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Abstract

We study the quotients for the diagonal action of SL3(C) on the prod-
uct of n-fold of P*(C): we are interested in describing how the quotient
changes when we vary the polarization (i.e. the choice of an ample lin-
earized line bundle). We illustrate the different techniques for the con-
struction of a quotient, in particular the numerical criterion for semi-
stability and the “elementary transformations” which are resolutions of
precisely described singularities (case n = 6).

Introduction

Consider a projective algebraic variety X acted on by a reductive alge-
braic group G. Geometric Invariant Theory (GIT) gives a construction of a
G-invariant open subset U of X for which the quotient U//G exists and U is
maximal with this property (roughly speaking, U is obtained by X throwing
away “bad” orbits). However the open G-invariant subset U depends on the
choice of a G-linearized ample line bundle. Given an ample G-linearized line
bundle L € Pic%(X) over X, one defines the set of semi-stable points as

X%(L):={x € X|3n>0and s € T(X,L®")s.t. s(x) # 0},
and the set of stable points as
X3(L) := {x € X%(L) | G-z is closed in X*9(L) and the stabilizer G, is finite}.

Then it is possible to introduce a categorical quotient X*%(L)//G in which two
points are identified if the closure of their orbits intersect. Moreover as shown
n [13], X59(L)//G exists as a projective variety and contains the orbit space
X5(L)/G as a Zariski open subset.
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Question. If one fixes X, G and the action of G on X, but lets the linearized
ample line bundle L vary in Pic®(X), how do the open set X55(L) C X and
the quotient X°%(L)//G change?

Dolgachev-Hu [5] and Thaddeus [19] proved that only a finite number of GIT
quotients can be obtained when L varies and gave a general description of the
maps relating the various quotients.

In this paper we study the geometry of the GIT quotients for X = P?(C) x
... x P%(C) = P?(C)". We give examples for n = 5 and n = 6. The contents of
the paper are more precisely as follows.

Section 1 treats the general case X = P?(C)": first of all the numerical crite-
rion of semi-stability is proved (Proposition 1.1). By means of this it is possible
to show that only a finite number of quotients X“%(m)//G exists (Subsection
1.2). At the end of the section we introduce the elementary transformations
which relate the different quotients.

Section 2 is concerned with the case n = 5. Theorem 2.1 contains the main
result of Section 2: we show that there are precisely six different quotients.

Section 3 discusses the case n = 6: the main results of this Section are con-
cerned with the number of different geometric quotients that may be obtained
(it is 38: Table 3.1) and with the singularities that may appear in the quotients.
In particular there are only two different types of singularities: in Subsection 3.2
they are described, using the Etale Slice theorem. Theorem 3.2 collects these
results. At the end of the Section two examples shows how these singularities
are resolved by “crossing the wall”.
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1 The general case X = P?(C)"

Let G be the group SL3(C) acting on the variety X = P?(C)" and let o be
the diagonal action

o: G x P2(C)" — P?(C)"
g ) (xlu"wxn) — (gxlu"ngn)

A line bundle L over X is determined by L = L(m) := L(mq,...,my) =
Qi 7 (Op2(cy(mi)), mi € Z Vi, where m; : X — P?(C) is the i-th projection.
In particular L is ample iff m; > 0, Vi.

Moreover since each m; is an G-equivariant morphism, L admits a canonical
G-linearization:

Pict(X) = zZ".



Thus a polarization is completely determined by the line bundle L.

Recall that a point z € X is said to be semi-stable with respect to the
polarization m iff there exists a G-invariant section of some positive tensor
power of L, v € I'(X, L®%)%, such that y(z) # 0. A semi-stable point is stable
if its orbit is closed and has maximal dimension. The categorical quotient of the
open set of semi-stable points exists and is denoted by X*°%(m)//G:

X%%(m)//G = Proj (é I(X, L®k)G> :

k=0

Moreover the open set X°(m)/G of X*%(m)//G is a geometric quotient.
We set XUS(m) = X\ X9(m), the closed set of unstable points and X %9%(m) =
X55(m)\ X®(m), the set of strictly semi-stable points.

1.1 Numerical Criterion of semi-stability

Fixed a polarization L(m), we want to describe the set of semi-stable points
X55(m): using the Hilbert-Mumford numerical criterion, we prove the following

Proposition 1.1. Let x € X. Then we have

Zk,xk:ymk < @
r € X% (m) e (1)

lm|
D jayer i < 25
where |m|:= Y1 m;, and y,r are respectively a point and a line in P*(C).

Proof. Fixing projective coordinates on the i-th copy of P%(C), [zio : 41 :
Z;2], a point z € X (C P(D(X, L(m))*) = PN (C)), is described by homogeneous
coordinates of this kind:

EER

where 0 < 55, ki <my, Ji + ki < m;.

Let Aoy, 01,0, @ One-parameter subgroup of Gj it is defined by Aoy 01,0, (£) =
diag(t®, t*1 t*2) where g + a1 + ag = 0; we can assume g > a1 > Q3.
The subgroup Ang.a,.a, acts on every component of CN*+1 multiplying by

oo Y iditor Y kitaz Y (mi—(Ji+k)) ]

By the definition of the numerical function of Hilbert-Mumford py (z, A), we are
interested in determining the minimum value of

OéoZ]rl-Oéle +Oézz = (Ji + ki) -



This should be obtained when j; = k; = 0, Vi; but if there are some z;2 = 0,
then the minimum value becomes:

o9 E m; + o E mj + o E my, . (2)
1,x327#0 J>xj2=0,x;17#0 k,xpo=x1,1=0

Thus z € X is semi-stable if and only if expression (2) is less or equal than zero.
Let

aw=PF+0b, o1=—0o, arx=—pu;
it follows that 61 > —260, 61 > 60 e 61 > 0.
The expression (2) can be rewritten and the minimum value is

ol Do = D my|HBA| > me— 3 omi] <0
k,xkgzzklzo j,IjQZO,Ijl;éO k,xkgzzklzo i,ibi2750

(3)

The figure 1 shows that every couple (8o, 1) that satisfies (3) is a positive
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Figure 1: Plane Sy, 51 .

linear combination of v; = (1,1) e v2 = (—1,2). Thus the relation (3) must be
verified in the two cases Gy = 1 = 1 e g = —1, 51 = 2. After few calculations

we obtain )
Zh,zh,:y mp < |m|/37 Y€ P ((C) 5
Yimermu < 2im|/3, r CP?C).

