap
approach we have outlined here would not have the conditional interpretation that is central
to the present paper and the arguments and technical results involved will be quite different.
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A Appendix

This appendix is organised as follows. In section A.1 we introduce a preliminary lemma and
subsequently we give proofs of theorems 1 and 2 from Section 3. Bootstrap asymptotics are
considered in section A.2. In section A.2.1 we provide the proof of Theorem 4 while, in section
A.2.2 we verify that condition (i) of Theorem 4 is indeed satisfied under the assumptions of
our main bootstrap theorem (Theorem 5). Finally, Section A.2.3 contains the proof of Lemma
1 and of Theorem 5.

A.1 Sieve Asymptotics

The proof of Theorem 1 relies on the following lemma where, for square matrices, ||(+)||2 :=
sup|z|=1 [ ()| is used to denote the linear-space norm induced by the Euclidean vector norm,
with x and the matrix having matching dimensions. In particular, for positive semi-definite
matrices, ||(+)||2 = Amax (), the largest eigenvalue.

Lemma A.1 Under Assumption 1 and if k*/T + 1/k — 0, for every ¢ > 0,

a. Sk = Zf:kﬂ XF (XF_,) satisfies ||SEy — Sgo |2 = Op(lpar) max{kay, k}, where
02 = Zle e2 Iy =1 for a # 1 and ly is slowly varying for a = 1; Moreover, (Sk))™1 ewists
with probability approaching one and ||(Sk) ™" — S, o722 = Op(lrara;*) max{kay, k}.

b Sk =3 psy XE jer satisfies |SE—3 1 XE el = op(ag ©)+0p(ad) > ieke 1B
and ||SE|| = op(k¢aylrar) + Op(a%) > ke 1B;] with ¢ > 0 sufficiently small and It as in
(a).

e SE = Ye1Ek = S Y16t + op(ad) +op(aF) S, 18] if k3T — 0.

d. S§y = ZtT:kJrl X} 1yi-1 has [|S5 || = OP(k1/2a2T)-

e. St =3 v =12 (i e0)? + Op(ar max{T, arT<}).

ProOOF. Parts (a) and (b) reproduce Lemma 2(a,b) of Cavaliere et al. (2016). For part (c),
write

t oo o)
p=71)) catvi—votyo, vei= D Vieovii=— > i (A1)
s=1 i=0 j=i+1
the series v; is a.s. well-defined since > 0°,i|v;/° < oo. Then Sf. — ZtT:k_H Yt—16¢ =
Sikea U105 = V(D) (Ri + Ra) + Ry + (yo — vo) Ra with

T t—1 t—i—1 2
Ry = Zt:k-l—l Zi:kjj—l B; Zj:? Vi€t—i—js
t_
Ry = Z?ikﬂ Bi ZtT=k+1 2321 Jo-io ]I{s;étfifj}’)/jgsgt—i—jv
R3 = Z?ik:ﬂ Bi Zt:k—H Ut—1 Z?io Vj€t—i—j
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and Ry = ZtT:kH > i1 Biug—i which are evaluated next. Define D] := 372, [B,]" 3222 [v;1" =
O (1) 2y B3]
First, for every M > 0 with IM,T = Hle ]I{|Et\<MaT}7

E a7’ IRl < ap?T E(e], j<hrar) Di = Z 18]
i=k+1
by Karamata’s theorem [KT], so In;7R1 = Op(a3) Y22, 1 |Bs]. Given any w € (0,1), the
weak convergence of max;—1 . 7 ]a;lst] to an a.s. finite random variable implies the existence

of M such that P(In;p # 1) < w/2 for all T, so also Ry = Op(a%) Y72, Bil-
Second, for a € (0,1) and 7 € [§, ), it holds that E |Ra[" < T?(E |1]")2D], so

Ry = Op(T*")( Z 1B,/ = op(aF) + op(a Z |31

i=k+1 i=k+1

by Lemma S.1 in the supplement to Cavaliere et al. (2016) with k3/T — 0 and 7 sufficiently
close to . For a = 1, E(|a;2R2|) < {a;lTE(|51|JI|51‘§MQT)}2D;€ =0 (T°) Z;ﬁkﬂ |8;] for
every € > 0 since a;lTE(]zslUI‘EIKMaT) is slowly varying. Finally, for a € (1,2), Ry =
2?21 Ro; with the following summands:

(1) Ror o= 30201 Bi Dotmpt Sooct 2oimt Wsptmio yViEsEt—i—iL{jes/>ar or |ersy >ar) having

[ee]
E(laz’Rai1]) < ap' TE |e1[{az' T E(le1]|ley 507)} Dk = O(az'TD}) = 0 (ar) > |84
i=k+1

. T -1 1
by KT, (ii) Rao = Y5201 Bi D it S z e Lpsst—i—3Vj(Esliesj<ar —Hr) (Et—imjlie, ;_j|<ar—
pr) (with pp := E(esl|c <4, ) having

E(ar'R3) < 2{ar’T B(elljeyj<ar ) (DR = O (1) (D 18i)°
i=k+1

by independence and KT, (iii) Ra3 := pp Y iop 1 Bi ZtT:kH Zi;i(fsﬂlsslgaT_NT) Z;:;l Liste—i—j}j
having

o0
B lag* B3| < (ap’T* i) {ap’T BTN, (<o) HDR) = O (1) (Y |6i])°
i=k+1
as, with Ees = 0 it holds that |up| < E(les|lic,j5a) = O (ar/T) by KT, (iv) Rog =
M Z?ikﬂ Bi Z?:kJrl 22;11 ;:0—1 ]I{s;ét—i—j}’Yj(5t—i—jﬂlat,i,]—\§aT — pir) having the same up-
per bound as Blaz'R3,|, and (v) Ras = #3 Y7041 Bi 1 2oemt 2oj—0 - Usst—i-i} Vs
having |Res| < T?3.D}, = O(a%) Y72, 11 |B;]- Summarizing, Ry = op(ai) > 52, 4 |3, for all
€ (0,2).
Third, R3 = R31 + R3s with R3q := Zz?ik—&—l /61 ZZ:k-{-l(Z]O'iO 7j7§+i_1)5%_i_j satisfying

) [e%S) T o0 [e'S)
|Ra1| < Z |3l Z | Z Z’Vﬂ;ﬂfﬂg?f@ej:oP(G%) Z 3]

i=k+1 i=k+1 t=k+1 35=0 i=k-+1
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since, for n € (0, @) under Assumption 1,

