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Durable Capital Inputs: Conditions for Prices Ratios to be Invariant

to Profit-Rate Changes. A Comment on' Professor Samuelson.

In a recent issue of this Journal, Professor Samuelson (1983) pro-
vided necessary and sufficient conditions for relative prices to be in-
variant to profit rate changes when production is carried out in a mo-
del of the Leontief-Sraffa type using durable capital which depreciates
exponentially. Accordiﬁg to this criterion, relative prices do not chan-
ge when the rate of profit changes if and only if capital-labour ratio
is uniform in all industries.

Professor Samuelson considers this condition surprisingly simple
and neQ if compared to the assumption of uniform "organic composition
of capital" which would assure the invariance of relative prices only
in models of circulating capital. Moreover he maintains that conditions
for relative price invariance become much more restrictive under depre-
ciation schedules for durable commodities which are age-depending and
therefore more complex than the exponential one; and in these general
cases, Samuelson's analysis shows that the Sraffian Standard Commodity
does not exist.

In this note we intend to prove that the uniform capital intensity
assumption is»a general condition for relative prices to be invariant
both in models with circulating capital only and in fixed capital mo-
dels irrespective of machine-depreciation schedules.

Moreover we shall prove that in fixed capital models the Standard
Commodity exists and that it shows all the properties which Sraffa a-
scribed to it even if durable capital depreciation schedules are quite

general.

1. Durable capital inputs and joint production

"When some inputs are durable, we are in the domain of joint pro-



ducts. Direct labor, working with leather and a new hammer, produces
shoes and a used hammer"l. It is really surprising that, after such an
assertion, Samuelson's analysis eventually eliminates joint production
reducing the qualitative process of ageing and wearing of machines to

a quantitative process of physical shrinking of durable commodities
Since we think that an old machine is a commodity qualitatively diffe-
rent from a new one and not a new machine of reduced size, in this note
we shall follow the Sraffian tradition and treat explicitly the durable
instruments, obtained by the production processy.;as joint products.

Let us therefore consider an n-sector model of the Leontief-Sraffa
type and let us suppose that the last industry uses in its own produc-
tion a durable instrument, for instance, the commodity produced by the
first industrys. Accordingly, the n.th industry must be regarded as be-
ing subdivided into as many separate activities as are the years of the
total life of the instrument in question. Each activity will produce a
certain quantity of the n.th commodity and, jointly, the instrument one
year older than the one which it uses:

To avoid difficulties due to the presence of general forms of joint
production, we shall suppose that the aged machines are not marketable
commodities, thét is to say they are not used in sectors different from
those which produce them and no residual scrap survives out of the pro-
cess using the machine in the last year of its working life.

Let T be the age of the machine in its last year of po%ential utili-
zation, a‘j=[a‘3} and b‘j:=[b‘3] (i=1,2,...,n; j=1,2,...,n+T) be the vec-.
tors whose components measure respectively the inputs and outputs of
marketable commodities in the j.th productive activity and let an (3=
1,2,...,n+T) be the corresponding labour requirements. Obviously the u-
se of the first commodity will be zero everywhere except in the n.th ac-
tivity -the first of the n.th industry- since only this activity uses
the durable instrument when it is new.

If we denote by m (s=0,1,...,T) the s-years-old machines, the pro-
s

duction structure of the model with durable instruments may be represen-



ted as follows:
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In the pages that follow, we shall Subpose, to siplify notations, that
the economy is stationary so that mo=m1=...=mTém.
As a matter of fact, A and B are square matrices, since for every

additional year of employment of the machine we add one activity and o

one additional commodity -the used machine of corresponding age-.

<

The competitive price vector p corresponding to the productive struc—

ture (1) is the solution of the following system of equations
pB = (l+r)pA + way, (2)
that is to say
p = wa [B—(l+r)A]_l (3)
0

As it was proved, if technique (1) is viable, then there exists a posi-
tive value r* of the profit rate such that for re[o,r*) solution (3)
shows positive values for the marketable comﬁoditiesS. The possible pre-
sence of negative prices for used machines means that the working life

for the machine is not the most profitable..If we assume that it is pos-

(1)
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sible to truncate the working life of the machine before the limit of
its technical life without additional costs, then it is profitable to
reduce conveniently the working life of the durable instrument obtai-
ning a higher real wage at the prefixed value of the rate of profit. As-
sociated with the most profitable working life of the machine we find
positive prices for all commodities.