Remark 1.2. z € X5(m) iff the numerical criterion (1) is verified with strict
inequalities.

The numerical criterion can be restated as follows: if K,J are subset of
[n] :={1,...,n}, then we can associate them with the numbers:

Yiem) =|ml =33 mi,  Af(m) =2/m| -3 m;.
keK jeJ

In particular we have: v§(m) = —% (m) where J' = [n] \ J.
Now for every subset K C [n], we consider the set of configurations (z1, ..., zy)
where the points indexed by K are coincident, while the others are all distinct:

Ug:{x€X|xk1=...:xk‘K‘ #xy, xy £V, j,l ¢ K}



if U € X9%(m), then v¢(m) > 0.
In the same way if 7 is a fixed line of P?(C), let

Ub={z¢ X|@j sy x5, €1,2i & 7,24, Tk, 2 nOt collinear, Vi, k, 1 ¢ J},

the set of configurations (z1, ..., z,) where the points indexed by J are collinear,
while the others are not; if UZ € X5(m), then 4% (m) > 0.

1.2 Quotients
Proposition 1.3. Let

UCSPN .= {z € X| 21,...,2, in general position} C X ,

(i.e. every four points among {x1,...,x,} are a projective system of P?(C)).

Then:
1. X9%(m) # 0 & U%EN c X9%(m);
2. X%(m) # 0 < UYEN C X%(m) & dim(X%%(m)//G) =2(n —4).

We know that the quotient X*°(m)//G depends on the choice of the polar-
ization L(m): moreover Dolgachev-Hu [5] and Thaddeus [19] have proved that
when L(m) varies, then there exists only a finite number of different quotients.

Now we give a proof of the same result in our case.

If X°9(m) # 0, then by the previous Proposition we have USEN C X59(m).
Moreover sets U and UZ are in a finite number since they consist in particular
combinations of z1,...,x,.

Fixed a polarization m, X°%(m) can be described as

XSS(’ITL) _ UGEN U uSS(m)7

where U8 (m) := { UL, UL |US, Uy € X55(m) }. In particular we can con-
struct only a finite number of different sets /°(m) and as a consequence there
exists a finite number of different open sets X*°%(m); in conclusion only a finite
number of quotients X°°(m)//G exists.

1.3 Elementary transformations

Let m be a polarization such that 3 divides [m| and X (m) # 0, X¥(m) €
X55(m); let us consider “variations” of m as follows:
Mm=m=%(0,...,0,_ 1 ,0,...,0).
M
We can have two different kind of variations, depending on the value || :

1Lm % m (e |M|=2 mod3);



2. m S om (i.e. |m|=1 mod 3).

In both cases we have X (m) = X°°(m); studying the relations between values
7§ (M), vE (M) and values v (m), vk (m), we observe that

1 w2,
XS(m) c X58(m),  XS(m) = X% (m) \ U U; ;
igJ,v§ (m)=0V vE(m)=0
X%m) c X%(m), X%(m)=X%(m)\ U U .
i€H G (M)=2V vk (Mm)=1
~ —1»;
2 m-—m
XS(m) c X58(m),  XS(m) = X% (m) \ U U; ;
i€J, 7§ (m)=0V vE(m)=0
X%(m) c X%(m), X%(m)=X%(m)\ U U .

i H G (M) =1V vk () =2

At the end, we can illustrate the inclusions of the open sets of stable and semi-
stable points, with the following diagrams:

XSS(ﬁl) :XS(m)C_O‘) XSS(m)

|

X5 (m)

XSS(m)

/ XS(T?L)
\ < XS(m) )
The inclusions X*(m) C X (M) € X*9(m) induce a morphism
0: X%(m)/G — X°%(m)/ /G, (4)
which is an isomorphism over X ¥(m)/G, while over (X*%(m)//G)\ (X*(m)/G)

is a contraction of subvarieties.
In fact, let us consider a point £ € (X%%(m)//G) \ (X¥(m)/G): this is



the image in X°%(m)//G of different open, strictly semi-stable orbits, that all
have in their closure a closed, minimal orbit Gz, for a certain configuration x =
(z1,...,7,) € X59%(m). In particular this configuration = has |J| coincident
points, and the others n — |J| collinear; by the numerical criterion, we get
7§ (m) = 0 and v%(m) = 0, where J indicates the coincident points, while
J" = [n]\ J indicates the collinear ones.

For the sake of simplicity, we can assume z as

1 ...100 0 0 ... 0
0 ...010 1 1 .. 1 . BreC*, VEk.
0 ... 00 1 Bi B2 oo Buiyo

The open orbits O that contain Gx in their closure, are characterized by
7§ (m) = 0 or 7% (m) = 0; there are two different cases:

1. v§(m) = 0: orbits look as

I ... 100 a1 @ ... «aup -2
Or=(o0o ...010 1 1 .. 1 peC* oy eC.
0 ... 00 1 pbi pB2 ... Pﬁn—u\—2
2. vk (m) = 0: orbits look as
1 1 ... 1 oo o0 0 ... 0
Oy = 0 61 ... 5|J|,1 1 0 1 1 1 ,5k,€k€(c.
0 e .. -1 0 1 81 B .o Buojy—2

Now, calculating 0~1(€), it follows:
071 () = 07" (oUF UTE)) ;

by the numerical criterion, only one between U§ and UZ, is included in X ().