Z | Z Z'yﬂw et )"? < TE e ZJ\’VJ\W o(T),

i=k+1 t=k+1 =0

and Rsp 1= 30, 1 Bi Y ki1 Yoo Yoimo listjmit1 Vi ViEe -1 jE1—i— satisfying, for n € [5,a)N
(0,1] under Assumption 1,

E|Rs|" < T(E|e1|")? Z 16,17 ( ZM”

i=k+1

50 Rsp = 0p(a3) T2 18] for a € (1,2) (using 7 = 1) and Rsp = op(1)-+op(ad) 5% 16
by Lemma S.1 of the supplement to Cavaliere et al. (2016) for a € (0,1]. Similarly, for the
same 7, B |Ra|" < T(E |u1]") 3252111 18], s0 Ry = op(a) Y272, 1 |B;] for a € (1,2), whereas
Ry = op(1) + op (a3) 32,11 |B4] for a € (0,1]. By collecting the magnitude orders of R;
(=1 ) S = Sy e150= 00 (1) 4 0p(ah) Ty 5] follows

In part (d), using partial summation and the inequality (ZZ 1a;)? <3 S a2, we find

i=1 ">

kT k T i-1 T
1
k
H501H2 = E (E U iYt—1) :ZE ?JI%—H— E Uf_i+2g E Ut*jutfi)2
i=1 t=k+1 i=1 t=k+1 j=1t=k+1
S q)1+3¢)27

. k k
with @1 := Y7y, + >0 yi_; and

k 7 T k i
Gy:=> (O > wjui)® =Y > (Sto)is}

i=1 j=1t=k+1 i=1 j=1

These satisfy ®; < 2kmax;<;<7 lye[* < 8k(y*(1) maxi<¢<7 | ZST:1 gs|* + maxj<;<7 log|* +
Op(1)) = Op(ka?) as, under Assumption 1(i), max;<;<r |ag Zzzl £s| = supyoq] |S| < o0
a.s. by the Continuous Mapping Theorem [CMT] and max;<;<7 |v¢| = Op(ar) by Theorem
3.2 of Davis and Resnick (1985a), and

k % k 7
1 1 1
182 < 50%2 (Ze)ig)* + 5 O I(S80)is — (Sw)ijorl)?
=1 j=1 =1 j=1
k i
< U%‘Z Z |Tl] + ks ’SOO EkJ%H%v
i=1 j=1

where a;?02 % [S]; < oo a.s. by a result in section 4.4 of Resnick (1986), Z;Zl Imij] <
(>0 [7;1)? < oo and k3||SEy — Sro%||3 = Op(ka}) when k?/T — 0, from where ®; =
Op(ka%). Thus, S§ = Op(k'/%a2).

Finally, using (A.1), we have S, —~(1)? Zz:,Hl(ZZ Leg)? =29 (1) Y1 4 Yy, with, first,
11| = | Z ZEs vt — v +yo)| < max |Z€s|{ Z ve| + T (|vol + |yol)}-
t=k+1 s=1 t=k+1
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Here max;—1,_7 |az" Zi;ll g 2 supyoq] |S| < oo as., Zfzkﬂ |vs| = Op(T) for a > 1 by
Markov’s inequality (as EZtT:kH lve] < TE|vi| with Ejvi| < Elet] Yoot |vil < o0), and
Z?:k+1 |vg| = Op(ar) for o € (0, 1] by truncation, Markov’s inequality and KT (as maxj<¢<7 |v¢| =

Op(ar), see above) and E(z;{:k+1 [0t Lo | < Mar}) < T E(v1l{je, |<Mary) = Olarlr) for every
M € R), so T1 = Op(ar max{T, aply}) with Iy as in (a). Second,

T T
Tal= > (v —vo+w0)® <2 Y vf+2T(vo — y0)> = Op(a7)
t=k+1 t=k+1

since Zt 41 Vi = Op(a%) by truncation, Markov’s inequality and KT:

T

E( Y v <tary) < TE@ oy <pag}) = OlaF).
t=k+1

Combining the magnitude orders of T; and Yo completes the proof. B
We now provide a proof of Theorem 1.
Proor oF THEOREM 1. Let ,Bk be the OLS estimator of 3, from the regression of Ay, on
Xf_l. It holds that
& = {511 — 510(S50) " So1 1 H{ST — S1o(Bx — B},

where, for all € > 0, first,

18% — Bill = Op(aras™) + Op (1 Z 18;] = op ( (A.2)
j=k+1

by (7.1) of Cavaliere et al. (2016); second,

S4By — Br) = Op(Tk aar) + Op(k%a3) S |8,

Jj=k+1
= OP(aT + op(a Z 3]
i=k+1

using also Lemma A.1(d) and the condition k2/T — 0; third,

T -1
St = S1o(S60) 'S = (12 D (D es)® +op(Tag) + Op([ISfo]* Amax{ (i) ™))

t=k+1 s=1
T -1

= (1)? Y (O es)? +op(Tah)
t=k+1 s=1

using Lemma A.1(a,d,e) and the fact that Apax ((SOO)_ ) = (Zt LD  max(E D +op (1)} =

Op(az?); here T-laz? Y0 (0 2)? = Tlag? 320 (2004 202 + 0p (T Laz?ka?) 2
[ 82 by the CMT with [ 8% > 0 a.s. (see p.359 of Chan and Tran, 1989). By combining
these results with Lemma A.1(c), it follows that

T t—1 T o)
D2 0 e Y was+op(T ) +op(T lar) Y 1B (A3)

t=1 s=1 t=k+1 i=k+1
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Using (A.1), Zthkﬂ Y16t =7y (1) Zle Zi;ll esee— (1) Ef:l 22;11 Es€t +Z¢T:k+1 Vt—18¢ +
(yo — v0) Xof_js1 €6 where (i), ag2S0F S eger 5 3(S(1)? — [S]y) = [ SdS by partial
and integration summation, the joint convergence (a,;l tti% Et, alf Zttif e7) 5 (S(+), [Sy)
in D5[0,1] from section 4.4. of Resnick (1986), and the CMT, (ii), a> Z:{:kﬂ Vi_1er 50
by Theorem 4.2 of Davis and Resnick (1985a), and (iii), a;' ZtT:kH e = ap' ST e+
op(atar) 5 S (1), 50 a7 ST e = apy () S0, S e + op(1) 2 4 (1) [ 84S
and

