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Abstract

We prove that the obstacle problem for a non-uniformly parabolic operator of Kol-
mogorov type, with Cauchy (or Cauchy-Dirichlet) boundary conditions, has a unique
strong solution u. We also show that v is a solution in the viscosity sense.

1 Introduction

We consider a class of second order differential operators of Kolmogorov type

m m N
Lu(z) :== Z i (2) Oz, u(2) + Z bi(2)0z,u(z) + Z biji0p,u(2) — Opu (1.1)
3,j=1 i=1 ij=1

where z = (z,t) € RV 1 <m < N and b;; € R for every i,j = 1,..., N. We assume:

H1 the coefficients a;; = a;; and b; are bounded continuous functions for 7,5 = 1,...,m.
Moreover, there exists a positive constant A such that

ATHE? < Z aij(2)Gi¢; < AP, ( eR™, ze RV,

ij=1
H2 the operator
m N
i=1 1,j=1

is hypoelliptic, i.e. every distributional solution of Ku = f is a smooth solution,
whenever f is smooth.
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Hypothesis H2 is equivalent to the classical Hormander condition [19]:
rank Lie (0y4,,...,0,,,,Y)(2) = N +1, Vz e RVH

where Lie (0y,,...,0,,,,Y ) denotes the Lie algebra generated by the vector fields 0., ..., 0,
and

m

N
Y = Z bijxﬁzj — 8t.
ij=1
We explicitly remark that uniformly parabolic operators satisfy H1 and H2 with m = N.

We also recall (cf. [25]) that H2 is equivalent to the existence of a basis of RY with
respect to which the matrix B = (b;;) assumes the following block form

*x x By ... 0
. . . (1.3)
x x  * ... B,

where the blocks * are constant and arbitrary, B; is a m;_; X m; matrix of rank m; and

m=-mg>m;>...>2m; > 1, mo+mi+...+m, =N.

This paper is mainly concerned with the obstacle problem

max{Lu + au — f,p —u} =0, in RVx 10,77, (1.4)

u(-,0) =g, in RV, '
where a, f, g are bounded continuous functions. The assumptions on the obstacle function
© will be specified in H4 in Section 3: we require that ¢ is locally Lipschitz continuous
and satisfies a weak convexity condition with respect to the variables z1,. .., x,,.

Apart from the obvious importance in PDEs’ theory, obstacle problems have natural
theoretical interest in stochastic control. Moreover they appear in several applications in
physics, biology and mathematical finance. Specifically, one of the best-known problems in
finance is that of determining the arbitrage-free price of American style options. Precisely,
we consider a financial model where the dynamic of the state variables is described by a
N-dimensional diffusion process X = (X7) which is a solution to the stochastic differential
equation

dX} = BXFdt + o(t, X[)dW,,  X°% =z, (1.5)

where (z,t5) € RY x[0,T] and W denotes a m-dimensional Brownian motion, m < N. An
American option with payoff ¢ is a contract granting the holder to receive the payment
of the sum (X;) at a time ¢t € [0,7], which is chosen by the holder. Then, according



to theory of modern finance (cf., for instance, Peskir and Shiryaev [32]) the arbitrage-
free price, at time 0, of the American option is given by the following optimal stopping
problem

u(z,t) = sup E [p(XL")], (1.6)

t<r<T

where the supremum is taken over all stopping times 7 € [¢,T] of X. The main result
in [31] is that the function w in (1.6) is a solution of a problem in the form (1.4) where
the obstacle function ¢ corresponds to the payoff of the option and L is the Kolmogorov
operator associated to the diffusion X:

L= > (06")ij0u0, + (Bx, V) — 0.
ij=1

In the uniformly parabolic case m = IV, the valuation of American options has been stud-
ied starting from the papers by Bensoussan [4] and Karatzas [22] using a probabilistic
approach based on Snell envelopes and by Jaillet, Lamberton e Lapeyre [20] using vari-
ational techniques. However there are significant classes of American options, commonly
traded in financial markets, whose corresponding diffusion process X is associated with
Kolmogorov type operators that are not uniformly parabolic. Two remarkable examples
are provided by Asian style options (cf., for instance, Barucci, Polidoro and Vespri [3]) and
by some recent stochastic volatility model with dependence on the past (cf. Hobson and
Rogers [18], Di Francesco and Pascucci [9], Foschi and Pascucci [12]). A general theory
for these financial instruments is not available. Actually, the several papers on American
Asian options available in literature (cf., for instance, Rogers and Shi [34], Barraquand
and Pudet [2], Barles [1], Hansen and Jorgensen [17], Meyer [29], Jiang and Dai [21],
Marcozzi [28], Dai e Kwok [8]) mainly consider numerical issues.

The aim of this paper, and of the related work [31], is to develop a rigorous theory
for the obstacle problem (1.4) and the optimal stopping problem (1.6). The main results
of this paper are the existence of a strong solution to the obstacle problem in a bounded
cylindrical domain (cf. Theorem 3.1) and in the strip RY x]0, T'[ (cf. Theorem 4.1). We
recall that, even in the standard framework of uniformly parabolic operators, problem
(1.4) generally does not admit a solution in the classical sense. Three main approaches are
used to tackle the existence problem: these are based on the notion of variational solution
(cf. Bensoussan and Lions [5], Kinderlehrer and Stampacchia [23]), strong solution (cf.
Friedman [13], [15]) and, more recently, viscosity solution (cf. Crandall, Ishii and Lions
[7], Barles [1]). Since operator (1.1) appears in non-divergence form, we adapt a classical
penalization technique to find a unique strong solution to (1.4), obtained as the limit of
solutions to a suitable class of non-linear problems.