Dealing with an elementary transformation of the first type (m t m), then

Cified =071 () =0 (¢(U_§UU_},)) - a(U_JCmﬂ(m)) .
When n > 5, this has dimension:
d=n-—|J|-3. (5)

In fact, let us consider the minimal closed orbit Gz: all the orbits that
contain Gz in their closure and are stable in X (), are characterized by
the coincidence of |J| points (O; orbits ).

CifieJ =071 (g) =0 (qS(U_JCUU—},)) = qAS(U_},ﬂXS(ﬁL)) .
Now the dimension d of §71(£) is
d=2n-|J]-1)—1. (6)

Dealing with an elementary transformation of the second type (m A m), then

ieJ=d=2(n—-1|J|-1)—1; ieJ =d=n—-|J|-3. (7)



2 X =PC)°

2.1 Number of quotients

Let us study the case n = 5: X = P?(C)®. First of all let us determine how
many different quotients we may get when the polarization varies.

Let us examine the number of Geometric quotients; let L(m) be a polar-
ization such that X*(m) # (: by the Proposition 1.3 it follows that USEN C
X5 (m). In particular

X%(m) =UCEN U us(m),

where US (m iUK, UF|UZ, UL c X5(m) }. Obviously there is only a finite
number of sets u ): we want to describe their structure.

Let m = (my,...,ms) be a polarization such that X°(m) = X°%(m) # 0;
we can assume m; € Q and

1
0<mi<§, My 2 My, |m|:1
As a consequence only strictly inequalities are allowed in the numerical criterion:

1 2
X%(m) < E = E <2 e ¢ L
T € (m) my < ‘ | mJ<3 Y (m) > 0,v7(m) >0
kxr=y,ke K Jxier,jes

In particular sets K that indicate coincident points, can have only two elements
(otherwise it would be possible to find a weight m; greater than 1/3), and in
the same way non trivial sets J that indicate collinear points, have only three
elements.
Moreover by the numerical criterion, only some sets Ug, U} may be included
in X°(m):
ve, uvg, vs, vg, Ug, 5
U2L34 ’ U1L34 ’ U1L25 ’ U1L24 ’ U1L23 .

They can be examined in couple because 7% (m) = —vk,(m), K’ = [5]\ K and
then only one between U{ and UE, may be included in X°(m).

The number of geometric quotient is siz.

In fact

0. in US(m) there may be only sets as U } : an example is the polarization
m = (1/5,1/5,1/5,1/5,1/5);

L. if in U (m) there is one set as U, it is UG: in fact if it were U, then it
follows

ms +my < 1/3 and my +ms > 1/3 = mg < ms = Impossible.

Example: m = (1/4,1/4,1/4,1/8,1/8);



2. if in U (m) there are two sets as US, they are UG and U$,: the argument
is similar to the previous one.

Example: m = (3/11,3/11,2/11,2/11,1/11);
3. if in US(m) there are three sets as US, we can have two cases:

(a) UG, US and US , example m = (3/10,1/5,1/5,1/5,1/10);
(b) U, US% and US, , example m = (3/10,3/10,1/5,1/10,1/10).

4. if in US(m) there are four sets as UY, they are UG, UL, US and US.
Example: m = (1/4,1/4,1/4,2/9,1/36);

5. the case of all U sets in U (m) is impossible, because U, US, US;, US:
are incompatible.

‘We have found six cases:

0. US(m) = {Usss, Utsy, Ulsy, Uz, Ufss }
L. uS(m) = {U2L347 U1L347 U1L24’ U1L257 UALCL;)},
2. uS(m) = {U2L347 U1L347 U1L25’ U?,C57 Uzl%}v
3a. uS(m) = {U2L347 U1L257 U2C‘:">’ UB%’ Uzl%}a
3. uS(m) = {U2L347 U1L347 USC:l’ UZ)%’ Uﬁ;},
4. MS(m) = {U1L257 Ulc57 U2057 U3057 U405}'

Then there are only six different open sets of stable points and thus six geometric
quotients.

Now let us examine the number of Categorical quotients. First of all let us
observe that sets U$, UL, that may be included in X99(m) are the same of
(8). What is different from the previous case is that now two sets U$ and Uk,
may be both included in X% (m) (if v¢(m) = v%, (m) = 0); this means that in
X55(m) there are two distinct strictly semi-stable orbits:

- an orbit O1 with zy, = xy,, K = {k1,ka};
- orbits Oy with z;,, x;,, x;, collinear, i1,i2,i3 € K'.

Orbit Oy and all orbits Oz contain in their closure a closed, minimal, strictly
semi-stable orbit O;2, that is characterized by xy, = x, and x;,, x;,, x;, collinear:

:Ekl = :Ek2
o

In the categorical quotient X95(m)//G, orbits O; and O determine the same
point; in fact O12 C (O1 N O3).



Let us examine the stable case more accurately: we know that only one
between O; and Oy is included in X“(m); when O; is included, it determines
a point of the geometric quotient. In fact if for example U C X (m), then
#(US) may regarded as P?(C)*(mq, ma, m3, ms +ms)/SLz(C) and the we have
a point. When orbits Oy are included in X(m), they determine a P*(C) in
X5(m)/G. In fact if for example U, C X°(m), then we can assume

1 01 0
O;=|0 110 (e, 8) € C*\ {(0,0)}.
0 0 0 1

— @R

Applying to Oz a projectivity G of P?(C) that fixes the line that contains
71,12, 3 (G = diag(\, A\, A72), with A € C*), , it follows:

1010
Gr-z=[0 1 1 0 X3
0001

If o # 0, then we can assume \*> = a~!; thus we obtain x5 = [1 : !5 : 1]; in
the same way if 3 # 0, then o5 = [a371 : 1: 1].
Then it is clear that ¢(0;) = P*(C).