R oo

¢, = Op(T™ ") +op(T ar) Y |B;| = op(1).

i=k+1

Finally,

1Bk = Bill = 118 — By + &kA(S[’fo)*lSé“lH <118k — Brll + |xl115To | Amax {(S0) ~ X A-4)
= 1Bk = Bill + [¢x|Op (k)
= 1B, — Bill + Op(k'2/T) + op((K'/?/T)ar) > |8; = or(az”)
i=k+1
for sufficiently small € > 0, by (A.2) and since ar ) 2, |8, — 0. B

PROOF OF THEOREM 2. From (A.3) and its discussion, under ar » %, ., |8;| — 0,

=2

T t-—1 T t—1
T =) MO e S e o) LS,

t=1 s=1 t=1 s=1
where T2 Zzﬂ:kﬂ(zl;ll £5)2 % [ S? and a;? Zthl 22;11 eset — v (1) [ SdS and . Further,

k k 00 k 9]
|1—ZBZ‘—,Y21)’ = ’ZBi—ZBi‘SZ’Bi—BiH‘ Z |85
i=1 i=1 i=1 i=1

i=k+1

VE(IBy, - Byl + Z 1Bil — 0

1=k+1

IN

using (A.4) with k/T — 0 and ar ) 2, . [6;] — 0. The convergence of Ry = Ty /(1 —
Zle Bl) obtains from the two previous displays. The convergence of Q7 uses also the fact
that a;202T = [S]; jointly with Rp; see the proof of Theorem 1. H

We now turn to convergence (13). It holds that B;, — 8), = 81, — B1. — &k(sgo)—lsgl, where
under the unit root null,

T-1

St =ik Y yi-1ur + UrSgoex + op(a7),
=k

Uy is lower triangular with ones on and below the main diagonal, and ey, is the first canonical
base vector in R¥. Using also Lemma A.1(a), upon substitution,

Li(By — By —dr) = Li(By — By, — dr)

T T-1
—orLe{S O DT moaue + B U Seer} + op(T71),
t=1 t=k
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where the first term after the equality sign has magnitude order &Ta}z with asymptotics
given in Lemma 1 and Theorem 2 of Cavaliere et al. (2016), whereas the term involving ¢
has magnitude order 7~

T T—-1
TorLifSy ik(ar” Y et) ar? Y yerw) + 55 ' UrSrex }
t=1 t=k

w [SdS 1. o [ SdS 1o _1
_>7(1)fS2L<E iy (1) ST, -3 1Z’yj'yj+2 UZe).
j=0

As U¥e =Xi— (3272 mio)i = Bi+ (D°72,777;)i and 79 = 1, the previous limit is the negative
of the limit in (13).

A.2 Bootstrap Asymptotics
A.2.1 Proof of Theorem 4

ProOF OF THEOREM 4. We follow the triangular scheme outlined in Remark 4.2.5.
Denote the finite-sample cumulative process of gr under P by Op(-) = \€\(9T < ).
Hypothesis (i) implies that

1Y ((I)T(')ﬂps\(’YT(ET) < )) = OP(l) and p(PZﬁ(g% < ‘)7PZ,E(7T(€;“) < )) = OP(1)7

where p is Lévy distance. Moreover, under symmetry of er, and the Rademacher and inde-
pendence assumption about wr, it holds that L. (er) = L’E(ETT) = Ez,g(sg) a.s., with £,
for law conditional on (-), the last equality because ETT is independent of Zr given 7. By
the triangle inequality, p (®r (), Pz:(g} < -)) = op(1). As g} is independent of er given Zr,
also p (®7(-), Pz(g5 < -)). The same holds for the Skorokhod distance in D[0, 1], say dg, see
Daley and Vere-Jones (2008, pp.143-144).

We now pass to uniform distance. Under hypothesis (ii), let the limiting cumulative
process of yp(er) under P be ®(-) = ¢((—o00,)) such that P (yr(er) < -) L ®(-) in

DJ0,1]; under hypothesis (i), ® is also the limiting cumulative process of gr under Py,
such that &7 ~ & in D[0,1]. As ® is a.s. continuous, having ds(®r(-), Pz(g4 < -)) = op(1)
implies that sup,cp |®7(z)—Pz(95 < x)| = op(1). Therefore, Pz (g5 < gr) = ®7(97)+op(1).

Further, define the quantile transformation using the right-continuous version of the gen-

eralized inverse. As the quantile transformation is continuous in the Lévy, and hence, in the
Skorokhod metric, it holds that (&7, ®') % (&, 1) in D[0,1]. For 0 € [0, 1],

P\s\ ((I)T(QT) > 0) = P|e|(gT > (I);l(e)) =1- P|e|(gT < (I);l(e))

w

= 1 ep(@70)-) B 1- (@ (0) = 0

using the continuity of ®, and the same holds in probability as the limit is a constant. By the
Bounded convergence theorem, integration over |er| yields P (®r(gr) > 0) — 6 for 0 € [0, 1].
Therefore, ®7(gr) = U0, 1]. Since Pz(g4 < gr) = ®7(g97) + 0p(1), equation (16) follows. W

A.2.2 Condition (i) of Theorem 4

Our plan in what follows is to check that the conditions of Theorem 4 are satisfied by the
statistics Ry and RY in place of gr and g7. We start from a conditional version of the
large-sample expansion of ¢.
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Lemma A.2 Under the conditions of Theorem 2, it holds in P-probability that

T t—1 T t—1
o, = Ty (1) {3 e S eo)er + op (1), (A5)
t=1 s=1 t=1 s=1
i.e., conditionally on |er| = (le1], ..., leT]).