Hence it is obvious that the most profitable working life of the

machine depends, in general, on the value of the rate of profit.

2. Conditions for relative prices to be invariant to profit rate chan-

ges

If we assume as numéraire the price, for instance, of the n.th com-
modity so that prices and the wage rate are expressed as a command on
this good, the law of variation in relative prices when the rate of pro-

fit changes will be synthesized by the following system of relations

d (n) 4 (n) -1 (n) -1 -1
=P = aO[B-(l-r)A] W ao[B-(l-r)A] A[B-(l-r)A] = (4)
a -1
= (a; w(n)aO + p(n)A)[B—(l—r)A]

6
Since [ﬁ—(1+r)ﬁJ is non singular for re[O,r*) , a necessary and suffi-
cient condition for relative prices to be invariant to profit rate chan-

ges is that
—— W a +p A =20 (5)

If the real wage is uniform in all sectors, as we have assumed, then
(5) implies that vectors ao of labour requirements and p(n)A, whose com-
ponents measure the value of capital in each production activity, are
proportional.

Accordingly, relative prices appear to be invariant to profit rate
changes if and only if capital intensity is uniform in all productive

activities. In this case the slope of the w-r relationship will measure

i
the common value of the sectoral capital-labour ratio. Denoting by A
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and a__ the i.th column of A and the corresponding component of vector
ao respectively, from (5) we have

d (n)_ _ p(n)Ai

dr a_.
0i

(i=1,2,...,n+T)

Condition (5) is indipendent of the structure of matrix B and there-—
fore it holds also in the case of circulating capital models.

Obviously, if the distributive variables are uniform, uniform capi-
tal-labour condition and uniform organic composition of production are
quite equivalent assumptions. If relative prices are invariant, they
are proportional to the '"quantity of labour" embodied in the different
commodities. Hence it follows that capital-labour ratio and dead-to-li-

ﬁﬁﬁ)

ve labourfare equal and, consequently, that uniformity both of capital
intensity and of organic composition are equivalent assumptions

If 4 >0 measures the uniform rate of capital intensity, it will re-

(n) 8

sult p Ago(ao. From (2) we shall have

-1
[(l+r)d +w(n)]aoB = p(n)

-1 n .
Then (l+r*)¢aoB =,p( )(r*) will satisfy the following set of relations

(1-r*) aOB—l[B—( l+r'*)A] =0
or,

-1 -1
* _ _
(14r*) aOB [I (1+r*)AB ]_ 0

In other words aOB—l happens to be the left eigenvector of matrix AB
associated to r*.

If we read a B—l as the vector of labour coefficients, the formal
analogy of thése results with those of the models with circulating capi-

tal only is:clear.

3. On the depreciation schedule of machines

.. The price system (2) was formulated without making restrictive as-
sumptions on the dynamics with which the machine gradually exhausts it-
self from period to period. Such a dynamics may assume very complex forms

that in general depend.on the age of the durable instruments and are re-—



lated to non proportional and even non monotonic behaviours in the use
of commodities and labour for unit production. In general, therefore,
the degree of machine efficiency in different years of use will not be
definable in physical terms. In the logic of joint production efficien-
¢y and prices of aged machines are in fact obtained as solution of the
whole price system. They implicitly define a schedule of the annual al-
lowances for depreciation which allows a uniform price for the commodi-
ty produced with the use of durable instruments in their different ages
and a uniform rate of profit in these activities. The pattern of change:.
in value of a machine has, except for very special cases, nothing to do
with the idea of a physical law of change in its efficiency. In fact,
prices of old machines depend in general on income distribution and they
modify themselves when profit rate changes so as to lead even to rever-
sals in their depreciétion scheduleg;

As we have already noticed, the law of depreciation of the machine
would be a priori- identifiable, at least in its direction, if for in-
stance production,coming out from a‘single machine, should change with
constant physical inputs of circulating capital and labour for unit of
production. If we want that the depreciation law of the machine be a pri-
ori defined in its intensity besides being in its direction, then we ha-
ve to assume that the working life of the machine is endless. On the -
contrary the depreciation intensify will depend, in general, on the wor-
king life and the rate of profit.