In the semi-stable case when US, UE, € X99(m), we know that U NUE, #
() and they determine a non-singular point of X°%(m)//G, just as in the stable
case when US C X®(m). In this way it follows that every categorical quotient
X55(m)//G, where

X% (m) =UCENU{ UG, UF,..., UL, UL, ..., U5, UL},

stablesets semi — stablesets

is isomorphic to a geometric one X (m')/G, whose open set of stable points is

X%(m')y =UBNU{US, UF,...,.UL, UC,US, }.

In conclusion:

Theorem 2.1. Let X = P?(C)5: then there are six non trivial quotients.
Moreover a quotient X°%(m)//G is isomorphic to one of the following:

with three points blown up
with four points blown up

P2(C)
P?(C)with a point blown up P2(C),
P}(C) x PL(C) P(C)?);
P2(C)

(©)

(©)

(P*(Ch)
(PH(C)?)
with two points blown up  (P?(C)3)
(P*(C)3)
(P*(C)a)

10



2.2  Quotients P*(C)°//G

The following diagram shows the relations between some polarizations that
realize the quotients; for example if m = (22211), then X°(m) = P2(C)3 and
there is a morphism 6 : X9(22211)/G = P%(C); — X9(44322)//G = P*(C) x
PL(C).

(11111)p2 (),

|

(21111 )p1(c

T

(22111) (p1())2

\

(44322) 1 ()2

/

(22211)p2(c),

/ \
(33111)po(c) (32211)p1(c (22221)p2(c)
(33211) (p1(c))z (32221)p2(c), (22222)p2(c),

/ l l

(66522) (p1(c))2 (66432) p1(c))2 (65442)p2(c), (54444)p2 (),
(33311)p2(c), (33221)p2(c), (32222)p2(c),

! T

(33321)p2(c

/“\
\

(33322)p2(c),

11

(33222) 1 ()2



3 X =PC)S

3.1 Number of quotients

Now we study the case n = 6: X = P?(C)%; as in the previous case we
first determine how many different Geometric quotient we can get when the
polarization varies.

For a polarization m = (my, ..., mg) such that X(m) # 0, then

X%(m) =USEN U US(m).

We want to describe the structure of the sets & (m); assume that 0 < m; < 3,
m; > miy1, lm|=1.

We are interested in those sets U that are included in X (m): some are always
included in X*(m):

C C C
U36 ’ U46 ’ U56 ’

and others may be included in X*(m):

c e c c c c C c C
U]C5 9 U]CG 9 U203 9 U2él 9 Uzg 9 U2CG ) U3 4 ) U35 9 U45 )
Utse» Usser Usis, Usier Usse  Ulse-

The number of different sets US (m) is 38.

First of all the minimum number of sets U with |K| = 2, included in X (m)
is five: in fact for example consider only the sets US;, US, US that are always
included in X*(m), then obviously

6

1 1 1
m1+m6>§,m2+m5>§,m3+m4>§ = ;mi>1 : impossible.

In a similar way it is impossible to have only four sets US (|K| = 2) in X®(m).

Then for five sets UY, we have U, Us;, US;, UG, US: in fact with another
5-tuple (for example UZ, US;, U, USs, USS), it gets |m| > 1, that is impossible.
Moreover with these combinations, it is impossible to obtain a set as U{ with
|K| = 3.

Going on with the calculations, we are able to construct the following table,
that shows all the possible cases (in the “admissible” cells we exhibit an exam-
ple of a polarization that realize the geometric quotient). In particular it is not
possible to have more than ten sets UY (|K| = 2) in X°(m): we would obtain
|m| < 1.

12



Table 3.1.

Ug, No Ug, 1 set U§7 2 sets U§7 3 sets U§7 4 sets Ug,
|K| =2 |K|=3 |K| =3 |K| =3 |K|=3 |K| =3
USS7U§37UP%7 \/ NO(*) No No No
UG, US% +(222221)
UG, Us, US, v USe No™ No No
UG, U, USs | 5(333221) | £(444221)
U?)Cfb USCéy US%: v U4%6 U4C:;)67 USC:;)(S U4C:;)67 U?)Cz;)ﬁy U4%67 US%Sy
Uﬁg? Uﬁg? USCé UJC;H) UfSlG? UBCJLS
1(221111) | £(332111) | £(442211) | £ (552221) | (331111)
Uss, Uss, Uss, v Ufse Ufse, Usse | Ulse, Usse, No®™)
US%7 U4Cé7 U4%7 UQCEV)(S
U$% 77(322211) | £5(433211) | £-(543311) | 75(644311)
U2%7 Uiﬁy USC:;): ‘/ U4%6 U4C:;)67 USC:;)(S U4C:;)67 U?)Cz;)ﬁy NO(**)
U36(;'7 Uélcén Uﬁg7 UJC;H)
US £(432221) | (543221) | =(875321) | (542221)
Ul%7 U%y UP%, v U4%6 Uég)ﬁy UP%(; NO(*) No
Uss, Uls, Ule,
US L (443321) | 5(554321) | 5=(775421)
Uts, Uss, Uy, v Ulss Ulse, Usse | Ulse, Usze, | No™
U?gn USC(;y U4C:;)7 UP§16
UG, US +(332221) | 15(443221) | £(553321) | o= (774331)
Ul%7 U2Cé7 U2%7 v U4%6 U4C:;)67 USC:;)(S U4C:;)67 U?)Cz;)ﬁy NO(*)
UBC:’n U;%, UE’M U2C:56
US%,US L(433321) | = (766421) | =(765521) | & (755521)
Uss, Uss, Usa, v Ufse Ufse, Usse No'» No
Uss, Usg, Uls,
U, US +(965542) | 5=(865322) | +5(432211)

13




U<, No US, 1set US, 2sets UG, | 8 setsUS, | 4 sets US,
|K| =2 |K|=3 |K| =3 |K| =3 |K|=3 |K| =3