We also show in Theorem 5.2 that the strong solutions are viscosity solutions and in
[31] it is proved that the function u defined in (1.6) is a strong solution to the obstacle
problem (1.4). As a consequence, the solutions to American option problem provided by
means of different methodologies in [1], [21] and [8], must coincide.



Concerning the regularity, we emphasize that any strong solution u is Holder contin-
uous with its first order derivatives 0,,u, ..., 0, u (see Section 2). This result, combined
with the above remark, improves the regularity of viscosity solutions and solutions of
the optimal stopping problem (1.6), obtained by probabilistic techniques. Starting from
these results, we aim to investigate the regularity properties of the obstacle problem in a
forthcoming study.

This paper is organized as follows. In Section 2 we set the notations and introduce the
functional setting suitable for the study of the regularity properties of the operator (1.1):
specifically, our study is cast in the framework of analysis on Lie groups. The proofs of
some of the results stated in this section are postponed to Section 6. In Sections 3 and 4
we prove the existence and uniqueness of the solution to the obstacle problem in bounded
domains and in RY, respectively. The main result of Section 5 states that the strong
solutions are also viscosity solutions.

2 Functional analysis on Lie groups

Since the works by Folland [11], Rothschild and Stein [35], Nagel, Stein and Wainger
[30], it is known that the natural framework for the study of operators satisfying the
Hormander condition is the analysis on Lie groups. The Lie group structure related to
Kolmogorov operators has been first studied by Lanconelli and Polidoro in [25]. The
explicit expression of the group law is defined by

(& 1)o(x,t)=(z+ E@)E,t+71), (2.1)

where E(t) = e7*2" and B” denotes the transpose of B. The solutions of the equation
Ku =0, with K as in (1.2), have the remarkable property of being invariant with respect
to the left translations defined by (2.1):

Ku(Goz) = (Ku)(Coz)
or equivalently, if Ku = f, then
m N
Y Orwu(Coz)+ Y byzideu(Coz) = du(Coz) = f(Co ),
i=1 ij=1

for every z = (z,t),( = (§,7) € RY¥TL. Moreover, if and only if the *-blocks in (1.3) are
null, operator K is homogeneous of degree two with respect to the dilations defined by

D()\) = diag(Mpg, N2 Ly, .., AL, AP
where I,,,; denotes the m; x m; identity matrix. The number

Q+2=mo+3mi+...+2r+1)m, +2
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is usually called D())-homogeneous dimension of R¥+1, Then Gz = (RY¥*! o, (D()))) is
a homogeneous Lie group only determined by B.

We also recall the definition of a D()\)-homogeneous norm: for every z € RN*1\ {0},
we define ||z]| = p if p is the unique positive solution of

x? 73 x? t2
2 s T T et =1
le pq2 IOQN P

and qi,...qy are the integers such that
D) (z,t) = (AN"z1, AP2g, ..., AWV ay, A*t) . (2.2)

Some functional spaces related to the Lie group Gp are defined as follows. Let 2 be a
domain of RV*! and p > 1. We set

SP(Q) = {u € LP(Q) : Op,u, Ope;u, Yu € LP(Q), 4,5 =1,...,m}

and

lullse@) = lullze@ + Y 10 ullr@ + > 105z,ull @ + 1Y ull e

i=1 ij=1
We say that u € SF () if u € SP(O) for every compact O C Q. Moreover, we denote

)
respectively by C%(Q), C’}B’a ) and C’é’a(Q) the Holder spaces defined by the following
norms:

[u(z) — u(Q)|
Ul e =sup|u|+ sup ————,
H HCB(Q) Qp‘ ’ zéfi)g HCil o ZHa

lull ey = lullogi@) + D l19sullego,
i=1

lull ez = lulleye + D 10sw,ullog@ + 1Y ulleg@:
ij=1

Note that any u € C%(£2) is Hélder continuous in the usual sense since
I¢t o 2]l < ez = ¢l

Next we state some results extending the usual embedding theorems and a priori inte-
rior estimates. In the case of homogeneous Kolmogorov operators they have been proved
in several papers (cf. Bramanti, Cerutti and Manfredini [6], Manfredini and Polidoro [27],
Manfredini [26]). In the Appendix we generalize these results to the non-homogeneous
case. Hereafter when we claim that a constant depends on L we mean that it depends on
N, m, B and the constant A in H1.



Theorem 2.1 (Embedding theorem). Let O, be bounded domains of RNT! such that
O CCQandp > Q+2. There exists a positive constant ¢, only dependent on L, 2, O
and p, such that

HUHCga(O) < cf|ul|sr @y, a=1-— T, (2.3)

for any u € SP(Q).

Theorem 2.2 (A priori S? interior estimates). Let O, be bounded domains of RN
such that O CC ). There exists a positive constant ¢, only depending on L,O,$) and p,
such that

[ullseo) < e ([ullri) + (| Lull o)) (2.4)
for every u € SP(2), 1 < p < c0.

