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Abstract

It is known that a constant mean curvature embedded disk whose Gaussian cur-
vature is large contains a multi-valued graph, provided that the mean curvature is
sufficiently small. This multi-valued graph forms on the scale of the Gaussian curva-
ture. In this paper we show that in fact, this multi-valued graph extends horizontally
to a larger scale. This generalizes to non-minimal surfaces a well known result of
Colding and Minicozzi.
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1 Introduction.

This paper is a preliminary version. In a series of papers [2, 5, 6, 7, 8], Colding and
Minicozzi discussed the geometry of embedded minimal surfaces of fixed genus. The
new ideas provided by their recent work have been applied to solve several longstanding
problems in the field; see for instance [1, 4, 10, 11]. An important ingredient has been
describing the structure of minimal disks embedded in R3.

In [6] they proved that a minimal disk embedded in R* whose Gaussian curvature is
large at a point contains a highly sheeted multi-valued graph around that point. This
means that, locally, the disk looks like a piece of a suitably scaled helicoid (see Figure ?7).
This result was later generalized in [15] to the constant mean curvature case. The multi-
valued graph described in [6] and [15] forms on the scale of the Gaussian curvature which,
loosely speaking, means that as the Gaussian curvature becomes larger, the multivalued
graph becomes well-defined closer to the point of large curvature. In [5] Colding and
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Minicozzi proved that this multi-valued graph which locally forms on the scale of the
Gaussian curvature, in fact it extends horizontally, to form a multi-valued graph on a
larger scale.

The goal of this paper is to continue studying the structure of embedded constant mean
curvature disks. In particular we generalize the results in [5] to the non-zero constant mean
curvature case. The main theorem is the following.

Theorem 1.1 Given Ay < 1, Ag > 1 there exist Qa(A1, Ag) = Qo, C3 = C3(A1, Ag) > 0,
and Cy = Cy(A1,Az) > 0 such that the following holds.

Let ¥ C R? be an embedded and simply connected constant mean curvature equal to
H > 0 surface with 0 € ¥ C By, 0¥ C 9B, I > Q1 and a > 1. If H < min{Cy, %} and

sup |A| < 2aC3 = 2|A|(0),
$NB;(0)

then (after a rotation) there exists a 2-component multi-graph ¥4 C ¥ over DAz\D(l—Al)(Hl)'

2 Background.

Let ¥ C R? be a 2-dimensional smooth orientable surface (possibly with boundary) with
unit normal Ny. Given a function ¢ in the space C§°(X) of infinitely differentiable (i.e.,
smooth), compactly supported functions on ¥, consider the one-parameter variation

Yi¢ ={x +to(x)Nx(z)/x € X}
and let A(t) be the area functional,
A(t) = Area(E4).

The so-called first variation formula of area is the equation (integration is with respect to
darea)

A(0) = /E oH, 1)

where H is the mean curvature of ¥. When H is identically zero the surface X is a critical
point for the area functional and it is called a minimal surface [13, 3]; concrete examples
of minimal surfaces are planes, the helicoid and the catenoid.

When H is constant the surface X is a critical point for the area functional restricted
to those variations which preserved the enclosed volume, in other words ¢ must satisfy

the condition,
/¢—0 (2)
pX



These surfaces are called constant mean curvature (CMC') surfaces and examples are
spheres, cylinders, and Delaunay surfaces.
In general, if ¥ is given as graph of a function u then

\Y
H=div | —e | . (3)
1+ |Vul?
In order to prove the main theorem we are going to need a few results about minimal

surfaces which are contained in [5, 15, 14].
The first two results are contained are contained in [5].

Theorem 2.1 (Theorem I1.0.21. in [5]) Given T > 0, there exist Ny,e1,1 > 0 such
that the following holds.

Let§ <1, ¥ C Bp, be a stable embedded minimal disk with 0¥ C Bs;,UOBg,U{z1 = 0}
where 0X\OBRg, is connected. If Qiro < 1 < Ro/Q and ¥ contains an Niy-valued graph
Y4 over Ds\Dsy, with gradient < €1,

I YDy ) N M {|x3] < €107},

and a curve 1 connects X4 to

0X\OBg,,
then ¥ contains a 2-valued graph ¥4 over Dp, /o, \Dsy, with gradient < .

Where ¥ is the middle sheet, see [5].

Theorem 2.2 (Lemma 1.0.9. in [5]) Let I' C {|z3| < Bh} be a stable embedded mini-
mal surface. There exists Cgy, s > 0 so that if B < 85 and E is a component of

RA\T,(T1(0T)),
then each component of II"Y(E) NT is a graph over E of a function u with
The following result can be easily proved combing the results in [15] and [14].