Ulc:’n Ulcf;7 U2C:57 v U46:56 Uéf’)& UJC:’)G Uéf’)& U36:567 UE’)& Ufi%&
U2%7 US%y US%: UQCEV)(S U2%67 Ul%(i
UG, Uls, USs | (222211) | £(333211) | £(443311) | 5= (766411) | & (555511)
U, U%,US, v USes No'tP No No
Usi, Uss, Usg,
UG, Uss, USs | +(533222) | £(322111)
U%, U, UL, v No'tth) No No No
Uss, Uy, Uss,
U, U, Uss, | £(211111)

UC

56

(*) This case is not possible, because there is not any available tern;

(%) U?)C45 is not included in X*(m), because otherwise msz + my + ms < %,

mo + mg < % =my > %, that is impossible;

® Uzc56a U:g;sv U3046 ,@ Xs(m)§

() U2€16aU2C567U3€15aU3€167U3056 ,@ Xs(m);

(1) UZCZ;Gv U2C:167 UZCL;Gv UB%S? U3C416’ U30567 U4%6 g XS(m)

3.2 Singularities

In this section we study the singularities which appear in the categorical
quotients.
Suppose that |m/| is divisible by 3, and that there exist strictly semi-stable
orbits (included in X*%5(m)); then we can have different cases depending on
some “partitions” of the polarization m € Zgoz

1. there are two distinct indexes 4, j such that m; +m; = |m|/3; as a conse-
quence, for the other indexes it holds myp, + my, + my + m, = 2|m|/3 (i.e.
minimal closed orbits have x; = x; and zy, zg, 1, T, collinear).
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Ti = Ty
Th
Tk
T

T,
In X®%(m)//G these orbits determine a curve C;; = P1(C).

1.1 particular case: m; +m; = mp+m; = mg +m,, = |m|/3 for distinct
indexes (i.e. there is a “special” minimal, closed orbit other than the
orbits previously seen, characterized by =; = z; ,xp, = z1, 2 = ).

Ti =Ty
[ ) [}
Tp = T
[}
L = Tp,

2. there are three distinct indexes h, i, j such that ms +m; +m; = |m|/3; as
a consequence for the other indexes it holds my, +m; + m, = 2|m|/3 (i.e.
there is a minimal, closed orbit such that z;, = z; = z;, and zx, 27,
collinear).

s
Ty

Tn

Let us study minimal, closed orbits and what they determine in X°%(m)//G.

3.2.1 z; =x; and xy, 2, 21, T, collinear

Consider a polarization m = (mq, ..., mg) as previously indicated and an
orbit Gz such that z; = z; (m; + m; = |m|/3), and the other four points
T, Tk, X1, Tp, collinear (mp, + my + my + my, = 2|m|/3).

G is a minimal, closed, strictly semi-stable orbit and its image in X*%(m)//G
is a point £ € Cj;. For the sake of generality, suppose that xj,zy,x;, z, are
collinear, but distinct; for example assume x as:

, a,beC*a#b.

o = O
= o O
Q= O
> = O

1 1
T = 0 0
0 0

15



Now let us apply the Luna Etale Slice Theorem, to make a local study of
&: in fact it states that if Go is a closed semi-stable orbit and £ is the corre-
sponding point of X*%(m)//G, then the pointed varieties (X*°°(m)//G, ) and
(Nz//Gx,0) are locally isomorphic in the étale topology, where Ny = Ny x o
is the fiber over x of the normal bundle of Gz in X (for more details about the
Etale Slice Theorem, see [12], [20] and [8]).

In our case the dimension of the stabilizer G, is equal to one and G, &
{diag(A72, A\, \), A € C*} = C*. Moreover the orbit Gz is a 7-dimensional regu-
lar variety in C'2 and the space T,,C'? = C'2 can be decomposed G-invariantly
as the direct sum T,Gx & N,.

So we study the action of the torus C* on N,: it is induced by the diagonal
action of SL3(C) on P?(C)%(m) and it can be written as

vy )\31)1; Vg )\31)2; VU3 )\_31)3; Vg )\_31)4; Vs > Vs

where (v1,...,v5) is a basis of N, = C°.
In this way a local model of (X%%(m)//G,¢) is given by (C°//C*,0) with
“weights” (3,3, —3,—3,0) that is the 4-dimensional toric variety

Y = C[Tl, BN ,T5]/(T1T4 - T2T3) .

In conclusion, the variety (X°%(m)//G,¢), where ¢ is a point of the curve
C;; 2 PY(C), is locally isomorphic to the toric variety Y: it is singular and there
are different ways to resolve it ([10], [2]).

3.3 wi=x5, =2, T =Ty

This study is analogous to the previous one.
Consider a polarization m such that it is possible to “subdivide” it as m; +m; =
mp +my = my, +my, (for different indexes); we are examining the configuration
x, with «; = z; ,zn = 21,z = z,, (this configuration is a particular case of the
previous one).
In the quotient X(m)//G the image of the orbit G is a point Oij,hi kn that
lies on the three singular curves Cjj;, Chi, Cin.

The orbit Gz is minimal, closed and strictly semi-stable: assume x equal to

110 0 0 O
xr=( 001 1 0 0
000 011

Let us apply the Etale Slice Theorem: the stabilizer G, is isomorphic to a
2-dimensional torus G, = {diag(\, u, \"1u=1), A\, u € C*} which implies that
dim Gz = 6. By the Etale Slice Theorem, let us study the action of G, on N,:
on the basis {v1,...,v6} of N, it gives

v1 = AT v vy = A2 g v3 = At vg;
va = At vgs w5 = AP os v — A - vg .
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It follows that a local model for (X®%(m)//G, Oijnikn) is given by Y =
(C®//(C*)%,0), where the action of (C*)? can be written (in the coordinates
(21,...,26) of N, =2 CF) as

()‘7 M)(Zla SERE) 26) - ()‘_1/14217 )‘_2/1'_1227 A/1'_1237 )‘_1/1'_2247 A2/14257 )‘M2zﬁ)' (9)
Thus we obtain a 4-dimensional toric variety:
Y =C[Ty,...,T5]/(ThTxT5 — TuT5) . (10)

Its singular locus is given by three lines s; = {(¢,0,0,0,0),t € C}, s =
{(0,¢,0,0,0),t € C} and s3 = {(0,0,¢,0,0),¢t € C} that have a common point,
the origin. These lines correspond to the curves Cj;, Cpi, Cip.

