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A Nonlinear Dynamic Model for Performance
Analysis of Large-Signal Amplifiers in
Communication Systems

Domenico Mirri, Fabio Filicori, Gaetano Iuculano, and Gaetano Pasini

Abstract—A new nonlinear dynamic model of large-signal am-
plifiers based on a Volterra-like integral series expansion is de-
scribed. The new Volterra-like series is specially oriented to the
modeling of nonlinear communication circuits, since it is expressed
in terms of dynamic deviations of the complex modulation envelope
of the input signal. The proposed model represents a generaliza-
tion, to nonlinear systems with memory, of the widely-used ampli-
tude/amplitude (AM/AM) and amplitude/phase (AM/PM) conver-
sion characteristics, which are based on the assumption of a prac-
tically memoryless behavior. A measurement procedure for the ex-
perimental characterization of the proposed model is also outlined.

Index Terms—Communication systems, large-signal amplifiers,
modeling approach, modified Volterra integral series, nonlinear
dynamic systems.

I. INTRODUCTION

HARACTERIZATION and modeling of large-signal
C amplifiers is of basic importance in the design of com-
munications systems. In fact, power amplifiers are among the
most critical components in system design, owing to the need
for optimal tradeoffs between different requirements, such as
linearity, output power, bandwidth, power-added efficiency,
etc. In particular, for correct performance analysis of commu-
nication systems, accurate prediction of nonlinear distortion
and bandwidth limitations is strictly needed. At present,
communication system design is based on the well-known am-
plitude/amplitude (AM/AM) and amplitude/phase (AM/PM)
amplifier input/output characteristics, which enable the predic-
tion of large-signal performance only in the presence of strictly
narrow-band modulated signals. However, in many cases,
modern communication systems involve modulated signals
whose bandwidths are far from negligible with respect to the
dynamic capabilities of the amplifiers, especially when these
also include internal devices for distortion reduction through
compensation of the nonlinear conversion characteristics. In
such cases, a more complex nonlinear dynamic model, which
takes into account the amplifier distortion, due to both the
large amplitude and the large bandwidth of the input signal,
is needed. To this aim, a special-purpose nonlinear modeling
approach is proposed. It is based on a modified Volterra-like
integral series expansion [1]—[5] which has also been expressed
in a particular form specially oriented to nonlinear systems
operating with modulated signals [6].
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II. NONLINEAR DYNAMIC MODEL

We assume that the output u(t) of the large-signal amplifier
can be expressed as a generic functional! F|[-]| of the input
signal s(¢) which, according to the line-function symbolism [1],
can be expressed in the following form:

[s(ﬁﬂ)} ‘ . )

0

u(t) =F

This equation simply means that the amplifier output u(¢) de-
pends linearly or nonlinearly on the values of s(t — 7) over a
sufficiently large “memory interval” (0 < 7 < Tg) around the
instant ¢ at which the output is evaluated. In all cases of prac-
tical interest, the input signal s(¢ — ), for any shift 7, can be
described as a single carrier? with generic amplitude |a(t — 7)]
and phase Za(t — 7) modulations with respect to 7 in the fol-
lowing form:

s(t =) =2Re [a(t - 1)l (7]

+1
=la(t — )| Y et Lan] (g

i=—1

i£0

where a(t — 7) is the equivalent complex modulation envelope
a(t —7) = la(t — 7)] 4ot 3)

and fo the associated equivalent carrier frequency. On the basis
of (2), (3), the amplifier response can be conveniently described
by a Volterra-like integral series expansion [2], [3] in terms of
the dynamic deviations of the signal s(¢ — 7) with respect to a
convenient reference signal §(¢, 7)

e(t,7) =s(t—7) — 5(t,7) )

with e(t,0) = 0. In this case, the reference signal is selected as
an equivalent sinusoid with respect to 7

i(t,7) = 2Re [a(t)eﬂﬂfo(t—ﬂ]

+1
= |a(t)] Z oJi[2m fo(t=7)+La(t)] )

i=—1
i#£0
IA functional is a real-valued function whose domain is a set of real functions.
A simple example of a functional, on the set of integrable real functions defined
on a prefixed domain D, is the integral on D.
2This is assuming that a single carrier with a generic modulation is not a strong
limitation, since any multicarrier bandpass signal can be described as an equiv-
alent single-carrier signal with appropriate amplitude and phase modulations.