Theorem 2.3 Given N € Zi,w > 1 and € > 0, there exist C1 = C1(N,w,e) > 0,
Cy = C3(N,w,e) >0 and I > 1 such that the following holds.

Let ¥ C R® be an embedded and simply connected constant mean curvature equal to
H > 0 surface with 0 € ¥ C B, 90X C 0B, and o > 1. If1 > 1, H < min{Cg,%} and
|A|(0) = aC, then there exists § < 1 and p € ¥ N B1(0) such that after a translation
that takes p to the origin and possibly a rotation, X contains an N -valued graph, ¥4 over
D.z\Dgr where R < L (with gradient <'e).

“In p(;rticular, if supy g, () |A4] < 2aCy then p is the origin.



3 Multi-valued minimal graph.

The first step in the proof is to use Theorem 2.1, 2.2 and 2.3 to show that ¥ is contained
between the sheets of a large, minimal 2-valued graph ¥,,;,. In order to construct X,
we are going to use Theorem 2.3 to find a simple closed curve v which is the boundary
of a disk in ¥ and such that the following holds. After using the results in [12] by Meeks
and Yau to find a stable embedded minimal disk ¥’ bounded by ~, using Theorem 2.2 and
2.3, we can show that Y’ satisfies the hypothesis of Theorem 2.1.

Theorem 3.1 Given 7 > 0 there exist w = w(r) > 1, Qi (1) = Q1, C1 = C1(7) > 0, and
Cy = Cy(1) > 0 such that the following holds.

Let ¥ C R? be an embedded and simply connected constant mean curvature equal to
H > 0 surface with 0 € ¥ C By, 0¥ C 0B;, | > Q1 and a > 1. If H < min{Cy, %} and

sup |A] < 2aC = 2|A[(0),
>NB1(0)

then there exist R < L and a stable minimal disk X' such that (after a rotation) II-*(0D% )N

¥ C 9% which contains a 2-valued minimal graph Y, over D \D s 1yg with gmdz’aent
2 4daw

less than T.

Proof. Fix 7 > 0 and let Ny, 1 and €7 be given by Theorem 2.1. Let N = Ny, € <

. 1-L _ < .
min{ 5Ly, 25@02 )} and w > 1 such that 25:’2_1291 < 1. Let I, C7 and C5 be the ones given

in Theorem 2.3 and let I; = max{l, %1}

Using Theorem 2.3 gives that 3 (after a rotation) contains an N-valued graph, %,
over D,z \Dr where R < 1, with gradient < e. Let A = “"RQ_R, Q= (%+§+%, 0,0) and
consider N B 1 (Q). ¥NB 1 (Q)NX, consists of N segments with alternating orientation.
Consider S, S, be the first segments from the top, respectively from the bottom, such
that the normal to X is pointing down, respectively up. We want to show that components
v and v, of XN B 1 (Q) which contain S; and respectively Sy, are simple curves such that

0v¢ and 0vp are contained in 0. In other words, we want to show that we can extend >4
and X, all the way to the boundary of ¥. What we need to show is that S; and S, are
not closed curves. Suppose that S; is closed then, since ¥ is a disk, S; is the boundary of
a disk A;. Clearly, A; must be contained inside B 1 (Q). However, the normal projection
of the normal vector has to point inside the region on the sphere enclosed by .S; otherwise
it woud contradict the maximum princple. However, S; cannot contain any of the other
segments. Therefore, the only possibility is that all the other segments are contained in
the region enclosed by S;. However, an analogous argument can be done using S, instead
of Sy, which gives a contradiction and proves the claim. Let now S; and Sj denote a path



on B (% + g + %, 0,0) which connects ; and 7, to the boundary of ¥ and let I's C 9% a
H
path that connects S; and Sp. Let I' = ' UT,US; Uy US, ULy, where I'y = H_l(BDE)ﬂZ

and I'; and I'y are segments to connect I'; to S; respectively S. I bounds a disk on ¥ and
we can use the result of Meeks and Yau in [12] to produce an embedded stable minimal
disk X’ contained in one of the two connected components of Br(0)\X such that 9%’ =T