A toric representation of Y is determined by a rational, polyhedral cone
o C R* such that Spec(cV N Z*) = Y. The generators of the semi-group
oV NZ* are wy,...,ws € Z* and satisfy wy + wo + w3 = ws + w5 . Assume

wl:(1707070)7 w2:(0717070)7 w3:(0707170)7
wy = (0,0,0,1), ws=(1,1,1,-1).

The primitive elements of ¢ are:

n = (0,0,1,1), ng = (1,0,0,0),
n4:(0717071)7 1'15:(1,070,1), 1'16:(,

It is clear that the cone o is singular.

Let us intesect o with a transversal hyperplane 7 of R* and then consider
the projection on 7. With 7 : y1 + y2 + y3 + ya = 2 we get the polytope II of
R3, with verteces

UlZ(O,O,l), ’LL2—(2,0,0), U3—(0,0,2),
wg=(0,1,0), wus=(1,0,0), ug=/(0,2,0).
ug !
uy
u, I Uy
Ug

Figure 2: Polytope II

In conclusion the pointed variety (X°%(m)//G,O;j nikn) is isomorphic to
the toric variety C[Th,...,Ts]/(T1T2T5 — T4T5), where the action has weights

-1 -2 1 -1 2 1
1 -1 -1 -2 1 2 )"
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3.4 x5, =x; =z; and xy, 21, T, collinear

Consider a polarization m such that my, +m; +m; = |m|/3 and my, +m; +
my, = 2|m/|/3 (for different indexes); then let us study the configuration x where:
xp = 2; = x; and T, 21, Ty, collinear.

The orbit Gz is minimal, closed, strictly semi-stable and its image in X% (m)//G
is a point Op;;. In particular xy, x;, z,have to be all distinct.

As in the previous cases, by the Etale Slice Theorem, we obtain a local model for
(X59(m)//G, Onij): this is determined by Y := (C®//C*,0), where the action
of C* over C® with coordinate (21, ...,z25) has weights (3, 3, 3,3, —=3). Y is a
4-dimensional toric variety that corresponds to the smooth affine variety

Y =C[Ty,..., Ty = C*.

In conclusion the corresponding point Op;; in X%9(m)//G is nonsingular.

We have classified the different singularities of X*%(m)//G:
Theorem 3.2. Let X =P?(C)® and m € Z%, a polarization:

1. m s.t.

- 3Jf|m|7
- m; < |m|/3Vi,

then the quotient is geometric;

2. m s.t.
- 3 [ |ml,
- m; < |m|/3Vi,

- for all couples and triples of indexes we have m; + m; # |m|/3 or
mp, +m; +m; # |m|/3,

then the quotient is geometric;
3. m s.t.

-3 | |m|7
- there exists an index i s.t. m; = |m|/3, while for the other indexes
Jj#i, mj<|ml|/3,

then the quotient is (P1(C))%(m’)//SLa(C); its dimension is equal to two,
and the polarization m’' € 73 is obtained from m by eliminating m;;

4. m s.t.

- 3||m|7
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- there exist two different indexes i, j s.t. m; = m; = |m|/3, while for
the others h # i,j, mp < |m|/3,

then the quotient is (PY(C))*(m")//SLy(C) = PY(C); the polarization
m' € 71, is obtained from m by eliminating m; and m;;

5. m s.t.
-3 |m|,
~my < |m|/3Vi,

- there are two different indexes i,j s.t. m; +m; = |m|/3,

then the quotient is categorical; moreover it includes a curve Ci; = P*(C),
that corresponds to strictly semi-stable orbits s.t. x; = x; or xp, Tk, T1, Tn
collinear. In particular points § of Cy; are singular: locally, the variety
(X55(m)//G,¢&) is isomorphic to the toric variety

ClTh, To, T3, Ty, T5| [ (T1 Ty — ToT5) .

6. m s.t.
-3 |m|,
- my < |m|/3Vi,

- there is a “partition” of m such that m; + m; = mp +m; = my +my,

then the quotient is categorical; moreover it includes three curves C;j, Chy,
Cin 2 PY(C), that have a common point O;j pi kn -

In particular Ogj ni kn s singular: locally the variety (X9%(m)//G, Oij hikn)
is isomorphic to the toric variety

ClTy,Ts, T5, Ty, T5) /(T1 T Ts — TyT5) .

7. m s.t.
-3 |m|,
my < |m|/3Vi,

- there are three indexes h,i,j s.t. my +m; +m; = |m|/3,

then the quotient is categorical; moreover it includes a point Op;; that
correspond to the minimal, closed, strictly semi-stable orbit Gx such that
Th = x; = Tj and Ty, Ty, Ty are collinear. The point Op;j is non singular.

3.5 Examples

Now we provide two examples that illustrate how to get explicitly a quotient,
via its coordinates ring, or via an elementary transformation.
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3.6 P2(C)%(222111)

Im| = 9; by the numerical criterion: >, . mk <3, >, . m; < 6. Then
X%(m) c X5%(m).
Moreover it is easy to verify that there are nine Cj; curves, six Ojj ni,kn points
and one Op;; point.

Let us study the graded algebra of G-invariant functions R$(m)“. A stan-
dard tableau 7 of degree k associated to the polarization m looks like

az; az ag
T = G/é G/i ag 3k (11)
aj a3 af
where
|ai| = 2k, |ag| =k, |as| + |a3| = 2k,
Iazl),4| + [a3| + [a3] = 2k, Iai5| + laf] + lad] = £, |a§5| + |ad] = &,
Ei:Q |a‘zl| =k, Zi:2 |a’12| = 3k, Zizs |G?| =2k.