0018-9456/04$20.00 © 2004 IEEE



342 IEEE TRANSACTIONS ON INSTRUMENTATION AND MEASUREMENT, VOL. 53, NO. 2, APRIL 2004

whose amplitude and phase coincide with that of the input signal
at the instant ¢ at which the output u(¢) is evaluated; in fact,
§(t,0) = s(t). Therefore, we can write

e(t,7) = 2Re {[a(t — 1) — a(t)] ei%fo(t*ﬂ} . ®)

By introducing the dynamic deviation e(t,T) (4), (1) can be
rewritten as follows:

u(t) =F

|: +Tp

87+ et T)] ‘ . )

By expressing the functional of the two functions through a
convenient series (see Appendix A), on the hypothesis that the
bandwidth of the complex modulation envelope is so small as
to make the product of the amplitude of the dynamic deviations
e(t, ;) for each 7; almost negligible in practice and by consid-
ering only the spectral components of the output signal compo-
nent within the operating bandwidth u 5 (t) centred around fj, it
can be shown that the output signal can be expressed as follows
[see (A28)]:

up(t) = 2Re [ a(t) H (fo, |a(1)])]

r +Tp
+ 2Re |27 ot / hi(71)
L 0
x [a(t — 1) — a(t)] e 72" dr ]
r +Tg
1 2Re |2t / a1 (1, for la(t)])
L 0
x [a(t — 1) — a(t)] e 20T d 7]
r +TB
4 2Re [eZmht? (1) / g3 (71, fo la(t)])
L 0

X [a*(t — 1) — a™(1)] ej%fondﬁ] . (8

According to this equation, the “in-band” output signal ug(t)
can be computed as the sum of different terms. The first term
represents the nonlinear memoryless contribution; the second
represents the purely dynamic linear contribution and the last
two the purely dynamic nonlinear contributions. The dynamic
contributions are evaluated through a convolution integral ex-
pressed in terms of the dynamic deviations of the complex mod-
ulation envelope of the input signal (6). In particular, when the
input signal is a nonmodulated signal carrier, i.e., a(t) is a con-
stant, according to (6), each dynamic deviation is identically
zero so that the corresponding output in (8) is given only by
the first term. It can be easily shown that the amplitude and
the phase of H( fo, |a(t)|) simply correspond to the well-known
and widely-used AM/AM and AM/PM amplifier characteris-
tics. This means, in practice, that the AM/AM and AM/PM

plots, which are the only data normally provided to charac-
terize the large-signal amplifier response, simply represent a
zero-order approximation with respect to the dynamic devia-
tions of the complex modulation envelope a(t), of the system
behavior. Thus, in the presence of modulated signals, the com-
monly used AM/AM and AM/PM amplifier characterization is
sufficiently accurate only when the bandwidth of the complex
modulation envelope a(t) is so small as to make the amplitude
of the dynamic deviations a(¢t — 7;) — a(t) for each ; almost
negligible in practice. This constraint cannot be met in many
practical cases, when dealing with large bandwidth modulated
signals. In such conditions, for better accuracy, the generalized
“black-box” modeling approach defined by (8) can be used, by
taking into account more terms of the functional series expan-
sion. In fact, even if the series has been truncated to the first
order term (n = 1), considerable improvement in accuracy is
achieved with respect to the “coarser” zero order approxima-
tion of the conventional AM/AM and AM/PM characteristics
alone. In particular, the in-band output signal u(t) can also be
expressed, according to (8), in terms of the equivalent output
complex demodulation envelope b(t) in the following form:

up(t) = 2Re [b(t)el? ] ©)
where
b(t) =a(t)H (fo, |a(t)])
+Tp
+ hi(71) [a(t — 1) — a(t)] e i2mforigry
/
+Tp
+ g1 (11, fo, |a(t)])
/ |
x la(t — 1) — a(t)] e 3201 dr
+TB
+a®(t) [ g5 (11, fo,la(t)])
/

X [a*(t — 1) — a*(t)] 2™ dry. (10)

By considering a discrete spectrum modulating signal, the cor-
responding complex modulation envelope a(t) can be expressed
in the following form:

a(t) = C+ Y Crel™! (11)
k

whose modulus is given by (12), as shown at the bottom of page.
Therefore, the difference a(t — 71) — a(t) can be written as
follows:

a(t _ Tl) _ a(t) — cheJQWVk-t(e_jQWVkTI _ 1)_ (13)
k

O +

k

E CkejZ'/rw.t

2
+ 2Re

x> Ckejzm’kt] (12)

k
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By substituting into (10), we obtain

b(t) = a(t)H (fo, a(t)])+)_Cre*m!

k
+Tp
X / hl (Tl) [e—jZm/k T 1] e—j27rf0'rl dT1
0
+chej27ﬂ/kt
k
+Ts

X /gl(ﬁ;fm|0L(t)|)[e_j27”"'71—l]e_ﬂ”foﬁ(j[T1
0

+ (l2 (t)zc;:e—j%wkt

k
+Tp
X / 95(11, fo, la(®)]) [eﬂ””m —1]ej27rf071d7'1. (14)
0

Let us introduce the following incremental frequency functions,
that is

Hq(fo + vr, fo)
+Tp
_ / i (7p) (32T

0
G1 (fo + vk, fo,|a(t)])

+Tgs

= [ e e -y
0
x e 127 foTid

Ga (fo + vk, fo, |a(t)|)
+Tp
- / g2 (1, fou la(B)]) (7327 1)