PROOF. As in the proof of Theorem 2, expansion (A.5) holds with remainder term, say rp,
such that rr = op(1). But then rp = op_ (1) as well. Indeed, as I{|rr| > n} £ 0 for any

n > 0, it follows that P ((|rr| > n) 2o by the Bounded convergence theorem for conditional
expectations. This proves the lemma. W

We now turn to the derivation of a similar expansion of the bootstrap estimator
—1 -1 -1
¢" = {511 — St S0} {51 — SioSe0 o}

*

- T kEo._ T k ko ._ T k _.
where ST. = 37 yiael S5 = Dk XiTaED SO = g Xioa¥ior = (ST0)',
St = S (i1)? and SgF = S, L XiF (XF,). To this aim, jointly with the ac-

tual bootstrap errors ef = wé;, we consider the benchmark errors 51 = wyg; with asso-

ciated (infeasible) bootstrap data y;r =0 (t=0,..,k), Ayz = Zﬁ;lg_l ’yiaLi (t =k+

1,...,T) and yg = Z’;:k_ﬂ Ay;r (t =k+ 1,...,T). With AYﬁl = (Ayiﬁl,...,AyZ_k)' =
t—k—2 T T kt

Zg;r:o ’Yz':ki:erfifpwe define SIe: pr g yt 15ta 5(];5: pr iy AYt 15t]C (Sg(}e) 531 =

Dbkt AYtilyz—l = (510) =Y k+ly Zy and Sgo = k1 AY D 1<AYtT1) Let

P: denote probability conditlonal on the data and ep, and (\)p = OpT( ) in P-probability

mean that P:(|(-)r| > w) L 0asT — oo for every w > 0.

Lemma A.3 Let k3/T +1/k — 0 and ap Y70, 1 |8;] — 0 as T — oo. Then the following
r.v.’s are op, (1) in P-probability: (a) a;QISTE—SL:L (b) a}Q\SLE v (1 )Zt kH(ZS ht1 53)6t\

(¢) aT~4185 = Shl, (@) az”T 8] =7 (12 ik 2 (CTksa €01, () az®[STo(S50) 83,
(1) az?150550 S|, (9) ar”T=YSTo(Sbo) S8, (h) a7 TS50 S5 - As a consequence,
it holds in P-probability that

t—1 T t—1
Tt = T30 (3D S el + or, (1)
t=1 s=1 t=1 s=1

PrROOF. We give the proof for &5 = <}§ and Bk = Bk; the restricted case is analogous. The
proof uses some known magnitude orders like |3, — Byl = op(arast + k/2T~1) for e > 0
(see eqs. (A.2)-(A.4)) and ¢, = Op(T~") that hold under the assumptions of the lemma.
Let e, = &t + Z;’ikﬂ Biut—; so that Ay, = B;Xf_l + &4 under the null hypothesis.
From (&; —e1x)? < 2%%2_1 +2{(B), — Byx)’X¥ |}? and Lemma A.1 2(a,e) we find that
T

Z (&t —etn)® < 2&25{61 +2(By — Br) Sbo (B — Br) = Op(a{T + By — BelI*}),

t=k+1

T T
Yo E—a)? < 2 (Br—ew)’ +2S), = oplar), (A.6)
t=k+1 t=k+1
T T
67pi= D & < 207 +2) (& —e)” =Op(a}), (A7)
t=k+1 t=1
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where S],fp = ZtT:kH(ZfikH Biui—i)* = op(a?) by the proof of Lemma 3 of Cavaliere et al.
(2016) provided in the supplement thereof. Further, let 4; be defined by (1 — Zle 3,29 (14
Y21 4:2") = 1, where well-definition is guaranteed with P-probability approaching one. For
t=k+2,...,Tandt=1,...,t — k— 1, we obtain

_ i—1 i—1 i—1
Z — Et—i Z 7j)2 < 28— Etfi)2(z %’)2 + 25?—1‘{2(%’ - Vj)}Q
j= j=0 j=0 j=0
T—k—2 T—k—2
< 2(8-i — 5t—i)2( Z |’A}’j’)2 + 251‘,27@'( ﬁ/j - ’ijA-S)
j=0 J=1

k— k— k=2 |2 .
where Y7507 19 < 50 Iyl + X255y — gl and 355018 — 5l = op(1) as in
(S.4.14) of the supplement to Cavahere et al. (2016), so using (A.6),

t—k—1 i—1 1—1 T

L max i Aj—ai Yy v)*<0p(1) Y (Br—e)’+op (1) 0F = op(af). (A.9)
- =1 7=0 7=0 t=k+1

Regarding part (a), S, — 5’16 = 01 + o2 with 01 = Zt paa(EF — 61)3/:_1 and o9 =

Z?:k-{-Q 5I(y2“_1 - 92—1)- For expressions of the form o = Zt:k+2 weey Zi;’f_l wi—igri, where
(e, gi) are measurable transformations of |er| and the data, it holds that

t—k—1

Eio =0, Varyo = Z e? Z gz. (A.10)
t=k+2 i=1
To apply (A.10) to 012, we write y; | = ZS bl D0 F=ly v = Zt Rl e 123.;%) 4; and
Vi -yl = weE S0 — Emi im0 ) Then Eto1 =Ejo2 =0,

T t—k—1 i1 T—k—2 T
Varor = Y @2’ Y (A <ol Y W Y G- = op(ad),
t=hk+2 i=1 j=0 j=0 t=k+2
T t—k—1 i1 i—1
Variog = Z g2 (Et—i ) A — €t Z%’)Q < o2op(a%) = op(a})
t=k+2 =1 j=0 j=0

using (A.6), (A.7) and (A.9). This, and Chebyshev S inequality, proves item (a).

—k—2 _x
For part (b), let o3 := Sf_ — (1) 2 k+1(25 rrredel = X (T el i)l
It holds that Et o3 = ZtT:kH 25 F2(yx)2e2 . = = op(a}) by Markov’s inequality, since

for all n € [0, @),
[e.e]
E|Et 3" < T(E|ea|)? ) iyl = O(T).
i=0
Therefore, by Chebyshev’s inequality, a;2 lo3| = op, (1) in P-probability.