In the sequel, we also use the following Schauder type estimate, proved by Di Francesco
and Polidoro in [10]:

Theorem 2.3 (Interior Schauder estimate). Let O, ) be bounded domains of RNTL, such
that O CC Q. Let the coefficients a;;,b; € CH(Q). For any u € C5*(Q) we have

lullegeio < ¢ (suplul + oy 2.5
Q

for some positive constant ¢ only depending on «, 2, O, L, |a||ce @) and |[bilce -

3 Obstacle problem on bounded domains

In this section, we prove the existence and uniqueness of a strong solution to the obstacle
problem

max{Lu +au— f,o —u} =0, in H(T) := Hx)0,T7, (3.1)
U!apH(T) =49, .

where H is a bounded domain in RY and
OpH(T) == OH(T) \ (H x {T})

denotes the parabolic boundary of H(T). We say that u € S} (H(T)) N C(H(T)) is a
strong solution to problem (3.1) if the differential inequality is satisfied a.e. in H(T") and
the boundary datum is attained pointwisely.

We assume that H(T') is regular in the sense that at every point of its parabolic

boundary there exists a barrier function. Precisely,

H3 for any ¢ € 9pH(T) there exists a neighborhood V' of ¢ and a C? function

w:VNH(T) — R,

such that



i) Lw<-1in VNH(T);

i) w(z) >0in VN H(T)\{¢} and w(¢) = 0.

Next we state the assumption on the obstacle function ¢.

H4 ¢ is a Lipschitz continuous function on H(7T') and there exists a constant C' € R such
that

> GliOnae = CICP,  in H(T), ¢€R™, (32)
i,j=1

in the distributional sense, that is

NS / QNP 2 OGP [ ()

i,j=1 H(T) H(T

for any ¢ € R™ and ¢ € C°(H(T)),v > 0.

We explicitly note that C? functions satisfy assumption H4 as well as Lipschitz continuous
function that are convex with respect to the first m variables.
The main result of this section is the following

Theorem 3.1. Assume H1, H2, H3 and H4. Let g € C(0pH(T)), such that g > ¢,
and f,a € CNL®(H(T)). Then there ezists a strong solution u of the problem (3.1).
Moreover, for every p > 1 and O compact subset of H(T), there exists a positive constant
¢, only depending on L,O, H(T),p and on the L>-norms of f, g, and a, such that

[ullsrio) < e (3.3)

We prove Theorem 3.1 by adapting a standard penalization technique (cf., for instance,
Friedman [14]). Therefore we consider a family (3 )cc 10,1 of smooth functions: fixed e > 0,
(. is an increasing function, bounded with its first order derivatives, such that

B:(0) =0, p(s)<e,  s>0,

and
lim (5.(s) = —o0, s < 0.

e—0

For 6 €10, 1[, we denote by L? the operator obtained from L by mollifying the coefficients
a;; and b;. We also denote by ©° (respectively, a®, %) the regularization® of ¢ (resp. a, f).
Since g > ¢ in dpH(T') we have

¢ =g+ N> ¢, in 0pH(T),

'We may suitably extend ¢, a, f by continuity in a neighborhood of H(T).



where A is the Lipschitz constant of ¢. Then we consider the penalized problem

(3.4)

U|8PH(T) = 96-

{L‘Su—l—a‘su:f‘s—l—ﬁs(u—go‘s), in H(T),

As a first step, we prove that a classical solution of (3.4) exits.

Theorem 3.2. Assume H1, H2 and H3. Let ¢ € C(0pH(T)) and let h = h(z,u)

be a Lipschitz continuous function on H(T) x R. Then there exists a classical solution
u e C3*(H(T))NC(H(T)) of problem
{L‘;u:h(-,u), in H(T),

ulapH(T) =g
Moreover, there exists a positive constant ¢, only depending on h and H(T'), such that

sup [u| < e(1+[|g]|z). (3.5)
H(T)

Proof. We use a monotone iterative method. We set

u(x,t) = e (1+ [lgllz=) — 1,

where c is a positive constant such that |h(z, u)| < ¢(1+ |u|) for (z,u) € H(T) x R. Then
we define recursively the sequence (u;);en by

(3.6)

UjlopH(T) = 9,

{L6Uj - )\Uj = h(, Uj,1> — )\Ujfl, in H(T),

where A is the Lipschitz constant of h. Let us recall that the linear problem (3.6) has a
unique classical solution C3*(H(T)) N C(H(T)), a €]0, 1], by Theorem 4.1 in [10].

Next we prove by induction that (u;) is a decreasing sequence. By the maximum
principle we have u; < ug: indeed

L‘S(ul —up) — Muy — ug) = h(-,up) — Louy = h(-,uo) + (1 +wup) >0,

and u; < ugon dpH(T). Now, fixed j € N, we assume the inductive hypothesis u; < u;_1;
then, recalling that X is the Lipschitz constant of h, we have

L2(ujir — uz) = Mujr — uy) = h(yuz) = h(uj-1) = Ay — uj—1) 2 0.