0
x e 32mfomid

— e omdr  (15)

(16)

(I7)
Obviously, we verify that

ulkiE}OHl(fO + vg, fO)
= lim, Ga (fo-+ v, fo )
= Vlkigo Go (f() + Vg, fO: |a(t)|)

=0. (18)

If we introduce these equations into (14), this last can be
rewritten as follows:

b(t) = a(t)H(fo, |a(t)])
+ZCk€jZWthH1(f0+I/k)
k

+20keﬂw’“t01(f0+l/k7 fo la(t)])
%

+a’(t)) Cre PGS (fot vk, fo, la(t)]) - (19)
k
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Some particular situations can be considered. First, when con-
sidering a low frequency modulating signal (i.e., the v s are suf-
ficiently small), according to (18), the large-signal model of (19)
becomes

b(t) = a(t)H (fo, |a(®)]) -

This shows that the term H (fo, |a(t)|) alone completely de-
scribes the large-signal amplifier response when the bandwidth
of the modulating signal is relatively small. It can be noted
that the term H(fo,|a(t)|)a(t) corresponds to the well-known
quasistatic amplifier characterization based on the AM/AM,
AM/PM conversion plots. However, (20) also shows that only
using the AM/AM and AM/PM conversion characteristics [i.e.,
only the term H(fo, |a(t)|)a(t)] in order to predict the large
signal amplifier response under wide-band modulating signals
can lead to inaccurate results, since in such conditions, the con-
tribution of the other three terms in (19) is no more negligible.
In particular, the second term Y, Cjed*™ ' Hy( fo + v,) alone
can take into account the amplifier dynamics with wide-band
modulating signals, but only when the amplitude of the signal
s(t), or equivalently |a(t)], is sufficiently small. In fact, for
small |a(t)|, the contributions of the last two summation terms
in (19) become negligible, according to (A16), (A23), and
(A24), with respect to the first two terms. Thus, for small s(t),
or equivalently small |a(t)[, (19) becomes

(20)

b(t) = a(t)Hss(fo) + > Cre™ ™ Hy(fo+vi)  (21)
A
where
Hss(fo) = H(fo,0) (22)

is the small-signal amplifier transfer function at the carrier fre-
quency fo, while Hy (fo + vy ) clearly represents the difference
between the values taken by the amplifier small-signal transfer
function at the frequencies fy + vx and fy, respectively. The
term H (fo+v4) can be easily measured under small-signal op-
erating conditions by using conventional signal generators and
vector voltmeters. However, when wide-band large-amplitude
modulated signals have to be dealt-with also the last two terms
of (19) must be taken into account. To this aim, a special-pur-
pose measurement procedure, involving wide-band signals and
large-amplitude carrier, is needed for complete model identifi-
cation.

It can be noted that (10) corresponds to the truncation of
a modified Volterra expansion expressed in terms of the dy-
namic deviations a(t — 7) — a(t) of the input signal modula-
tion envelope a(t). In comparison with the classical Volterra se-
ries approach, the modified one has the advantage of allowing
for series truncation to single-fold convolution integrals even
when strongly nonlinear operation is involved, provided that the
system to be described has a relative short memory time with
respect to the modulating signal bandwidth. More details on
the different truncation properties of the classical and modified
Volterra series approaches can be found in [2]-[5].
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Fig. 1. Measurement setup for the experimental characterization of the terms

H(fo,|a(t)]) and H{(Fo 4 v) in the large-signal model of (19) of the
amplifier under test (AUT).

III. MEASUREMENT PROCEDURES FOR MODEL IDENTIFICATION

In order to completely identify the large-signal dynamic
model of (19), the four complex functions H(fo,|a(t)]),
Hi(fo+vi), Gi(fo+vr, fo, la(t)]), and G2 (fo+vi, fo,[a(t)])
must be experimentally characterized, through suitable mea-
surement procedures for any given frequency fy, and a
sufficiently wide set of values for v and |a(t)|. As it has been
outlined in the previous section, the terms H( fo, |a(t)|) and
Hi(fo + vi) can be experimentally identified by using a
conventional measurement setup like the one of Fig. 1. This
consists of a generator providing a sinusoidal signal at a given
frequency f, whose amplitude |a(t)| can be controlled by a
variable amplifier/attenuator. A vector voltmeter provides the
measured ratio W = U;/S between the phasor U for the
corresponding first harmonic of the output signal u(¢) and
the phasor S associated to the sinusoidal input signal s(t);
higher-order harmonics are eliminated by the bandpass filter
(BPF).? In particular, according to (20), on the hypothesis of
a zero bandwidth modulating signal, the term H (fo, |a(t)])
can be characterized for any value of fy and a(t), by simply
applying an input signal s;(¢) with amplitude |S;| and fre-
quency f = fo, and measuring with the vector voltmeter the
ratio W = Uy /Sy = H(fo,|a(t)]) (Fig. 1). Instead, the term
Hi(fo + vi) can be characterized, for any value of fo + v, by
applying a small-amplitude sinusoidal signal

s1(t) = Re[S el ] (23)
with frequency f = fo + v; this signal can also be represented
in the form defined by (2) and (11) by letting C' =0 and C}, =0
for any k except C; = S1. In such conditions, according to (21),
the term H, (fo + v) can be simply computed as