Next, 571 — S 1) = p1+py with p; = S k2 Y1 iy ?JZ 1) and py =Y k+2 yg (Y1 —
y;f_l) For an expression of the form p = Zt k+2{zt k=1 er 1alz —k— lwt,zgt,z,l} =
ZST,;:k+1 WeWies Zi:max(s,t)—l—l Qi—sGti—t, Where (es, a;,g:) are measurable functions of e
and the data, it holds that

2

T t—k—1 T-1 T
= Z Z €t—i@iGt—ii, vary p < 2 Z e2 Z Ai—sGti—t | - (A.11)
t=k+2 i=1 s,t=k+1 t=max(s,t)+1
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We find

T t—k-1 i1 i1 i1
|Etp1] = Z {ee—i( %’)(étfiz%'—gtfizw)}
t=k+2 i=1 =0 =0 =0
T—k—2 T t—k—1 i—1 i—1
< (Y b Y i(Bioi YA —ei D7)
7=0 t=k+2 i=1 j=0 7=0
T—k—2 T t—k-1 i i—1
(Cauchy-Schwartz) < ( Y1)k Z{ (&42%*&42%)2}1/2
Jj=0 t=k+2 =1 j=0 =0
T—k—2
< (Y horeop(Tar) = op(Ta7)
=0

using (A.9), and similarly, | Et po| < 3222, [v;1)orkop(Tar) = op(Ta%). Regarding variances,

T-1 T i—s—1 i—t—1 i—t—1 2
Varip; < 2 Z g2 Z ( ;) (&t Z Y — et Z ;)
s,t=k+1 i=max(s,t)+1 j=0 j=0 Jj=0
T—k—2 T-1 i—t—1 i—t—1
(Cauchy-Schwartz) < 2T( Z |'y] Z g2 £t Z Vj —Et Z ”Yj)z
j=0 st=k+1 i= t+1 j=0 j=0
T—k—2 T-1 T—k—2 T—k—2
of eq. (A8) < AT2( Y 1D* Y &G —e)’( D 1D +ei( Y] 15—l
7=0 s,t=k+1 j=0 J=0
T—k—2 T T—k—2 T—k—2
= AT2( Y W2t DD G- (Y D2+ Y] 1y — )2
Jj=0 t=k+1 7=0 j=1
= op(T%a7)
using (A.6) and (A.7), and analogously,
T—k—2 T T k—2 T—k—2
Varg p, <AT*( Y |yD)%07 4 D @ —a)®( Y. D2 +03( D> 1A —vl)? p = o(T?a7).
j=0 t=k+1 Jj=0 Jj=1

In part (d), p5 := S’L v (1)? Zt k+1(25 ftl el)? can be written as

t—k—2 t—

p3_z{2715tz1

t=k+2 =0 )

-2
v+ 2y (V))el_, 1)

M»

I
o
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As the sequence {7 + 27 (1)}; is bounded, there is an M < oo such that
2

T k— T k—
|ET 103| = Z Z 7 71 +27 )]Et i— < M Z Z Et i— 1|'71
=k+

t 2 =0 t=k+2 =0

t—k—2 t—

< MGTZ i1vil = Op(a?),
i=1
2
T
Varjpg < 2 Z 2e? Z VislVice—1 + 2y (1)]
st=k+1 t=max(s,t)+1
[e.o]
< oM? Z elel Zm < 2Mo7 (Y ilwl)* = Op(ap),
s,t=1 i=1

s0 ap?|ps| = Op, (1) in P-probability.

We proceed to SgO,SgE, SIO and the respective S*’s. Under the assumptions k3 /T +1/k —
0and ar ) 2, |8;] — 0, using the fact that 181, — Byl = op(arast +kY2T71) for e > 0, it
follows as in Lemma 3(a) of Cavaliere et al. (2016) that, in P-probability, (5’80)*1 exists with
PT—probability approaching one, )\max((Sgo)_l) =Op, (a7?) and likewise for S,. Additionally,
Amax(S3o) = Op, (a2"¢) in P-probability for all e > 0 since

T t—k—1 T t—k—1

! 2 ! § S B
Z Z Yi-1:kYi-1:65—i T Z Z Vic1kYic1k€i—i€i—j = M+ Ag,
t=k+1 =1 t=k+1i#j=1

where ||A1 — 02.5k]|2 = op(a%) as in the proof of Lemma 1(a) of Cavaliere et al. (2016),

80 Amax(A1) = Amax(023k) + op(a?) = Op(a%) because Amax(Xx) is bounded, whereas

[Az]l2 = op, (a axt) in P-probability for all € > 0 by Markov’s inequality, since
T t—k—1
B(E; [A2]*)"? < (2 Y > L P ] P 1 NP | PR -
s,t=k+14,j=14+max{s—t,0}
T t—k—2 T—k—2—max{i,j}
< 22®led™? Y Y il Pl > (R [ SN
t=k+1 ,j=0 s=max{—1i,—j}
t—k—2 T—k—2
< PEEEE S S el el S Tl
t=k+1 4,7=0 s=0
T—k—2 T—k—2
3 2
= 0 (X Il Y Ivanll™) = O (T?) = o(T?)
1=0 s=0

for n € [§, a) under k3/T — 0.
Using (A.10), for Sgg Zf k+1(2f7’f7172 1,65]; 1)5:[ we find that Ej Sgs = 0 and

Et ||S(];€H2 Zt k1 Sk k= Ye2 2|y 1l = = op(a2a3tc) for all € > 0, since, for 1 € [§, @),
o0 [e.e]
E(E; 0172 < TEleal)? Y Iviwll” < TRELea")? D Il
i=0 i=0
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Thus, PT(alzlaEI_&HSSsH > w) = op(1l) for all e,w > 0. Further, by the same argument
as given in the proof of Lemma 3(b) in the supplement to Cavaliere et al. (2016), under
k3T — 0 and ||B), — Bi|l = op(aras ™t + kY2771 for € > 0 it follows that

T-1

* k ~ _
1S5 = 1SS+ 11D AV XE) will2lIBy — Byl + op, (k7 aF)
t=k

in P-probability. Under these conditions, given the previous evaluation of HS(]; it follows

that

el

T-1
15511 = 11> A (XEY will2 1By — Byll + op, (k™" aF)
t=k
< Ml (TN (S5 B — Bill + o (k™" a3) = op, (k™' a7)

in P-probability, using the inequality || ZT ab}||3 < )\max(zt i atat) max(zzﬂ;kl b:b}) and
the magnitude orders )\max(Sgo) = Op, (a2T+6) in P-probability established previously and
Amax (Shy) = Op(aT) implied by Lemma A.1(a).

As Sh =S (i el i ) (i e Sk ), from (AL11) in & dimensions,

T k— T t—k—1
IELSHI = 1Y, >0 v 1k2vj||< S>> il Zm
=k+

t 2 =1 t=k+2 i=1

Z ”71 k” Z "yj < kUT Z ‘7] OP kaT)

t—k—1

IN

T—1 T i—t—1 )
Ey ||S(T)1||2 — | Ex 531”2 < 2 Z 5§53|| z Yi—s—1:k Z Vj||2 < 2k204T(Z ‘%")4
s,t=k+1 t=max(s,t)+1 j=0 Jj=0

= Op(k?a}).