Moreover ;41 = u; on OpH(T), so that the maximum principle implies u;1; < u;. The
same argument shows that u; is bounded from below by —ug. In conclusion, for j € N,
we have

—up < ujpr < uj < ug. (3.7)
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Let us denote by u the pointwise limit of (u;) in H(T"). Since u; is a solution of (3.6) and
by the uniform estimate (3.7), we can apply Theorem 2.1 and 2.2 to conclude that, for
any compact subset O of H(T') and a €0, 1], Huchllg,a(O) is bounded by a constant only

dependent on L, H(T), O, o and A. Hence by the Schauder interior estimate (2.5), we
deduce that ||u;l| c2e(0) 18 bounded uniformly in j € N. It follows that (u;);eny admits a

subsequence (denoted by itself) that locally converges in C’%’O‘. Thus passing at limit in
(3.6) as j — oo, we have
Lou = h(-,u), in H(T),

and g, 51y = 9.
In order to prove that u € C(H(T')), we use the standard argument of barrier functions.
Fixed ¢ € 0pH(T) and € > 0, let V' be an open neighborhood of ¢ such that

9(z) —g9(Q)l <&, z€VNIpH(T),
and a barrier function w as in H3 is defined. We set
vH(2) = 9(Q) £ (e + ke (2))
where k. is a suitably large positive constant, independent of j, such that
LO(uj —v™) > h(-,ui 1) — A(uj_y — uy) + ke >0,

and u; < vt on O(V N H(T)). The maximum principle yields u; < v* on V N H(T);
analogously we have u; > v~ on V N H(T), and letting j — oo we get

9(0) —e — kew(z) <u(z) < g(¢) + e+ kaw(z), ze VNH(T).

Then
g(¢) — e <liminfu(z) <limsupu(z) < g(¢) + &, zeVNH(T),

z2—(¢ z—(
which proves the thesis since ¢ is arbitrary. Eventually the bound (3.5) is a direct conse-

quence of the maximum principle and (3.7). O

Proof of Theorem 3.1. By Theorem 3.2 with
h(-,u) = f2 4 Be(u — ¢°) — a’u,

the penalized problem (3.4) has a classical solution u. 5 € C5*(H(T)) N C(H(T)). In the
sequel we assume a < 0: up to a standard transformation, this is not restrictive. We first
show that

Be(ues — ") <€ (3.8)

for a constant ¢ independent of € and §. Since 3. < ¢ we only have to prove the estimate

from below. Let us denote by ¢ a minimum point of the function 3. (u. s —¢°) € C(H(T))

9



and assume 3. (u.5(¢) — ¢°(¢)) < 0, since otherwise there is nothing to prove. If ¢ €
OpH(T) then

B-(°(¢) = #°(€)) = B-(0) = 0.
If ( € H(T), since 3. is an increasing function, u.s — ¢° also assumes the (negative)
minimum at (: then

Louc 5(¢) = L°¢°(¢) > 0 > —a(¢) (u5(¢) — ¢°(C)) - (3.9)

Now, by H4, L°¢’(¢) is bounded from below by a constant independent of §. Therefore,
by (3.9), we have

Be(ues(¢) — 9‘75(0) = Léus,é(o + a5(€)ue,6(C) - f‘;(C)
> L°¢%(0) +a’(Q9’(Q) = f°(¢) > &
with ¢ independent of €, . This concludes the proof of (3.8).
By the maximum principle, we have

[ucslloo < llgllzoe + T ([ fllz +7¢)- (3.10)

Therefore, using the SP interior estimates and (3.8), (3.10) we infer that, for every O CC
H(T) and p > 1, the norm |Ju. s|/s»(0) is bounded uniformly in ¢ and 6. It follows that
the (ues) converges as £, — 0, weakly in S” (and in C'y*) on compact subsets of H(T)
to a function u. Moreover

lim sup ﬁs(usﬁ - 905) S 07
€,0—0

so that Lu + au < f a.e. in H(T). On the other hand, Lu + au = f a.e. in the set

{u> p}.
Finally, repeating the argument based on barrier functions at the end of the proof of

Theorem 3.2, we conclude that v € C(H(T')) and u = g on 0pH(T). O
We close this section by proving a comparison result.

Proposition 3.3. Let u be a strong solution of (3.1) and v € S} .(H(T)) N C(H(T)) be

loc
such that
{max{Lv+av—f,<p—v}§O, a.e. in H(T),

V|opr(r) = 9-
Then uw < wv in H(T). In particular the solution to (3.1) is unique.
Proof. By contradiction, suppose that the open set
D:={ze€ HT)|u(z) >v(z)}
is nonempty. Then, since ©v > v > ¢ in D, we have
Lu+au=f ILv+au<f in D,
and v = v on 0dD. Then the maximum principle implies v > v in D and we get a

contradiction. O
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4 Obstacle problem on unbounded domains

In this section, we prove the existence of a unique strong solution to the obstacle problem

{max{Lu+au—f,<p—u} =0, in Sp :=Rx]0,T], (4.1)

u(-,0) =g, in RY.

We say that @ is a (strong) super-solution of problem (4.1) if u € S} .(S7)NC(RY x [0, T)
and

{maX{Lu +au— f,p—u} <0, a.e. in Sr, (4.2)

ﬂ(-,O) > 9, in RY.
and that w is a (strong) sub-solution if the conditions (4.2) hold with the inequalities

reversed. Finally u is a strong solution of problem (4.1), if u is super and sub-solution.
We assume

H5 ¢ is a locally Lipschitz continuous function on Sy such that, for every convex and
compact subset M of Sp, the convexity condition (3.2) holds with real constant C'
dependent on M.