Consider,wfor instance, the case in which the efficiency of a machi-

as decreating

ne is definible/fﬁnﬁﬁ§§{;al terms at a constant rate 0¢6<1 with a maxi-
mum working life of T years. If for convenience we denote by the compo-
nents of vector E the prices of non durable marketable commodities and
by pnS the price of the machine when it is s years oldlo, the price e-
quations for the activities using the durable instrument_may be written
as follows: )

~ N ~ N+S

+S
~(1 - wa = —_ m = 6
pb (1+r)pa v O,n+s [rpns * (pns pn,s+1)] (6)

s
= (1-% - ] =0,1,...,T; =0
( ) [rpn0+(pn0 pnl) m ' (s pn,T+l )



From (6), we have
p_/p_ [(1 §)°- (1+r)s'(-l——s T”J/ 1 (E—S)T”] (s=0,1,...,T) (7)
ns

(7) shows, exactly, how the law of depreciation depends on the rate of
profit and on the working life of the machine even in the very simple
case .we are considering. Only if the working life of the machine is end-
less, the law of depreciation reproduces the law of change in efficien-
y. From (7) we have in fact
' s
lim p ./p = (l—g) (s=0,1,...,T)
nl " nO .

Ty 00
This is the case of exponential depreciation examined by Professor Sa=

muelson

The case in which the law of depreciation is indipendent of the ra-
te of profit, even though a physical law of change of its efficiency is
not necessarily defined, is one in which capital intensity is uniform
in all productive activities. As we have in fact seen, in this case, re-
lative prices are invariant to the profit rate and so is, consequently,
the law of depreciation of the durable instrument.

Obviously it may happen that, for the maximum value of the rate of
profit, it is not profitable to use the durable instrument up to the 1li-
mit T of its physical life. In this case the prices of the old machines,
which should be eliminated, will be negative and, consequently, will be
negative also the corresponding components of vector aOB—l 2. The adjust-
ment of the most profitable working life ©f the machine to the rate of
profit will modify, in general, the productive structure of the system
and, accordingly, the condition of uniform capital intensity will fail.

From this point of view we may assert that conditions of invariance

of relative prices in fixed capital models depend on profit rate.

4, Fixed capital and Standard Commodity.

With regard to the fixed capital techniqﬁé under examination, let
us consider the following system of relations:
(1+g) Ax=Bx (8)

It was proved that, if all marketable commodities are basic in the



éfaffian sense, (8) possesses, for g=r*, a solution x*)-O.13 Such a
(column) vector can be interpreted as the set of sectoral multipliers
which make the output structure equal to the input structure. This

is the characteristic of the Sraffian standard commodity and system (8)
can be assimilated to the corresponding standard system. Obviously
whenever the price of x* is adopted as numéraire for prices and the
wage rate, the relationship between the distributive variables is
linear. In fact, setting p(r)(B-A)x*=1 and agx*=1, from (2) we have
rpAx*+w=1. Since from (8) we obtain r*pAx*=1, it follows that the re-
lation between r and w is linear.

There is therefore an essential parallelism wifh the case of
production with circulating capital only. As a matter of fact the
symmetry would be complete if a working life of the machine extended
up to the limit of the technical life -T years- were the most profita-
ble for all admissible values of the rate of profit. But this condi-
tion does not hold in general and this fact is pointed out, as we
have'already seen, by the presence of negative prices for old machines.
The consequent bossible change in the working life of the machine
will lead to alternative technical configurations which will assure
positive prices within those specific ranges of the profit rate for
which such truncations are the most profitable. The process of profi-
table choice in the working life of the durable instrument leads
therefore to a whole technology which, as usually happens; cannot
provide us with a unique standard commodity but with a whole set -of
standard commodities, one for each productive structure referriné
to specific working life of the machine ifself. For each single
productive configuration the corresponding standard commodity will
lead to a linear relationship between r and w if its price is use@

as numéraire.