Similar relations hold for S5, with &, 4, 1.4, ;5 c}?pk in place of, respectively, e, ;1.5 Vj5 U2T.
Hence, for every n € (0,1) there exist KZ,IN(n < oo such that P(PT(k:_la}2||Sgl|| > K,Jg) <
1) >1—nand P(P(k~"ap”(|S5]l > Ky) < n) > 1.

By combining the conclusions about S(];O, Sge and 5317 parts (e) and (g) follow, and
similarly, parts (f) and (h) from the conclusions about Sj,, Si. and S§;. Next, parts (a)-(h)
jointly with the weak convergence of the distribution of a}2 ZtT:k 41 <ZZ;}9 41 62)2 conditional
on e to the random distribution of [ §? conditional on {|AS(u)|},e(0,1) (proved similarly to
Lemma 1), it follows that

T t—1
* P
Pf(wk— Y (Y }1Z(Z€l)6i>n>—>0
t=k+1 s=k+1 t=k+1 s=k+1

for all n > 0. As max;—1,..  |e:| = Op,(ax) in P-probability and k3/T — 0, in the previous
display summations can start at 1, which completes the proof. B
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A.2.3 Concluding Results

PrROOF OF LEMMA 1. By Corollary 1 of LePage et al. (1997), we can consider a probability
space where I', U and 0 are defined together with {&;};cn distributed like {e;}sen, and such

that ap.! Z}Zﬂ &t — >0y 5iI‘;1/aH{UZ- < (+)} a.s. in D[0,1]. Without loss of generality, we
proceed as if {&;}en have this property themselves:

[T

oty e S () = iéiF;I/QH{Ui < ()} (A.12)
t=1 =1

in D[0, 1], and argue that on such a probability space it holds that

2 _yoo p-2/a
Bio F@n(en) £ | (e iy (A13)

for bounded and continuous real f, where E|.| denotes expectation under P . Then it follows
that on a general probability space convergence in (A.13) holds in the weak sense instead of
in probability.

For every K = 1,...,T, let ex be the K-th order statistic of {|g;|}]_;, and eg := co. By
the continuity on D[0, 1] of ordered jumps and their locations, and since {I';} is a.s. strictly
increasing in ¢, (A.12) implies that

|T"]
_ 5. ~1
e = ar Y eliegsial<en1y = OkTE L) (A.14)
t=1
in D[0,1]. For every K € N and T' > K, define gy  := el |>¢,} (t=1,...,T) and er i :=
(1K, - €7,K). As there are no ties in the order statistics of {|e;|}{_; , with P-probability
converging to one in P-probability, we find by direct calculation that Ej.| f(2v7(e7,kx)) equals

(Zthl i)’ — Ethl Ef,K) _ oK Z £ (Zfil biler,i|)? — Zfil 62T,i)
S eer)2ds el T JCE bileprsy cl)?ds
-1/« —2/a
i 9—K Z f((Zfil bil’; / )2 - Zfil L / )
S by Ty, <) 2ds
be{—1,1}K i=1 Vil {U;<s}
(8, il )2 — 5o e
S 5iFi_1/aH{Ui§s})2d5

for bounded and continuous real f, the convergence using (A.14) and the ’in probability’
CMT. It can be further established that

E\s\ f( +0P(1)

= E |/

)| U

lim limsupP { P, (|[yr(er) —vyr(erx)| >n) > w} — 0

K—oo T .00

and

K ¢p-l/ayva K p2/a o sprl/ey2 _ oo p-2/a
lim P {P <‘ (iz1 f{zfi —)l/a 2 im1 L oY) i;rz —)l/a 21 T 21 F,U> > w} — 0,
Ko S 60 <) 2ds JOZZL 0Ly <) ?ds
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for every n,w > 0, implying that

(X2, 61,2 -2 120
S22 5irfl/aﬂ{uigs})2d8

To establish (A.13), it remains to notice that (3°:°, 5¢F;1/Q)2 -2 F;Q/a = S(1)% -
S0 T =2 [8dS and [(X2, 6,1,/ I,<)2ds = [ S2.
Now we argue that for every ¢ € R,

P((/Sz)_l/SdS—c

It is known in the literature (see Jach and Kokoszka, 2004, p.78) that the distribution function

of the limit in (8) is continuous. Thus,
—1 -1
EP((/82> /SdSch,U>:P<</82> /Sdszc>:o.

Since the conditional probability is non-negative, (A.15) follows. B

A

Bl f(2vr(er) B B YU

F,U) =0 P-a.s. (A.15)

We show next that Theorem 4 is applicable to gr = R and g7 = R7}.

PROOF OF THEOREM 5. With Zp = {y:}1, g7 = Rr and g5 = R} and 7 defined in (17),
condition (i) of Theorem 4 is satisfied in view of Lemmas A.2 and A.3, and condition (ii), in
view of convergence (18), with ¢ equal to the limiting measure in (18). The convergence of
Ry in conditional distribution follows by combining Lemma A.2 and (18), whereas the weak
convergence of P*(R} < Rr) follows from (16) in Theorem 4. W