Our main result is the following

Theorem 4.1. Assume H1, H2, H5 and let a, f € C(St) with a < ag for some ag € R
and g € C(RY) such that g > (-,0). If there exists a strong super-solution @ of problem
(4.1) then there also ezists a strong solution u of (4.1) such that uw < u in St.

The existence of a supersolution is ensured for instance if g, ¢ are bounded functions
and f > 0. In this case we can simply set @(z,t) := e max{||g|co, [|©]lo0 }-

Proof. We prove the theorem by solving a sequence of obstacle problems on regular
bounded domains. Specifically we define the cylindrical domain H,(T"), n € N, as follows:
let e; = (1,0,...,0) be the first vector of the canonical basis of R and denote by B, (o)
the Euclidean ball of RY with center at o € RY and radius n. We define

Oy, = Bpii(e1) N By (—er), (4.3)

and, for every T > 0,
H,(T) =0,x]0,T]. (4.4)

For such a domain a barrier function is defined at every point of the parabolic boundary
OpH,(T) = (0, x {0})U (00,, x [0,T7]).

See, for instance [24] or [10] for details. Note that the sequence (H,(T"))nen covers Sr.
For every n € N, we consider a cut-off function y,, € C(R"; [0, 1]) such that y,(z) = 1
ifz €0, 1 and Xn(z) =0if z € O, and set

gn(x, 1) = Xn(2)g(x) + (1 = xn(2))u(z, 1),  (,1) € Sr.

11



By Theorem 3.1, for every n € N, there exists a strong solution u,, of
max{Lu + au — f,p —u} =0, in H,(T),
{u|8pHn(T) = On,
By Proposition 3.3 it is straightforward to prove that
0 < Upp1 < uy, <, in H,(T).

In order to conclude, it is sufficient to use the same arguments as in the proofs of Theorems

3.1 and 4.1, based on the a priori S interior estimates and the barrier functions. O

5 Viscosity solutions

In this section we prove that any strong solution to (4.1) solves the same problem in the
viscosity sense as well. This is almost standard to verify by using the well-known fact that
viscosity solutions pass to the limit under uniform convergence. Adopting the notations
of the User’s Guide [7], we set

N
F(z,u,p, X) = pyy1 — trace(A(2)X) — Z bijxip; —a(z)u+ f(z), z = (z,1),
ij=1

for p € R¥* (which stands for the gradient in RV¥™! w.r.t. the variables (z,t)), X
symmetric (N + 1) x (N + 1) matrix and

A — Qg5 ’i,jzl,...,m,
ij = .
0 otherwise.

We denote by us the classical solution of the regularized and penalized equation
Lous = f° + Bs(us — ¢°), in St, (5.1)

subject to the initial condition u(-,0) = g in RY. Moreover let F° be the operator formally
defined as F' with A, a, f respectively replaced by A% a’, f°.

Then ws is a viscosity solution of (5.1) i.e. wus is continuous and it is a sub- and
super-solution of the equation in the sense that

F(z,u5(2),p, X) + Bs(us(2) — ps(2)) <0, z € Sr, (p,X) € J*hus(2), (5.2)
and

F(z,u5(2), p, X) + Bs(us(2) — @s(2)) >0, z € Sy, (p,X) € J* us(2). (5.3)

12



In (5.2)-(5.3) J*Tu(z) and J*~u(z) denote respectively the second order super- and sub-
jet of u at z defined by

J* u(z) = {(D(2), D*(2)) | € C*(RY™) and u — ¢ has a local maximum at z},

and J> u(z) = —J>T(—u)(2).
For what follows we need the following result which is contained [7], Proposition 4.3.

Lemma 5.1. Let u € C(Sr), z € Sy, (pt, XT) € J>Vu(z) and (p~, X ™) € J> u(z).
Suppose that (ug) is a family of continuous functions, uniformly convergent as 6 — 0 to
w in a neighborhood of z. Then there exist sequences (0,) in R, (z,) in Sr, (pi, X;7) €
J*Vugs (2,) and (p,, X)) € J* ug, (2,) such that

lim (zn,py, X, pn, X)) = (2,07, X p7, X7).

Theorem 5.2. Any strong solution of (4.1) is also a viscosity solution.
Proof. Since u € C(St) and u > ¢, it suffices to show that

i) Lu < f on Sy in the viscosity sense, that is

F(z,u(z),p,X) >0, forall z¢& Sz, (p,X)e J* u(z); (5.4)

ii) Lu = f in the viscosity sense on {u > p}.

To this end we consider a sequence (us, ) of solutions to the regularized and penalized
problem, locally uniformly convergent to u. Fixed z € Sy and (p~, X ™) € J> u(z), we
consider a sequence (z,,p,,, X, ) € St x J* us, (2,) as in Lemma 5.1. Then we have

lim F,(zn,us, (zn),p,, X, ) = F(z,u(z),p”, X7)

n—oo

and, by (5.1),

m Fy(2n, us, (2n), P, Xy ) = = lim B (us, (20) = @a(2a)) = 0,

n—oo n—~oo

and this proves (5.4).