5. Why results differ

14
By an operation of 'vertical integration' in a temporal sense ,

we can replace the set of activities employing the machine in its
various years of age by a fictious industry which is a weighted
average of the original activities. The weights for making up this
assembled industry are suitable powers of the factor of profit. It
Aallows formally to eliminate the joint production component and
bring the analysis back to the forms of single production.

Professor Samuelson uses implicitly this expedient &n dealing
with durable instruments as it is evident in section 9 of his paper1
This device, otherwise useful, is inconvenient for the problem of
price invariance. If we impose, as Professor Samuelson does, the
condition of uniform capital intensity looking at the system emboding
the temporallyintegrated version of the mechanized industry, the condi-
tion becomes generally rate-of-profit dgpendent in the sense that
the common Qalue of the capital intensity changes when the rate of
‘profit changes. This implies that prices canﬁot be constant and the
wage-profit relationship cannot be linear. On the contrary, if we
assume that capital intensity is uniform in each separafe activity
of the mechanized industry, the temporally integrated industry
too has the same capital intensity irrespective of the weights used
in assembling it.

Similar coﬁsequences appear for the Standard Commodity. wWhen
it is used in the temporally integrated system it has to face an
"integrated techniqug" which is continuously moving with the rate
of profit: no wonder that it cannot keep its characteristics. If
we analyze the model in its spread version no substantial trouble
erises. )

From this point of view, the case of expohéntial depreciation
is very peculiar. If we look at equation (6) in section 3 and remem-
ber that in this case we haiéf ;:\'pﬁ‘s =(1-§ )Spno, we have that all

the price equationsof the mechanized activities are identical so that
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the temporally integrated industry reproduces the same characteristics
of each single component. Imposing the uniform capital intensity
assumption on the integrated or on the spread mechanized industry

leads, in this case, to the same result.

6. Some final remarks

We can now say that, for each working life of the machine, the pre-
sence of durable means of production does not affect the condition
assuring the invariance of relative prices to profit rate changes that
is to say the uniformity of the capital-labour ratio in all activi-
ties. Such a condition is quite general and it is independent of any
assumption on the law of depreciation of the machine or on the law
of change in its physical efficiency. Moreover, for each given working
life of the machine, a standard commodity exists and it possesses all
the characteristics that the Sraffian analysis attributes to it.

Whether any difficultiesiarise, they are due to the fact that
the most profitable yorking life of the machine is not in general
a technical datum bu£ it is endogenously determineded by the price
mechanism and, like prices, it depends on the rate of profit. So
we are faced by a set of technical alternatives characterized by a
different working life of the machine, the: choice of which depends
on the rate of profit.16 Apart from some more or less interesting
cases-including_exponential depreciation -the technical life of the
machine may hot necessarély be a remarkable parameter from an eco-
nomic point of vie@.

But we cannot deduce that the assumption of uniform capital
intensity is not a general condition for relative prices invariance.
What may be asserted is that if in passing from a steady state to
another one, characterized by a different prof%? rate, the most pro-
fitable working life of the ma6hine had to change, the corresponding

technical change will not in general allow to preserve the conditions
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for possibly uniform capital intensity.l7 Consequently, the wage-profit
relationships corresponding to the most profitable working lives of
the machine cannot be all linearized by using a common standard of value.
A similar result is obtained for the Standard Commodity. It chan-
ges with the working life of the machine and, therefore, with the rate
of profit. The value of one of these standard commodities cannot be
assumed as a common numéraire to linearize ‘the wage-profit relationships
corresponding to different working lives.
By the way, let us make a further point. It may be worth to point
out that in the presence of many means of production linearity in
each wage profit relationship is a necessary but in general not a suffi-
cient condition to realize the conditions suitable for global price-ratio
invariance.18 It is in fact necessary that the outermost contour of
the wage-profits relationships be.an economically efficient locus. Only
in this case at the switching points prices in terms of wage of the
involved techniques are equal. As the ass;mptioh of uniform capital in-
tensity requires prices to be proportional to the vector of unit labor
requirements and this one to be left eigenvector of the matrix of techni-
cal poefficients, it is necessary that the techniques inQolvedAin the
constructioﬁ of the wage-profit frontier have the same left eigenvector
and therefore the same structure in the unit employment of labour.
This makes the conditions for a correct aggregation of fhe technology

even more difficult.