39



TABLE 1: EMPIRICAL SIZE OF THE UNIT ROOT TESTS

wild bootstrap m-out of-n sub-sample ADF
recoloured non-recoloured bootstrap
0 TR oF m o R o Ry op mp OF B ep mogn m
a= K=
—0.8 28.3 27.5 28.2 27.4 28.6 26.9 28.4 27.0 350 31.8 18.3 5.8 28.6 322 284 316
—0.5 7.3 6.7 5.2 5.0 5.3 5.1 4.6 5.0 11.7 6.1 4.2 0.7 7.4 8.1 7.1 7.9
0 5.4 4.9 5.3 4.9 54 5.1 5.3 4.9 6.8 4.8 34 0.5 5.3 6.8 5.2 6.6
0.5 5.1 5.1 5.0 4.1 5.0 4.4 4.6 4.1 5.8 4.0 3.6 0.4 4.6 6.0 4.5 5.8
0.8 3.8 3.4 4.0 3.4 3.9 3.6 3.9 3.4 4.9 3.2 3.7 0.3 3.9 5.2 3.8 5.0
a=2 k=12
—0.8 7.7 4.3 7.8 5.5 7.8 4.5 7.7 4.5 8.7 34 0.0 8.5 8.0 13.9 7.8 13.7
—0.5 5.7 2.9 5.8 3.7 5.9 3.8 5.7 3.6 5.7 3.2 0.0 6.7 6.2 11.7 6.0 11.5
0 5.5 3.0 5.8 3.7 5.9 4.0 5.7 3.8 5.1 3.7 0.0 7.3 6.0 12.3 59 12.0
0.5 5.5 3.1 5.7 3.9 5.8 4.1 5.9 4.0 5.1 4.0 0.0 7.6 6.1 124 6.0 12.2
0.8 5.3 3.0 5.5 3.7 5.6 3.9 5.6 3.8 4.9 3.7 0.0 7.3 5.9 12.0 5.8 11.8
a=17 k=4
—0.8 29.1 28.6 28.2 27.5 29.3 28.2 29.1 27.6 33.0 30.1 15.6 6.7 29.8 326 255 289
—0.5 7.5 6.0 7.2 6.1 6.4 6.1 5.6 6.1 9.9 61.1 15.3 1.1 7.4 8.4 54 6.8
0.5 5.3 4.8 5.4 5.0 5.3 4.9 5.4 5.0 6.1 4.3 2.9 0.8 6.2 7.2 4.4 5.7
0.5 4.4 3.9 4.6 3.8 44 4.0 4.5 4.1 5.8 3.6 2.9 0.8 5.4 6.4 3.8 5.0
0.8 3.6 3.0 3.8 3.2 3.6 3.1 3.6 3.3 4.3 3.0 2.9 0.8 4.5 5.6 3.2 4.2
a=17 k=12
—0.8 8.5 5.7 8.7 6.5 8.3 5.4 8.4 5.4 8.5 3.6 0.0 8.1 7.8 134 7.2 128
—0.5 6.1 3.6 6.3 4.6 6.1 4.3 6.1 4.3 5.5 3.3 0.0 6.9 59 11.3 54 10.9
0 5.9 3.9 6.1 4.5 6.0 4.6 6.1 4.5 5.0 3.9 0.0 7.2 6.0 11.5 5.6 11.1
0.5 6.0 3.9 6.2 4.3 6.2 4.6 6.3 4.7 4.9 4.1 0.0 7.1 6.2 11.6 5.8 11.1
0.8 5.9 3.8 6.0 4.3 6.0 4.4 6.1 4.4 4.6 3.8 0.0 6.9 59 11.2 5.4 10.8
a=15 k=4
—0.8 30.6 29.9 28.4 28.1 31.2 30.0 30.4 28.9 32.0 294 14.0 7.7 25.3 286 234 270
—0.5 6.4 5.6 7.3 5.8 6.3 5.8 5.6 5.8 10.2 4.0 2.8 1.2 5.4 6.9 6.4 6.2
0 5.0 4.4 5.1 4.6 4.9 4.5 5.1 4.6 5.7 4.0 2.2 0.8 4.4 5.7 3.9 5.1
0.5 4.3 3.4 4.6 3.7 4.0 3.9 4.1 3.6 5.0 3.4 2.3 0.8 4.2 5.0 3.1 4.4
0.8 3.0 2.5 3.1 2.7 3.0 2.5 3.1 2.6 4.0 2.7 2.3 0.7 3.2 4.2 2.8 3.7
a=15 kK=12
—0.8 8.1 6.0 8.5 6.6 7.9 5.3 8.3 5.5 7.2 3.3 0.1 6.8 7.9 13.0 59 11.1
—0.5 6.0 3.8 6.1 4.3 5.7 3.9 5.9 3.9 4.7 3.0 0.0 5.6 6.2 11.2 4.8 9.6
0 5.8 4.1 5.8 4.4 5.8 4.4 5.9 4.5 4.2 3.5 0.0 6.1 6.4 114 4.6 9.8
0.5 5.6 4.3 5.7 4.4 5.6 4.3 5.9 4.6 3.9 3.9 0.0 6.2 6.3 11.5 4.4 9.9
0.8 5.3 4.0 5.3 4.0 54 4.1 5.5 4.3 3.6 3.8 0.0 6.0 6.0 11.1 4.4 9.6
a= K=
—0.8 40.7 40.4 36.4 35.9 41.9 41.2 40.1 39.0 29.6  27.7 11.3 143 27.5 30.7 19.7 238
—0.5 6.9 5.9 8.4 6.7 7.2 6.9 7.7 7.2 9.2 38.5 2.2 3.3 6.9 8.2 3.9 5.6
0 5.5 5.0 6.1 5.6 5.4 5.1 6.0 5.5 5.4 4.3 1.8 2.7 5.8 7.1 3.1 4.7
0.5 4.2 3.7 5.8 4.9 5.2 3.6 4.4 3.9 5.2 3.6 1.7 2.5 5.0 6.2 3.0 4.1
0.8 2.9 2.3 2.9 2.4 2.5 2.1 2.7 2.3 3.8 2.8 1.7 2.3 4.3 5.4 2.2 3.5
a=1 k=12
—0.8 13.4 11.9 12.9 11.5 12.3 10.0 12.8 10.2 6.2 3.9 24 6.1 74 119 4.4 9.4
—0.5 7.7 6.6 7.8 6.4 6.7 5.1 7.1 5.6 4.1 3.8 1.2 5.2 6.2 104 3.6 8.3
0 7.5 6.4 7.4 6.2 6.8 5.4 7.3 5.9 3.8 4.3 1.4 5.5 64 11.2 3.8 8.7
0.5 7.6 6.6 7.3 6.0 6.7 5.6 7.4 6.0 3.7 4.6 1.2 5.8 6.6 11.2 3.7 9.0