Analogously, fixed 2z € Sz such that u(z) > ¢(z) and (p*, X*) € J>"u(z), by Lemma
5.1 we may select a sequence (z,,p;, X;7) € Sy x J*Tus, (2,) such that us,(2,) > ©n(2n)
and then we conclude

F(z,u(z),p", XT) = lim F,(2,,us,(2,), 05, X.7) = — lim B, (us, (2,) — @n(2n)) = 0.

n—oo n—o0
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6 Proof of Theorems 2.1 and 2.2

The proof of Theorem 2.2 relies on some representation formulas in terms of a parametrix,
i.e. of the fundamental solution of a suitable homogeneous operator L,. We first recall
some known fact about the fundamental solution of the homogeneous operator, and about
the related singular integrals.

We next fix some notations useful in the sequel. We denote by B, the matrix obtained
by replacing every block “x” in (1.3) with a block matrix of zeros:

0O By 0 ... 0
0O 0 By ... 0
Bo=1| : &+ & - (6.1)
o 0 0 ... B,
o 0 0 ... 0

The Lie group related to By will be denoted as
z-w = (y+ Eo(s)x,t +5), where Fy(s)=e5, (6.2)
for every z = (z,t),w = (y,s) € RY x R. We define the sets Zy, Z;,Z by letting

To = {(i,4) : ¢ = 45}, Ty ={(i,7) - ¢ < g5}, T =71yU1,

where ¢, ..., gy are the integers introduced in (2.2). Note that the coefficients b;; of the
set Z, are the ones corresponding to the “x” blocks of the principal diagonal of the matrix
B and that the coefficients in Z; are the ones in the blocks below the principal diagonal.
We point out that

(y, BDv(w)) = (y, ByDv(w)) + Y biuidy,v(w). (6.3)

(i,5)eT

We finally denote by L., the homogeneous operator with the coefficients a;; frozen at
2z € RN*L

Lo(w) = Z aij(z)aiij(w) + (y, BoDv(w)) — dsv(w).
ij=1
and by I', its fundamental solution

(47)~% — 1105 (r—s) (6= Bo(T—s)y) .~ Eo(r—8)y)
Fz(f,7§y,5): e 1lC(T—s o(T—5)y),§—FEo(T—3)y (64)

det C,(1 — s)

for 7> sand I',(§, 7,y,s) = 0 if 7 < s, where C.(t) is the N x N matrix
¢ A, 0 p
Cz(t) = ; EO(S) 0 0 Ey (S)dé‘, A, = (aij(z))i,jzl ..... m-
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It is known that I', is homogeneous of degree —@Q) with respect to the dilations D(\)x~o,
ie.

I.(D(N)C,0) = A“T,(¢,0), V¢ eRY\ {0}, A>0.

Moreover the derivative J¢ I';(¢, 0) is homogeneous of degree —Q —¢;, (j = 1,...,N) and
8§j£kf‘z(§, 0) is homogeneous of degree —Q) — ¢; — qx, (j,k =1,...,N).

In the sequel we rely on some known results about potential estimates and singular
integral defined in terms of I', and its derivatives (see [11]). Let G, denote a homogeneous
function of degree a—Q—2, with a € [0, Q+2[, and let f € LP(RNT!) for some p €]1, +o0.
If a # 0, then the potential

Golf)w)i= [ Gule ™ ) (OC (6.5)
RN+1
defines a function belonging to L4(RY*1), with % = % — ﬁ, and there exists a positive
constant c¢,, depending on GG, and p, such that
1Ga(F)La@n+1y < cal f || Lo@nry. (6.6)

If a = 0, we also require that Gy has the vanishing property

/ Go(¢)do () = 0.
lc—1]I=1

In that case the Principal Value of the singular integral

PV [ Gl ) (O = i Go(¢™+w) () dC
RN+1 R >e
is a function in LP(RYT1), and there exists a positive constant ¢y = co(Go,p) such that
HP Vo[ G w) Q) d < o | fllzmamsny- (6.7)
RN+1 LP(RN+1)

W

In (6.6) and (6.7) (7! denotes the inverse of ¢ with respect to the operation

In the sequel, we will use a representation formula in terms of the homogeneous func-
tions 8§iijz(y,s,§,T) (1,7 = 1,...,m) computed at (y,s) = (0,0). By the invariance
with respect to the translation “” we have I',(w,() = T,(¢™' - w,0) =: T,(¢"" - w) then,
for the sake of brevity, in the sequel we will use the following notation:

6?31'%‘1_"2((_1) = 8Ziyjrz(<_1 ’ (y’ 8)) |(y,8)=(0,0) :

It is known that 8;%,1“ .(¢71) is a homogeneous function of degree —Q —2 and has the van-
ishing property (see [6]). We next show that the same result holds for 83iyj§h (&I (¢,
for every index (h,k) € Zy. It is easy to see that 821_%& (&T.(¢™1)) is a homogeneous
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function of degree —@Q) — 2, for any (h, k) € Zy. To prove the vanishing property, we use
the same argument used in the proof of Theorem 2.2 in [6]: we use the “polar” change
of variables (formula (1.7) in [6]) and the fact that 0; . (&I.(¢™")) is homogeneous of
degree —() — 2 and we get

) - =lo b “Mdo
/ag,“”@@ywﬁh@krz@ ))de 1g(a) /|<1 Open (GL-(CT)do(0). (68)

Hence, it is enough to prove that the first integral is zero. The divergence theorem gives

/<C et yzyjfh(ko ()¢ =
/ yzy] (ET=(¢))vado () _/ yzy (&L= (¢ wndo(C),
i I lI=a

where vy, is the h-th component of the outer normal to the surface {z € RN ol = el
Proceeding as in the proof of Lemma 2.10 in [10] and using the fact that 0 (§k ACTY)) v
is homogeneous of degree —(@), we see that

[ P (6T ) (69

does not depend on € > 0. Hence the first integral in (6.8) equals zero, and this proves
the vanishing property of 0 y e (fkf (¢1).