Let ag := |a}|, a4 := |a}|, B3 := |a3|, B4 := |a3|. Then it follows:

lat] = 2k, l[a3| =k + az + ag, la3| = Bs,
5| =k — (a3 + a4), a3 =2k — (a3 + B3), |aj| = Ba,
|a3| = a3, laf| =k — (a4 Ba),  |a3| =2k — (B3 + Ba),
|ay] = au, la3| = B3 + Ba — k, |ag| = k.

Moreover as, ay, O3, 84 must satisfy the inequalities:

0 <ag,aq,0s, 04 <2k, asz+2a4 < fs, as+oy <k,
k+oay <pBs+04<2k, p[s<k+as+as, 203+ 0s<3k+ay.

Assume
Ti=oy, Yyr=oaztos, 2:=03, w:=PF3+064;

the standard tableau 7 (11) is completely determined by the vector (z,y, z, w)
that satisfy:

0<z<y<k, 0<z<w<2k, 0<y+z—a<2k,
r4+y<z<y+k, z<w<k+z O0<wt+zrz—2<k, w>zx+k.

After few calculations we find out that for any k, there are
1
g(k:‘* + 6k3 + 15k% + 18k) + 1 (= dim(R5(m)§))

standard tableaux. Thus the Hilbert function of the graded ring RS(m)% is
equal to

1t

(1-1)%

= /1
> (g(k‘l + 6k% + 15k% + 18k) + 1) th =
k=0
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This suggests that the quotient X*%(m)//G is isomorphic to a cubic hypersur-
face in P°(C).

First of all we have the following generators of R$(m)% :
to = [124][135][236], ¢, = [123][135][246], ¢, = [123][134][256],
ty = [123][125][346], ¢4 = [123][124][356], t5 = [123][123][456].

For every (i,7) # (2,3),(3,2), the product ¢;t; is a standard tableau function
from R$(m)S. Applying the straightening algorithm (that allows to write any
tableau function as a linear combination of tableau standard functions), we
obtain:

tots = tits —u+ts(—to +t1 —ta —t3 +ta —ts5). (12)

So the standard monomial uw = [123][123][123][145][246][356] can be expressed
as polynomials of degree two in the ;.

In we take a tableau function fi(, 4. w k) corresponding to a standard tableau
T (11), we can write it as

A L A e B z<zt+k w<k+z-u
y . t’g+m*ztf—w_yt§+§_kwtfﬁi*ktg, z<z+k y<z-—u
(z,y,2,w,k) t?kJrszfzt;)*y* t4+y7zt§uz—z—k7 z>x+k, w<3k+x—2z
t?kJrz*yfztl;er*th;fzt%cuz—mfk, z>x+k, y < 2k + x — 2.

Applying the straightening algorithm to the non-standard product tou, we
have:
tou = t1t4(t1 — t2 — tg + t4 — t5) .

Then by relation (12), it follows
to(trts —tats +t5(—to +t1 —to —ts + 1ty —t5)) = tata(ty — to — t3 + 14 — t5) =

to(—t2t3+t5(—fo+t1 — 1ty —t3+ 1ty —tg,)) = t1t4(—t0+t1 — 1ty —t3+ 1ty —t5) =
(—to+t1 —ta —ts+tq — t5)(tots — t1ts) — totats =0

Let
F3s=(-To+Ty —To — T3+ Ty — T5)(ToT5 — T Tu) — ToToT3, (13)

there is a surjective homomorphism of the graded algebras
C[Ty, Ty, Ts, T3, Ty, T5) / (F5(To, Ty, T2, T3, Ty, T5)) — RS(m)“ .

Thus the quotient X“9(m)//G is isomorphic to the cubic hypersurface
F5(To,Th,To,T5, T4, T5) = 0.
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3.7 P2(C)%(221111)

|m| = 8; by the numerical criterion 37, . _ My < 8/3, 37
and thus X°(m) = X%9(m) .
In order to determine this geometric quotient, we have to introduce the

; < 16/3

JyxjET

elementary transformation m = (221111) Hs (222111) = m, and consequently
0: X5(m)/G — X55(m)//G.

First of all let us study 5’1(0456): by relation (6) its dimension is equal
to d = 3; the semi-stable orbits of X“(m) that determine Ogs6 in the quo-
tient X%9(m)//G and are included in X (), are characterized by z1,z2, 3
collinear. Applying a projectivity of P?(C) such that it fixes the line that con-
tains a1, 2, 23, we have 61 (Oys6) = P3(C).

Then 5’1(5),5 € Cj;; studying how semi-stable orbits change going from
X55(m) to X¥(m), there can be two different cases: coincidence or collinearity.

1. Consider the curve Cj4: by the numerical criterion for X*(m), orbits
which have xo, x3, x5, g collinear are stable. In particular by relation (6),
the dimension of §71(&;), & € Ciy4 is equal to d = 1: in fact

671 (&) = PY(C). (14)

2. Consider the curve C36: by the numerical criterion for X ° () orbits which
have 3 = x¢ are stable. In particular by relation (5), the dimension of
071(&), & € COs6 is equal to d = 1; in fact

671 (&) 2 PY(C). (15)

Let us study afl(Oijyh”m); consider O14,9536. Strictly semi-stable orbits
that contain the orbit Gz (z1 = z4,22 = 5,23 = z6) in their closure, are
characterized by one of the following properties:

1. 1 = x4 and x1, 22, x5 collinear; 2. x1 = x4 and x1, x3, xg collinear;

3. x9 = x5 and w1, T2, x4 collinear; 4. x9 = x5 and x2, x3, T collinear;

5. x3 = xg and x1, x3, T4 collinear; 6. x3 = xg and x9, x3, x5 collinear.