Hy(fo+v)=W(fo+v)— H(fo,0) (24)

once the ratio W = U, /S; has been measured by the vector
voltmeter.

As far as the terms G1(fo + vk, fo, |a(t)|) and Ga(fo +
Uk, fo, |a(t)|) in the model of (19) are concerned, their experi-
mental identification cannot be carried out by using the single-
frequency measurement setup in Fig. 1. In fact, for a full char-
acterization (i.e., for both positive and negative frequency shifts

3In the following, we will assume that the BPF is almost ideal all over the
band of the signal s(¢) which have to be used as the input of the large-signal
model of (19). In practice, non idealities of the BPF can be compensated by a
suitable calibration procedure.

v), the more flexible setup shown in Fig. 2, which enables for
any type of sinusoidal modulation for a given carrier at fre-
quency fo, is needed. This consists of a complex envelope mod-
ulator which, by applying suitable signals at its two inputs a g (%)
and a1 (t), can implement any complex modulation of the car-
rier v.(t) = Re[Vpel?™fot] provided by a sinusoidal oscillator
(without loss of generality in the following we will assume V;, =
1 V). The two baseband modulating signals ag(t) and ay(t) are
obtained from a second generator, which provides a sinusoidal
modulating signal v(t) = Re[Ve?™¢] at any frequency v. In
the following, we will assume that the modulating signal ampli-
tude |V is small enough, so that the system response is linear
with respect to the modulating signal v(t). It can be noted, owing
to the superposition of the effects in small signal operation, that
there is no loss of generality in considering a purely sinusoidal
modulating signal v(¢). It should also be noted that linearization,
with respect to the modulating signal, does not undermine the
possibility of testing the amplifier dynamic nonlinearity, since
this will be detected by suitably varying the amplitude of the
carrier, as it will be discussed in the following. In fact, the car-
rier amplitude |C| = /C% + C%, with C = Cg + jCy, can
be controlled through the “biasing” signals Cr and C7 in the
circuit consisting of two sum blocks and two linear blocks with
transfer functions D; and D, which provide the two signals at
the input of the complex envelope modulator

ar(t) =Cr + Re[D,Vel?™1]
=CRg + Re [D}V*e™12™1]
1 . .
=Cr+ 5 (DiVe?™ + DIV7e ™) - (25)
a[(t) =Cr+ RG[DQVejzmlt]
=Cr + Re [D3V*e 2™
1 . .
=01+ 5 (DVe? ™ + D3V7e ™) - (26)

Therefore, we can write

a(t) =ar(t)+jar(t)
D1+jD . Di+jD3 .
— O+ 1—;.] 2VeJ27rut+ 1—;] 2V*e—327rut. (27)

According to (2), the signal s(t) applied at the amplifier input
can be expressed as follows:

s(t)=2Re [a(t)e’™ '] =2Re [ar(t)e*™ ! +ja;(t)e!* /0] .

(28)
The output signal u(t) given by (7) is bandpass filtered in order
to eliminate all the spectral components which are out of the
signal band of interest (i.e., all the side bands around the har-
monics of fjy) so that the complex envelope demodulator (see
Fig. 1) can provide the two baseband signals

br(t) = Br + Re[W;Vel*™"]

=Br+ % (WA V™ 4 WiV*e 271)  (29)
br(t) = Br + Re[W,Vel?™)

=DBr + % (WoVel?™ 4 Wi V*e™2™1)  (30)
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Fig. 2. Measurement setup for the experimental characterization of the terms G1(fo + v, fola(t)|) and G2(fo + v, fo, |a(t)]) in the large-signal model of

(19) of the AUT.