Our goal is now to show that ¥/ satisfies the hypothesis of Theorem 2.1. Using a linking
argument one can clearly show that X’ contains points in between the sheets of 3¥,. What
we are going to show is that ¥’ contains an N-valued graph over Dz o A \D=zr B s Let

e 2 4w 4w

pell” (aDE+ ») and let © be the connected component containing p of the intersection
o 4

of ¥/ with the vertical cylinder centered at p of radius % and let ©’ be the connected
component containing p of the intersection of ¥’ with the vertical cylinder centered at
p of radius % — ﬁ. We want to apply Theorem 2.2 to show that ©’ is a graph with
gradient less than €1. © is certainly containd in a slab of width 2mrewR because it is

sandwiched between to sheets of ¥,. Moreover, it satisfies the hypotheses of Theorem 2.2
with A = ﬁ. Let g < é—; then, in order to apply Theorem 2.2 we need that W < %
which follows from our choices of constants. This shows that ¥’ contains an N-valued
graph over D z A s \Dz _a with greadient less than ;.

A2 Td | atis
_ R, A _wR _ A A — Sw=l
Notice that in our case rod = R, 4w and 0 = = 2 + 5+ Hence, ro = 35— and

70€1 < 1. The last thing we need to check is that II=1(Dg,, )N EM C {|z3] < e1670} which
is true since 11" (Ds,,,) NS C {|as] < 27 Nedro} O

Theorem 3.1 can be easily generalized to the following result which will be used in the
next section to extend the multi-valued graph.

Remark 3.2 Given 7 > 0 there exist w = w(1) > 1, ¢ = ¢(7) > 0, Ny = Ny(7) > 0,
Q(1) =, Cp = C1(1) >0, and Cy = Co(1) > 0 such that the following holds:

Let ¥ C R? be an embedded and simply connected constant mean curvature equal to
H > 0 surface with 0 € ¥ C By, 0¥ C 0B;, | > Q1 and a > 1. If H < min{Cy, %} and

sup |A| < 2aC; = 2|A[(0),
$NB1(0)

then ¥ (after a rotation) contains an N-valued graph, ¥4, over Du,R \D where R <z

with gradient < e. If there exist two simple curves g,y C {x1 > fracwlRa} whzch
respectively connect the top sheet and the bottom sheet of the Na-valued graph to 0% then
there exist R < L and a stable minimal disk X' such that (after a rotation) I (9D g )N C

0Y which contains a 2-valued minimal graph X, over D z \D (5._1yz with gmdzent less

dow

than 7.



4 Extending the multi-valued CMC graph.

In order to prove the main Theorem we are going to need the following lemma. Loosely
speaking Lemma 4.1 says the following: If ¥ is contained in a thin, horizontal slab and
there is a point where it is not graphical (i.e. the normal vector is horizontal) then the
second fundamental form near that point must be large.

Lemma 4.1 Given 6 > 0 there ezists C = C(0) > 0, € = £(0) > 20 such that the following
holds.

Let ¥ C {|z3| <6} and p € ¥ such that supp_()nx |A] < C and 0% C R3\B.(p) Then,
N(p) is not horizontal.

In order to extend the multi-valued graph the idea is the following. Theorem 3.1
implies that a subset of 3 is contained in between a minimal 2-valued graph. Our goal is
to show that the part which is contained between the sheets is graphical. Suppose there
exists a point where the surface is not graphical then, using Lemma 4.1 the curvature must
be large nearby. We can then apply Theorem 2.3 to show that a multi-valued graph forms.
Using the nodoid foliation discussed in Section 5 we can connect a point on the top sheet
of the multi-valued graph and a point on the bottom sheet to points on the boundary
of 3. In this way, similarly to the argument described in the proof of Theorem 3.1 and
Remark 3.2 we obtain a simple closed curve v which bounds a disk in ¥ and the following
holds. After using the results in [12] by Meeks and Yau we find a stable embedded minimal
disk, >, bounded by v and disjoint from Y. However, using Theorem 2.1, ¥’ contains a
2-valued graph over a certain annulus and this annulus is sufficently large so that X' is
forced to intersect ¥ thus giving a contradiction.

Theorem 4.2 Given A1 < 1,A9 > 1 and there exist Qa(A1, Ag) = Qo, C3 = C3(A1, Ag) >
0, and Cy = C4(A1,Ag) > 0 such that the following holds.

Let ¥ C R? be an embedded and simply connected constant mean curvature equal to
H > 0 surface with 0 € ¥ C By, 0¥ C 9By, 1 > Q1 and a > 1. If H < min{Cy, 2%} and

sup |A| < 2aC; = 2|A|(0),
$NB;(0)

then (after a rotation) there exists a 2-valued graph ¥, C ¥ over DAQ\D(l_Al)(H_;).