. A numerical example

Let us consider the case in which a machine (commodity 1) is
produced by using labor and circulating capital and this one (commodity 2)
is produced by using itself, labor and the machine which has a technical

life of 3 years. The industry of circulating capital is therefore
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subdivided into 3 separate activities using the machine in its different

ages. Let the input-output structure be as follows:

r

0 1 0 Ou 1 0 0 0
0.6496 0.5 0.4 0.5 0 1 1 1
A= B=
0 0 1 0 0 1 0 0
| O 0 0 1 0 0 1 OJ

ao=[0.649§ 1.312 1.04 0.8]

The efficiency of the machine is certainly increasing from the first to
the second year of use but its change when the machineﬂpasses from the
second to the third year of employment is not determined in physical
terms.

It is easy to verify that A=0.8 is the only positive root of
|A\B-a|=0 and tnat aos'l=[o.6496 0.8 0.512 0.24] satisfies for A=0.8

-1
a B [X8-a]-0.
The conditions assuring that capital intensity is uniform are therefore
satisfied. Accordingly, the prices of the machines, in terms of commo-
dity 2, will result to be constant even if the depreciation schedule is
not of the expo;ential type. They afé‘pno=0.812, pnl=0.64 and pn2=0.3.

Obviously the relationship betweep the distributive variables is
linear. We have-in fact

w=0.25-r
The corresponding Standard Commodity is the column vector

x*=[1 0.8 o0.64 o0.512].
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Footnotes

See Samuelson (1983) p. 2.

This is a recurrent attitude in Samueison's economic view. See, in
fact, Dorfman, Samuelson, Solow (1958) p. 383.

We assume‘that only one.industry is mechanized to make exposition
simpler.

As a matter of fact Professor Samuelson considers a price system

with advanced wage. Following Sraffa analysis we prefer here to con
sider wage as paid post factum. Conditions about relative price in-
variance are however the same. If we denote by P the price vector with

advanced wage, we have

-1
B = (Ler)wa [B-(1+r)A] ™ = (1+r)p

In terms of the i.th commodity, we have therefore
(0 () '

See, for instance, Baldone (1980), Schefold (1980) and Varri (1980)

in Pasinetti (1980)

r* corrgsponds to the minimum positive root of ]B—(l+r)Al= 0.

If the technique is viable, then for re [O,r*) there are no other

singularities for matrix [B—(1+r)A]. Obviously since B is non diagonal,

for such values of the rate of prﬁfit [B-—(l+r‘)A]_l will show some

“ﬁégative;onmpénents.

If we denote by v the vecfor of labour-values and by w=vb the value of

the physical wage, the organic composition of capital of the i.th

sector may be written as follows:

i i
(vA1+vbaOi)/vbaoi = VA /vbaOi + 1

If vb is uniform and so must be the organic composition, then
vAi/aOi too is uniform. This implies the uniformity of the capital-
labour ratio and vice versa.

As it is easy to verify, the technical structure we are examining

is such that B is non singular.
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(9) See Baldone (1980) §15.

(10) Obviously we have p=[p ? P . p
: n0 n

177" TnT

(11) It may be worth to stress that it is the price of the machine and not
the machine to reduce itself, even if, from a quantitative point of
view, the two phenomena may be considered equivalent.

(12%,If the capital intensity is uniform, we have in fact p(r*){-aOB_

(13) See Baldone (1980) §12.

(14) See, for instance, Sraffa (1980)ch. X.

(15) See Samuelson (1983) eq. (9.2) and following.

(16) This problem is quite similar.to the choice of the most profitable
technique in the case of production with circulating capital only,with
all thé phénomena associated to it included the possibility of

the reswitching of a same truncation.

(17) This may happen if the commodity produced by the durable instrument
" is a pure consumption good.

(18) See Samuelson (1983) § 6.

(19) On this point, see Baldone (1982),
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