which represent, respectively, the real and imaginary parts of
the complex envelope b(t) = b,.(t) +jb(t) of the in-band output
signal u(t). Thus, the dc components Bg and By can be mea-
sured by a dc voltmeter, while the two in-band transfer func-
tions W7 (or W5) represent the ratios of the phasor associated
to the sinusoidal components of bg(t) [or br(¢)] and v(t). Con-
sequently, from (29) and (30), we deduce

b(t) =br(t)+jbr(t)
:BJ“W + Wi +iWs V*e 12wt (31

2

Vej27r1/t

In order to characterize the terms G ( fo + v, fo, |a(t)]) and
Ga(fo + vk, fo,|a(?)]) in (19), for positive values of the modu-
lating frequency v, the test signal

a(t) = C + Cr > (32)
with sufficiently small amplitude of the complex, term Cy will
be used, so that the inputs of the modulator can be expressed as

ar(t) = Cg + Re[C12™1] (33)
a[(t) =Cr+ Im[C’leﬂ’”’t]
=Cr + Re[—jC 2™, (34)

Consequently, by also taking into account (25) and (26), the
transfer functions D; and D, in Fig. 2 must satisfy the con-
ditions

DV =04 (35)
DV = —jC; (36)

or equivalently
Dy = —jDy (37

so that the complex modulation envelope of the input signal s(t)
becomes

a(t) = C 4+ D Ve>™! (38)

where C, D1, and V = Vg +jV} are complex quantities. As the
amplitude of the modulating signal V' is chosen small enough
in order to consider as significant only the linear contributions
around Vg = Vi = 0, the model of (19) can be linearized with
respect to v(t), so that the corresponding complex modulation
envelope b(t) of the output signal up(t) can be expressed (see
Appendix B) in the following form:

b(t) = CH (fo,|C|) + D, V>
C
| SHa Gt + 1 ()
+H1(f0 + v, fO) + Gl (fU + v, f07 |O|)]
+ DIV*e—jQ‘mthZ

1
X [mH (fo. ICN) + G5 (fo + v, fo,C]) | . (39)

By comparing this equation with (31), we can write

B =CH (fo,|C]) (40)
M py [ Gt + 1 Gt
+ H1(fo + v, fo)
+G1 (f0+'/7f07|0|)] (41)
Wi +iwst e[ 1

Where W/ and W have been measured, for a set of values of
|C| and v for a given carrier frequency fo, by using the setup
in Fig. 2 under the first test condition (i.e., for D1 = —jDs).
Equations (41) and (42) provide a simple way of extracting the
unknown value of the complex functions H’, Hy, G1, and G3,
which completely characterize, together with H, the large signal
dynamic model defined by the (14). In fact, since according to
(B4), (B5), and (B6), it results

li_r)r}]Hl = 311% Gi=1lmG;=0 (43)

v—0
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so that (42) becomes

2[0]
c?

Wi+ W’

1
! -

(44)

This shows that the unknown term H' is easily derived from
measurements carried out under the first test condition with a
small modulating signal having a sufficiently small frequency.

In order to complete the spectrum analysis, we must consider
also when the frequency is negative (—v); to this end, we use as
test signal the quantity

a(t) = C + Cre 92t (45)

By considering the second expressions of (33) and (34), we de-
duce

DiV* =0y (46)
D3V* = —jCh. (47)
Consequently, D5 = —jD7, or equivalently
Dy =jD;. (48)
By substituting into (45), we obtain
a(t) = C + D}V*e 321, (49)

Proceeding in a similar manner as in the previous case with pos-
itive frequency v, we can deduce the new expression of b(¢) ob-
tained from (39) by substituting v, D1, and V, respectively, with
—v, DT, and V*. Consequently, we obtain

= CH (fo.C) + DjV*e 72"
<[5l gl + # ot

+H1(f0 - V:fO) +G1 (fo - V:f07|0|)]
+C2D Vej?rrut

[MH' (ou IC1) + 3 (fo + v, fo |c|>] (50)

b(t)

and comparing again with (31), we obtain

B =OH (f[C) ©b
Wi +jW2 2 !

+G* (fO_V7f07|C|)] (52)
Wi Wiy ['—g'ﬂ (fos IC) (1 =) + H (fo,|C)

+H1(f0 - V?fU)

+G1 <f0_7/7f07|0|>]' (53)

In the particular case of V' = 0, i.e., a(t) = C into (27), from
(39) or (50), we obtain
b(t) =

CH (fo,|C]). (54)

In this condition, the real and imaginary part of H( fo, |C|) can
be measured with two dc voltmeters. By applying (54) for dif-
ferent values of |C|, we can estimate H'( fo, |C|). In the general
case of V sufficiently low, for each value of |C|, the two com-
plex quantities W and W5 can be measured.

A preliminary validation of the above outlined characteriza-
tion procedure has been presented in [7]. The results show that
performance predictions can be achieved which are more accu-
rate than those provided by the conventional AM/AM AM/PM
characterization approach.