0.8 7.0 6.2 6.7 5.5 6.0 5.0 6.7 5.3 3.5 4.5 0.7 5.6 6.3 10.8 3.6 8.7




TABLE 2: EMPIRICAL POWER OF THE UNIT RooT TESTS

wild bootstrap m-out of-n sub-sample ADF
recoloured non-recoloured bootstrap
0 TR of R o R o Ry o my of B W@ ®
a= K=
—0.8 95.9 95.3 95.8 95.4 95.7 94.8 95.9 95.0 97.4  96.1 82.5 434 96.3 976 96.1 97.5
—0.5 48.4 44.6 48.1 45.4 47.6 41.8 47.2 41.8 58.6  40.7 32.0 9.4 476 553 469 54.3
0 42.0 37.8 41.8 38.0 42.1 38.1 41.7 38.0 48.3 378 26.4 4.8 42.5 483 41.8 47.1
0.5 37.7 32.7 37.2 35.1 39.6 36.6 37.0 374 42.2 319 26.6 4.4 39.8 43,5 38.6 42.3
0.8 314 27.6 31.0 27.9 31.0 27.8 30.9 27.9 36.5 26.1 26.7 3.7 314 373 311 36.2
a=2 k=12
—0.8 45.6 32.5 46.1 37.3 45.4 31.0 45.4 31.1 49.6 25.1 0.0 49.1 46.6 66.2 46.1 65.5
—0.5 314 17.2 32.6 23.2 31.9 20.4 31.9 20.4 334 164 0.0 352 32.7 514 322 508
0 29.4 15.1 30.7 21.1 30.3 19.7 30.4 19.7 29.0 16.7 0.0 334 31.2 49.1 30.8 483
0.5 28.6 14.4 29.8 20.7 29.9 19.6 29.8 19.6 27.7 169 0.0 32.8 30.7 482 30.3 474
0.8 27.5 13.7 28.7 19.6 28.5 18.6 28.9 18.7 26.4 16.0 0.0 31.6 29.5 47.0 29.1 46.2
a=17 k=4
—0.8 96.1 95.8 95.7 95.4 96.0 95.3 959 953 97.9 97.2 80.0 48.8 97.9 99.0 964 98.1
—0.5 55.7 51.4 55.1 48.8 55.7 48.7 55.1 47.0 60.4 40.5 30.3 120 57.7 61.0 49.0 52.7
0 48.3 43.5 47.4 43.0 48.4 43.7 47.4 42.6 51.1 375 24.7 7.2 50.4 54.7 40.0 45.6
0.5 43.0 37.6 43.6 38.8 43.7 40.0 43.0 39.2 432 311 24.6 6.6 448 504 356 425
0.8 36.2 31.4 35.4 31.1 35.8 31.5 35.3 31.0 37.5 247 24.5 5.9 38.2 422 28.6 33.5
a=17 k=12
—0.8 52.5 39.8 51.7 41.9 51.3 36.4 50.7 36.1 51.7 24.0 0.1 473 474 684 448 66.6
—0.5 37.5 23.5 37.3 27.2 37.6 254 36.7 249 32.3  14.8 0.1 31.8 32.9 50.8 30.7 48.7
0 34.7 20.6 34.6 25.3 34.9 24.2 34.2 23.9 27.6 15.0 0.1 29.7 304 48.0 28.2 46.0
0.5 33.6 19.9 34.0 24.7 34.2 23.8 33.6 23.5 25.7 153 0.1 29.0 29.6 472 276 454
0.8 32.4 19.3 32.5 23.6 33.1 22.8 32.4 22.6 24.4  14.6 0.1 28.1 28.8 45.7 26.6 43.8
a=15 k=4
—0.8 95.9 95.9 95.4 95.4 95.8 95.2 95.6 95.3 97.9 97.6 78.7 554 97.1 986 964 98.1
—0.5 60.2 55.9 58.0 55.2 59.4 55.5  58.0  54.7 61.0 38.2 28.8 15.7 48.6 55.0 44.0 49.7
0 52.8 48.5 51.0 47.3 52.9 48.9 50.8 46.8 53.1 37.0 23.3 101 414 472 373 4238
0.5 47.8 42.4 45.6 42.4 48.2 43.9 45.3 44.8 449 30.3 23.0 9.8 374 431 326 378
0.8 40.8 36.4 39.0 34.8 40.1 36.2 38.9 34.5 37.9 23.6 22.8 7.9 30.2 347 265 31.2
a=15 kK=12
—0.8 56.9 44.6 55.8 45.8 55.2 40.2 546 399 51.9 243 0.4 46.0 54.3 73.0 43.8 67.0
—0.5 42.7 28.5 42.5 31.9 42.5 29.9 42.1 29.1 319 14.2 0.2 303 38.3 545 298 477
0 39.8 25.7 40.1 29.1 40.1 28.2 39.7 27.1 27.8 14.0 0.3 28.1 35.9 513 28.0 449
0.5 38.9 24.6 39.1 28.4 39.4 27.7 38.8 26.9 26.1 14.1 0.2 27.8 35.2 502 273 43.7
0.8 37.5 23.6 37.9 27.1 38.2 26.8 37.7 25.8 24.7 13.3 0.3 26.5 33.8 48.3 26.3 42.1
a = =4
—0.8 95.5 95.7 94.6 95.0 95.2 95.1 94.9  94.3 97.9 98.4 742 72.8 97.7 99.3 964 984
—0.5 72.9 70.2 70.8 67.5 71.9 69.1 69.8 65.0 66.6 41.1 26.1 33.7 63.3 726 38.2 40.7
0 67.5 63.9 64.7 61.4 67.5 64.4  64.5  60.8 61.2 38.6 20.8 26.8 59.4 63.9 30.1 35.1
0.5 64.9 58.6 61.4 58.1 63.5 61.8 60.7 58.3 50.2 29.2 204 239 52.5 547 28.1 322
0.8 55.6 51.2 52.4 48.3 54.0 49.9 51.8 47.3 39.1  19.7 20.0 21.0 39.1 406 204 234
a=1 k=12
—0.8 68.9 59.9 67.0 57.7 66.1 54.3 64.7 52.0 55.1 24.6 8.6 40.0 63.3 81.3 36.7 70.2
—0.5 57.9 46.3 56.2 45.6 56.3 44.7 54.5 41.7 29.5 11.8 6.5 24.8 38.3 59.0 252 404
0 55.1 42.8 53.5 42.8 54.5 43.0 52.3 40.2 24.8 11.3 7.5 221 35.6 519 235 372
0.5 54.6 41.9 53.1 42.3 54.1 42.7 51.9 40.0 23.5 11.7 6.2 23.1 34.9 50.1 23.3 36.5
0.8 53.2 40.6 51.8 41.0 53.1 41.6 51.0 39.1 221 11.1 6.7 20.1 334 474 224 346
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