Lemma 6.1. Let u € C°(RNTY). Then the following representation formula holds:

m

Uy, (2) = —P.V. /RN+1 Qiyjrz(g—l)( Z (ani(2) — anr(z 0 ) 0, ¢, u(z 0 O)+

h,k=1

Lu(zo() —a(zo)u(zo() — th z0() 0, u (zoC))dC—

(La(z) th ) O u( ) [ 2T e O

(6.10)
> bhkPV/ e (6T ulz 0 Q)+
(h,k)eTo
b Oy, (e T2(C7 do(¢)+
h%ﬂ) " /ncl oy (G T=(C) 1 dor(©)
Z bhk / Szyjﬁh (fk FZ(C_I)) U(Z ° C) dCa
(h,k)ETy RN+
for every z € RN* and fori,j=1,...,m.
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Proof. Fix z € R¥*! and set v(w) := u(z o w). By using the invariance of Y with respect

(1))

to the translation “o”, we get L,v(w) = g(w), where (also using (6.3))

Z ank(2) — ank(z o w)]0;, , v(w Z bk Yk Oy

h,k=1 (h,k)ET (611)

Lu(z ow) — a(z o w)v(w) — Z by (z 0o w) Oy, v(w).

h=1

To prove (6.10), we rely on the usual representation formulas for v and its derivatives

Vg, (W) = — /]RNJrl 0, T (¢ w)g()de, i=1,...,m, (6.12)

W

where (7! denotes the inverse of ¢ with respect to the operation “”. We also consider

the function

Viw) == [ (o, rC gl
RNA+1
It is clear that V. (w) — v, (w), as € — 0. Besides, V., € C*° and
ayj‘/e(w> - Il(Ef, Z,’UJ) + -[2(67 va) + 13(87 Z,U)),

where

L(e,z,w) == ) /RN+1 By; (¢ - )3, T (¢ w)) (ane(2) — an(2 0 Q)

k=1

0, ¢, u(z 0 Q) dC,
[2(8, z,w) == Z bhk / ayj (776<C—1 . w)é?yz.l“z(c—l . w)) 5k05hu(z o C) dC

(hk)ET

I3(e, z,w) == — /RN+1 8yj (ne({’_l . w)ﬁin’Z(C_l . w)) (Lu(z o) —a(zo)u(zo()—

> ba(z0¢) dgu(z o <>>dc.
- (6.13)
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The same argument used in the proof of Theorem 2.4 of [6] gives

hm Li(e, z,0) Z PV. / 3;ij2(§_1) (ank(2) — ank(z0Q)) %gﬂ(z o ¢)dc,

hk=1 RN+

e—0

lim I3(e, 2,0) = — P.V. /RN+1 8;%1‘3({’—1) (Lu(z o()—a(zo)u(zo()

th 20() dgu(z0C) |d¢—

(Lu(z) th 2) Og,u(z )/”4_1:1 8, T (¢ Y do(Q).

=1

Moreover, the convergence is uniform with respect to z. We next consider the terms
appearing in the sum in I1(e, 2, 0):

/1”> 651?/7 (C_l)gkafh (ZOC) C (6 2’) + JQ(g z)

Concerning J;, we note that the functions £9,,I'.(¢™") and &0; , I'.(¢C"") are homoge-
neous of degree —(Q) — 14 g, and —Q) — 2+ ¢, respectively, and that there exists a positive
constant ¢ such that |8y].ne(C ’1)‘ < <, for every ¢ € RV, As a consequence we get

Ji(e,) =0, as ¢ — 0. (6.14)

By the divergence theorem we find
ned) == [ O (@) ule i
llc—
/ L ST (w0 Q) — ) mdo )+
W) [ S TC ) Q) = e, )+ A7) ) )

We first consider the indices (h, k) in Z,. Since the integral in (6.9) does not depend on
€, we have

|75 (,2)] < max |u(z o) —u(z ]/ . yzngh &1 (C’l))‘ do(Q).