IV. CONCLUSION

A nonlinear dynamic model of a power amplifier for commu-
nication systems, which takes into account the amplifier distor-
tion due both to the large amplitude and the large bandwidth of
the input signal, has been proposed. The model derives from the
truncation of a new modified Volterra series expression formu-
lated in terms of dynamic deviations of the complex modula-
tion envelope which describes the input signal. This model can
be considered as a generalization of the conventional AM/AM
and AM/PM conversion characteristics which are commonly
used to describe the nonlinear amplifier behavior for quasistatic
memoryless operating conditions under the hypothesis of a rel-
atively narrow-band input modulating signal. The proposed ap-
proach has the advantage of making the narrow-band modula-
tion constraint much less restrictive. Preliminary validation re-
sults [7] have shown that significant accuracy improvement can
be achieved in comparison with the conventional AM/AM and
AM/PM approach. The proposed approach has been presented
with special emphasis on communication circuits in the pres-
ence of modulated signals. However, it can be potentially ap-
plied also to other types of nonlinear dynamic systems oper-
ating with bandpass signals. In fact, any bandpass signal can
be mathematically described as an equivalent modulation of a
virtual carrier frequency allocated within the signal bandwidth.
Further work will be devoted to the extension of the proposed
modeling approach to the characterization of other types of non-
linear dynamic systems.

APPENDIX A
It can be shown [1] that the functional of the sum of two func-

tions ¢(z) and ¥ (x) of the same real variable x can be expressed
through the following series:

o] s S8
oreno]

b
where F(|[p (z); &1, .

a
parameters, represents the nth derivative of the original func-
b

x F(™)

ll’[w &) ]dfl...dsn (A1)

£l with & ... &, convenient

tional F'|[¢(«)]|. This formula gives an extension of the Taylor
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series to functions which depend on all the values of another
function. On this basis (7) can be rewritten as follows:

RIS
li%m Hﬁm

=1
For the traditional Volterra series [1], [4], the functional

XF(n)

] dri...dr,. (A2)

F|[3(t,7)] can be expressed as follows:
+T +T = 1 e
B B
5 = il (m)
F[s(téT)} _F[ 0 }+mz=:1m!/... . /F
+Tp m
X [ %) IT1, .. T } |Ji[ (t,7p ]dTl...dTm
+oo
- ym(t
—yo-l-z_l - (A3)
where
+T's
yo =F [ 8 } (A4)
+Tp
Ym (1) :/ ......... /hm(ﬁ/ Tin)
0
X H $(t,mp)dm .. .d7, (A5)
p=1
being
T
hon(T1 .. Tm) = Fim) F%}B T .. .Tm:| ‘ (A6)

the mth kernel of the Volterra series.

Each functional F(™|[3(t — 7);71,...7,]|, which is the
nth derivative of the functional F'|[$(¢, 7)]|, can be expressed
through the traditional Volterra series kernels, as follows [1]:

F™)

+Tp
{.§(t,'r); Ty, .. .Tn:|
0

+Tp
(3 1 T1s-+-Tn

+TB
X (3 3T1y+ - Tndm

=)

Eaf e

H (t, Tntp ]dﬁ e dTngm

:h (Tl,’]’g Z_m'/ /hn+m .Tn+m,)
X le (ty Trtp) [AT1 - o AT (A7)
p=1

347

By introducing (A3), (AS), and (A7) into (A2), we can write

u(t) = yo + uM (t) + uP (1) + w3 (1) (A8)
where
(1) . = B +TB
" (t)_n;m!/.. . ../hm(T1 )
X lHA(t,Tp) dry...dm, (A9)
p=1
— 1 +T5
2)(4) — =
W@ (1) nz_:l"!/” . ../hn(ﬁ. )
X H (t,7)|dr...dm,
i=1
+Tp
hi(y)e(t, m1)d7 (A10)

12
S

S R | +1
COpy=YY =Y = . |h e Ti4m
W0 =3y S [ )
XlH $(t, Trtp) lHetﬂ]dﬁ AdTntm
p=1
> 1/ +173 /
EZ— .. h1+m(7'1 ..T1+m)
m:lm! 0
X [H§(t,T1+p) e(t,’Tl)d’Tl . ..dT1+m. (All)
p=1

The components u(?(#) and u(*)(t) have been approximated,
by considering uniquely n = 1, on the hypothesis that the band-
width of the complex modulation envelope is so small as to make
the product of the amplitude of the dynamic deviations e(t, 7;)
for each 7; almost negligible in practice. Now, we consider only
the spectral components within the operating bandwidth (£ fo),
so that we have

up(t) = ul) (1) + u () + ) (2). (Al12)