Proof. As described in Remark 3.2, fix 71 = 3 and let € = (1) > 0, Ny = Ny(7) > 0,
w=wl)>1 0 =%(3), Ci = Ci(3) >0, and C; = Cy(3) > 0. Fix 3 such that
Ay =1-— % and using Lemma 4.1 fix 7 > 0 such that if p € ¥ C {|z3| < 1077A2} then
|A‘(p) = 2ﬂﬁ1 Let Qs = Agﬂl(T)Q, Cs3 = ,301(7') > 0, and Cy = min{wfﬁ,Cg(T)},
where Q1 (7), C1(7), and Cy(7) are given by Theorem 3.1.



In sum, if ¥ satisfies the hypothesis of the theorem then ¥ C R? is an embedded and
simply connected constant mean curvature equal to H > 0 surface with 0¥ C 9B;(0) for
! > Q; and such that H < min{Cy, 5} and

sup |A| < 2aC) = 2|A|(0), for a > 1.
$NB1(0)

Using Theorem 3.1 gives that there exist a stable minimal disk X' such that (after a
rotation) II71(0D%) N ¥ C 0%’ which contains a 2-valued minimal graph X,,;, over

D L \D o1& with gradient less than 7.

We waﬁt to show that the constant mean curvature disk is graphical between the sheets
of this 2-valued minimal graph. Let p be a point in 3 which is between the sheets (using a

linking argument it can be showed that p exists) and such that (52‘; /33 + < |I(p)| < As.
Since the gradient of the 2-valued minimal graph is less than 7, 3 is contalned a slab
of height {10m7As}. Suppose that ¥ is not graphical aroun p then, due to the way
we have chosen 7, we have that |A|(p) = 28C;. Using Theorem 2.3 and Remark 3.2

gives that an Nj-valued with gradient less than € forms around a point ¢ € B L (p) over

Dy \Dr, R < % This multi-valued is contained in the slab. Using the catenoid
g g

foliation we can connect the the top sheet and the bottom sheet of the multi-valued graph
to X N JdB_ in such a way that we can apply Remark 3.2. This gives a large 2-valued
o

minimal graph ¥’ around ¢ over a disk of radius # > Ay. This being the case ¥’ must

1
intersec X,,,;,. However, form the way it is obtained, ¥’ must be disjoint from X,,;, thus
giving a contradiction. O

5 Nodoid foliation.

In this section we generalize some results about minimal surfaces given by Hoffman and
Meeks in [9] and Colding and Minicozzi in [5] to the context of constant mean curvature
surfaces.

Before we discuss the nodoid foliation we need to establish some notation. If p,q
are points in R? then Vp,q is the segment between p and ¢. If S is a subset of R? then
Th(S) = Uyes Br(z). Let Nod' be the vertical nodoid whose mean curvature is equal to
+ and such that the shortest closed geodesic consists of the circle {23 + 23 = 1,25 = 0}.
Let C be the cone centered at the origin which intersects Nod' tangentially in two circles,
Cy and (. With a slight abuse of notation, denote by Nod’ the connected component of
Nod\Cy U Cy and denote by Nod the solid neck such that 9Nod = Nod' U D; U Dy, where
D; and D, are the disks bounded by C; and (. Dilation of Nod' are all disjoint and,

consequently, give a CMC foliation of the solid open cone and the mean curvature of the



leaves inside Nod is less than % Let ¥ be a CMC surface with mean curvature H < %
and let p be a point in the interior of ¥. If ¥ is tangent at p to the interior of §Nod,
0 <1, then, locally, ¥ cannot be in the mean convex side of §Nod (i.e. outside the neck).
In other words, the leaves of the nodoid foliation are level sets of the function f given by

<L '
mENOd

and the following holds.

Lemma 5.1 Let X C C be a CMC with mean curvature H < % then fs; has no nontrivial
interior local extrema instde Nod.

Let p1 € Ry small enough such that
{allas] < 200}\B1 (0) €

and
(a1 (x) = 12} 0 {allos| < 21} € B2 (0).

Lemma 5.2 Let ¥ C {|z3] < 20p1} be a CMC surface such that H < 35, ¥ C 0Bs(0)
and Bss (0) N # () then
4

Iterating Lemma 5.2 along a chain of balls and a rescaling argument gives the following
corollary.

Corollary 5.3 Let ¥ C {|z3| < 25p1} be a CMC' surface such that H < 3= and 9% C
0BR(0), R > 106. Let p,q € {x3 = 0} such that T5(ypq) NOX =0, and y, € B% (p) NX.

There ezist a curve v such that v C T5(ypq) N X and Ov = {yp, yq} where y, € Bs(q).
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