< =



then, by also using the continuity of v, we get JJ(g,2) — 0 as ¢ — 0. Moreover, we have
already observe that the function 97, yien (& (€ 1) is homogeneous of degree —(QQ—2 and

has the vanishing property. Then, it is well defined the P.V. [oy,, O ylyj e, (TN u(zo

¢) dc.
We next consider the indices (h, k) € Z;. In this case the functions 9y, (& T.(¢™")) va

and 82y £ (& T.(¢71)) are homogeneous of degree —Q + g — ¢ and —Q — 2 + qx — qn,

respectively. Since g, < q, the function 92 . (& T.(¢™!)) is locally integrable, then

YiY;&n

lim Ji(e, 2) = /IRN‘H Byren (G T2(CTH)) u(z 0 () dC.

e—0

On the other hand,
[ @@= [ 6, n ) mdo(o),
l¢—=e ¢—1)=1

then, J)(e,2) — 0 and JY'(e,z) — 0 as ¢ — 0. We finally note that in each of the above
limits the convergence is uniform with respect to z. Hence, also using (6.14), we find

limlo(e,2,00= > bu Pv/ By e (E6T=(C7H) u(z 0 ¢) dC+

hk €Zo

u(z) Z bhk/”1” X yzy] (5]6 (¢ )) vy do(C)+

(h,k)€To

Z O / Szyjéh <£k F2<C71)> u('Z © C) dg,

(h.k)eTy RN+
uniformly with respect to z. This identity accomplishes the proof of the Lemma. Il
Proof of Theorem 2.2. We first note that it is sufficient to prove the claim for any suitably
small ball B, = B,.(z) == {C e R¥T! | |(TLoz|| < 7}, ie.

fullsragy < e(12allrcn + lullois, (6.15)

Theorem 2.2 will follow by a standard covering argument.
In order to prove (6.15), we recall that the coefficients ayy, are continuous, then, for
every € > 0 and z € RV*! there exists r > 0 such that

sup |ank(2) —ape(z0C)| <e, Vhk=1,...m
<li<r

If v € C*(B,(2)), then (6.7) yields

[P [ BT (o) — a0 ) ol 0 O e

< ¢ €||0zpe V|| Lr(B,)
Lr(Br)
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for any h,k = 1,...,m. By using the above estimate, together with (6.6) and (6.7), in
the representation formula (6.10), we find

loone, lm(y < e ( S Noman oo + 120l + Mol + 3 ||vmh||m<3r>),

k=1 h=1

for some positive constant ¢;. Then, if € is suitably small, we have

Z Vg, | Lo (B,) < C2(HLU||LP B, + [vllees,) + Z [vay 2o (5,) )

2,7=1

We finally note that Yv = Lv — Z;njzl UijVs,z; — 9 iy biVz, —av, and that the coefficients
a;j, b; and a are bounded, so that we get

S asn vy + (¥ 0ll ooy < cs(nLanp(BT) el + 3 ||vxh||m3r>>, (6.16)

ij=1 h=1

for every v € C*(B,(z)), with r suitably small, where c3 is a positive constant that may
depend on €.

We next prove (6.15). Consider a function v € SP(B,). For any p €]0,1], we set
P = (1 + p)/2 and we consider a function n € C®°(R¥*!) such that 0 < n(¢) < 1,
n(¢) =1if ¢ € By, n(¢) =01if ¢ € B, \ B,. We may, and we do, assume that 7 satisfies
the following estimates

C C C .o

for some positive constant ¢4. The estimates (6.16) clearly apply to the function v := nu.
By using the properties (6.17), we have

Lol 25,y < [nLullzo(s,) + || lre(m,,) + —Z [wai e (s,

so that, from (6.16) it follows that

e (6.18)
1
(Moo + gl + 223l

Lp ol

In order to conclude the proof, we have to remove the terms ||ug,||zr(5,,) from the right
hand side of the above inequality. To this aim, we use a standard interpolation formula:

C.
pTHuxh”Lp(Bpr) S €<pr>2‘|umh$hHLp(Bpr) + nguHLp(Bpr)7
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(see, for instance, Theorem 7.27 in [16]). By using the above inequality in (6.18) we get

sup (pr) Z ||uxzx]||LP (Bpy) T+ SUP (PT) ”YUHL"(BPT =

0<p<1 ij=1

oLl + 50 Tl + sup (or) S o ) <
h=1

c
07(7“2HLUHLP(BT) + <1+ _f”> sup ||ullzr(s,.) + € sup (pr) Z |ty || Lo Bm«))
€7 0<p<t <1 k=1

Hence, if ¢ is sufficiently small, we have

sup (71?3 ot s+ 0 (oYl < el + Bl

0<p<1 ij=1

The estimate (6.15) then follows by taking p = 3 in the above inequality. ]
Proof of Theorem 2.1. We first prove

||U,||Cg,a(ﬂ) < Cllullsry, for every u € C5°(2). (6.19)

A standard density argument and the use of a cut-off function plainly gives (2.3).
We denote by I' the fundamental solution of the Kolmogorov operator in (1.2) and we
use the standard representation formulas

u(z) = — /RN+1 [(z,w)Ku(w)dw, 0Oy u(z) = — /RN+1 0z, I'(2, w) Ku(w)duw,

for j =1,...,m. Aiming to prove (6.19) we recall the following pointwise estimates, that
have been proved in [10] (see Proposition 2.7). There exists a positive constant Cq such
that,

o i ¢ o <)
G S porogmr INGw) =G w) SOQW’
o 1" o ]l

= w oo [w= o (|9

for every ¢,(,w € Q such that |[|[("' o (|| < M|jw™to (|| and j = 1,...m. The estimate
(6.19) then follows from the same argument used in the proof of Theorem 2.1 in [33] (we
refer to [33] for the details). O
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