In order to obtain the spectral contribution ug)(t) within the
operating bandwidth, we must develop into (A9) the product
[see (5)]

m

+1 —+1
) = la)™ S Y e )
ip=—1
i1#0

im=—1

im #0

p=1

(A13)
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Its contribution within the operating bandwidth, by introducing
a(t) = la()|el“*® [see (3], is

m
{ t Tp }
p=1 B

) +1 +1
= a(t)el? ot |a ()" ! > >
by e

i1 Figtim=+1

% e—j27rf0(i17'1+....ime) + a*(t)e—ﬂﬂfot |(1(t)|m_1

+1 +1
% Z Z ej(i1+...+im)(27rf0t+la(t))
ip=—1 i =—1
i1 #0 i 70

i1 din+.im=—1

X e*j27"f0(i17'1+....im‘rm)
+1 +1
=2[a(t)|" "' Re |a(t)e®™ 0! " 3
ey e
ipt-im=1
Xe*jQ‘ﬂ'fo(i171+---+’im‘rm)j| ] (Al14)

The last passage is due to the fact that each term of the first
double sum (relative to 41 + ... + ¢,, = 1) it corresponds, also
since the result must be real, its global conjugate in the second
double sum (relative to ¢; + . .. + 2,,, = —1). It is important to
emphasise that the contributions within the operating bandwidth
are non null only for odd values of m. Finally, we can write

™ / /hm i)

—+1 +1
i1=—1 G =—1

i 4otim=1

Xe—ﬁﬂ'fo (11Tl+---+1777,7777,)d7.1 o dTm:|

m o d d

x Re | a(t)el?mfot

=2Re [a(t)e>™ " H (fo, |a(t)])] (A15)
where we have assumed
H (fo,la(t)])
) m— 1 +1
_ IO
D el DR 3
m=1 Ty iy
Q14 tim=1
Hm(ilf(]w"aime) (Al6)
Hm(ilf(]v e 77:me)
T
:/ +OB .../hm(ﬁ,...Tm)
x emi2rfohmttn ) dry dr,  (ALT)

which are complex quantities. The second component u(z)(t)
(A10) is already in bandwidth; in fact, by remembering (6), we
obtain

+Ts
u(2)(t) o~ 9Redei2mfot /hl(ﬁ)[a(t—n) _a(t)]efj%-fo-rl dr
0
=u(t). (A18)

By now taking into account u(3)(¢) (A11), we observe that, by
recalling (6), we have

m
H (t, T14p)e

p=1

t ’7'1)

m

H (t, T14p)

a(t —m) — a(t)) 27T (A19)

due to the fact that §(¢,714p) is real. On the other hand, in
analogy with (A13), by introducing (5), we obtain

m
H (t, T14p)e

—2| Ol
-Re [ejzﬂfot (a(t—m1)—

+1 +1
Z Z ej(ig+...+im+1)(2‘rrf0t+la(t))

e(t, T14p)

alt) 7 om

ia——1 igp1=—1
ig#0 i 4170
Xe—jQWfo(’i272+----’im+1Tm+1)>:| ) (A20)

By considering only the contributions with respect to ¢ within
the operating bandwidth (£ f), we have

5(t, Tp)e(tv 7'1+p)

s

= 2]a(t)|™ Re [eﬂ"fot (a(t — 1) —

p
a(t)) e—i2mfom1

+1 +1
| >
ig=—1 imp1=—1
i27#0 im4170

2t F i1 =0
Xe—j27"f0(i27’2+----im+17’m+1)):|

+2 |a( )| Re [ —i2mfot ( (t — 7-1) — a(t)) e—j21'rf0‘rl

+1 +1
<X 2
ig=—1 imp1=—1
v 270 4170
2t tig =2

Xe—j2ﬂf0(i27'2+----im+17'm+1))
xe—ﬂla(t)] . (A21)

Obviously, the non-null contributions derive uniquely from even
values of m, in order to verify the equalities 1o +. ... + 241 =
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0 (referring to — fp) and 42 + . ... + ¢,,,41 = —2 (referring to
— fo)- Now, by recalling (3), for which we can write

—i2Za() _ (1)

e (A22)
la(t)]
we obtain
H 8(t,mp)e(t, Tr4p)
p=1

= 2]a(t)|" Re [ej27rf0t (a(t — 1) — a(t)) e—i2mfory

+1 +1

| X 2.
ig=—1 tmp1=—1
ig#0 im 4170

9ty g1 =0
Xe*jZﬂ'fo(i272+----im+17m+1))i|

+2]a(t)" 7 (a*(1))”

x Re [e_j%fot (a(t — 1) — a(t)) e i2mfom

+1 +1

| X 2
ig=—1 imp1=—1
i2#0 im 4170

ity =—2

Xe_j2.,rf0(1'27—2+....i,,7,+1‘rm+1))] . (A23)

From (A11), by taking into account (A21), and so considering
only the contribution of u(%) (t) within the operating bandwidth,
we can write

+Tp

i (1) =2Re | / (a(t — 1) —a(t)) g1
0
x (11, fo, la(t)]) e 2o dry
+Tp
+ 2Re |70 (a" (1)) / (alt = 71) = a(1))
0
xga (11, fo. la(t)]) 720 dn] - (A24)
where
= e & +1
g1(71, fo, |a( 2:1 o iZI | 2 |
m e
X H2(2+1(T1,i2f0, e viametfo)  (A25)
la(t)[*" +1 +1
g2(71, fo, |a Z 2m' 7;] ) ;il
12+...;;j31:,2 i2m 4170
X H2(2+1(T1,i2f0, o viametfo)  (A26)
and

H§2+1(7—17i2f07 cee 7i2m+1f0)

+T
= / OB .../h2m+1(T1,...T2m+1)

X e—j2ﬂ'f0 (t2T2+ A i2m4+1T2m+1)

X d’l’Q Ce dT2m+1 (A27)
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which are complex quantities. Being
g® w »
omt1(T1, —i2fo, - s —i2m+1fo)
3)* . .
= H§W3+1(7—1722f07 s 7"2m+1f0)

we have

fo,la(B)]) = g5 (71, fo, |a(t).[)

By taking into account (A15), (A18), (A24), and, in the second
term of this last by substituting the real part of the complex
quantity with the real part of its conjugate, the “in-band” output
signal (A12) can, therefore, be expressed as follows:

up(t) =2Re [ej2“f°ta(t)H (fo,la(®)])]

(7_17

r +Tp
+ 2Re |ei2fot / hi(m) [a(t — 1) — a(t)]
i 0
Xe_jQﬂ—fOTl dTl]
r +7:'B
+ 9Re | ei2mfot / &1 (1, fo. la(t)])
L 0
x (a(t = 1) = a(t)) e dr
r +Tr
4 2Re [e?mht? (1) / &3 (1, fos la(®)))
. '0
X (a*(t — 1) —a*(t))
x 27 foTt dr] . (A28)
APPENDIX B

In this sense, by referring to (27) and (38), we develop the
modulus of a(t) around V' = 0, that is

la(t)] = v/a(t)a*(t)
= \/|C|2 + |l)1|2|Vv|2 + 2Re[O*D1Vej27rl/t]
> |C| + —Re[C* D, Vel? ™.

. ®1)
]
Besides, by considering negligible the non linear terms in V', we
can write

a’(t) = (C+ D1Ve™™")(C + D Ve>™)

~ (0?4 20D, V2™, (B2)

By introducing these approximations and (38) into (19), we ob-
tain

(C—i—DlVejZ””t)
X f07 |C|+

( e _
+ D1Ve327”’tH1(f0—|—1/ fo)-l—DlVe*]ZthG
X f0+1/7 fU: C +—

< e
+ CZDTV*efﬂmltG*

<f0+l/ fo, IC]+

b(t) =
Re[Dlo*Veﬂ”t]>

Re[DlC*Veﬂ’T”t])

13 |Re[DlC*Vej2”t]> (B3)
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where we have assumed

Hl(f[) +V7f0)

+TB
= / hl(/rl)(e—j%run _ 1)e—j27rf07'1 dry (B4)
0
1 .
G (fo + v, fo,|C| + ERG[C*Dﬂ/eﬂ””t])
+Tp .
= / g1 <T1,f07 |C| + mRe[C*Dlveﬂrut])
0
% {e*jZmrrl _ 1}efj27rf0‘rl dry (B5)
1 .
G <f0 + v, fo,1C] + mRe[C*Dlveﬂm])
+TB .
= / 22 <7—17 fU; |C| + ERQ[C*DIVeﬂﬂyt])
0
X (e_jZ‘rrun _ 1)e—j27rf07—1 dTl (B6)

with Gi(fo, fo,IC| + (1/|C])Re[C*D,Ve>™1]) =0,
Ga(fo. fo,|C] + (1/ICRe[C*D1Ve?™]) = 0, and
Hi(fo, fo) = 0. Let us now again develop (B3) around V' =
0; by recalling that we consider negligible the nonlinear terms
in V, we deduce

C’ .
b(t) % CH (fo: [O]) + 157 H' (fo,|C1) RelD1C" 7" V]
+ D V™ [H (fo,|C)) + Hi(fo + v, fo)
+G1 (fo + v, fo,|C])] + C2D;V*eizmvt

x G5 (fo+ v, fo,|C]) (B7)

where
dH(fO s .Z‘)

H (fol0) = =8| -

The second term of this equation can be rewritten as follows:

C .
WHI (fo,1C|) Re[D1C* ™V
= %H’ (fo.1C]) (C*D1Ve*™! + CDjV*e™ ™) (BS8)

By introducing this expression into (B7), after simple manipu-
lations, we obtain

b(t) = CH (fo,|C|) + D1 Ve

[|C

L (o1t + 1 (o0

+H1(f0 +v, fO) + Gl (fO +v, f07 |C|)]
+ DIV*e—jQWVtCQ

X

1
X mH’(fO,|C|)+G; (f0+V7f0,|C|) (B9)
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