In particular configurations 1, 2, 3,4 are unstable for the polarization m, while 5
and 6 are included in X (7); moreover these sets have a common configuration:
(x3 = x6, x1, T3, T4 collinear, a9, x5, x5 collinear):

Tr3 = Te

Ty Ts
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Every one of these two sets of stable configurations determine a copy of P*(C)
in the quotient X°(m)/G: thus these two copies of P1(C) have a common point.

é\_l(Oij,hl,kn) ~ pl (C)u P! (C) with a common point .

We can get this result in a different way, by constructing a subdivision of
the polytope II (figure 2).

Since XV9(m) C XV9(m) and (XY9(m) \ XU5(m)) C X959(m), we de-
termine (locally in N,), which strictly semi-stable orbits for the polarization m
are unstable for m. By the machinery of the theory of homogeneous coordinates
for a toric variety ([1],[2], [4]), the local resolution of (X% (m)//G,O14.25.36) =
(C%/(C*)2,0) in the quotient X*°(m)/G is determined by (C°\ Z)//H , where
CO\Z =CO\{2 € CC 2124 = 0, 2223 = 0, 2224 = 0}, and H is the 2-dimensional
torus H = {(A1, A2, AT AT A2, A Mg ), A, A € CF )

The set CO\ Z describes a particular resolution of II.

Ug

Figure 3: Subdivision of type (221111) of II

We can find three simplicial polytopes: figure 4.

Usy. it

ny

)

ug

U

Figure 4: The three polytopes of the subdivision (221111) of II

The toric representation of Y, described by the polytope II, is determined
by the cone o: to solve its singularities let us construct a fan 3, refinement of
o. By the theory of toric varieties, there exists a proper, birational morphism ¢

Xz = (C°\2)//H = (C°\ 2)//(C*)* = (C°//(C)?) = (Nu//Ca) = Xo,

induced by the identity over the lattice R*: this application allows us to specify

the map 6: N
6: X%(m)/G — X%%(m)//G.
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First of all let us take a cover of (C°\ Z): for example the three open sets
U17 U27 U3:

U1:C6\{Z€C6|le4:0}; UQZCG\{ZG(C6|2223:0};
U3:C6\{Z€C6|2224:0}.

Now let us consider the action of H 2 (C*)? on these three open sets and con-
struct the three quotients: in the first case, the quotient Uy = Uy //H is the
smooth Variety (C[Xl, XQ, Xg, X4, XG]/(XQ — X4X6).

In the same way Uy = Us//H = C[Y1,Ya,Ys,Ys,Y7]/(Ys — Y5Y7) and Us =
Us//H = C|Zy, Z2, Z3, Zs, Zo| [ (Z1 — ZgZy).

How do these quotients (71(2 = 1,2,3) fit together? We have the following
“gluing”

X1=Y1 = Zg7y Y1 =X1 = ZgZ Zy = X4Xe=Y2
X3 =Y5Y7r =73 Yo = XuXe =23 Z3 = X3 =Y5Y7
Xo=VYaYr = ZyZy Y5 = X1 X3Xe = Z3Zs Zg = X5 =V1Yq
Xoe=WYr) ' =2 Yo=(X1Xe) ' =250 Zo=X1Xe=Y;"

(16)

The birational maps 51 : [71- — Y that resolve the singularities of Y are
described by the pull back of the generators of the ring of G,-invariant functions
(T1, T2, T3, Ty, Ts):

0;(Th) = X, 03(Th) = 1, 03(Ty) = ZsZo,
01 (1) = X4 X, 05(T») = Ya, 03(T3) = Za,
01(T35) = X, 05(Ts) = YsYz, 05(Ts) = Zs,
01 (Ty) = Xa, 05(Ts) =V1YaYz, 03(Ty) = Z2Zs,
05 (Ts) = X1 X3Xg, 05(T5) =5, 05(T5) = ZsZy.

The point O14,25 36 corresponds to the origin in Y: let us study @71(0)

51_1(0) = (07 O’ O’tl) = C’ 52_1(0) = (05 07 Oa ul) = (Cv
05(0) = (0,0,t5,u) = CUC

where tl, Uy, tQ, Ug € (CAand toug = 0.
In particular the fiber 65 1(0) is isomorphic to the union of two copies of C that
have a common point (0,0,0,0) € Us. Moreover by the gluing (16), t1,t2 € C
give a cover of P1(C), just like uy,us € C.

In conclusion the resolution of 0142536 in X(221111)/G is determined by
the union of two copies of P*(C) that have a common point

~

07 (O14,25,36) = P(C) UPY(C) with a common point.

Let us calculate the resolutions of the three singular curves C14, C5, Csg that
meet in O14,25,36: We know that there is a correspondence between C;;, Ch, Cinp,
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and the three lines s3 = {(0,0,¢,0,0)},s2 = {(0,¢,0,0,0)},s1 = {(¢,0,0,0,0)}
of Y. Now let us calculate the fiber of a “generic” point of each line s;, for the
maps 0;. N R N
Let 53 S 0142 9;1(53) = (O,t,O,T), 9;1(53) = Imposs., 6‘51(53) = (O,t,T_l,O);
thus R

07'(&) 2PY(C), V& €Cu & # O

In the same way for & € Cas and &1 € Csg, 1,82 # O ni,kn We obtain:
071 (&) =PY(C), 6'(&)=P(C).
In conclusion the map
6 : X5(m)/G = (P*)%(221111)/G — (P?)5(222111)//G = X5%(m)//G

determines the quotient X°(m)/G: in fact § is an isomorphism over

xXSm)/G\ | | Jo7'©) | = x%(m)/G,
£es

where S = {¢€ € X¥%5(m)//G}.
Then the map ¢ is a contraction of subvarieties over Jcg H=1(&):

~

- if £ € Cj;, then 871(¢) = P1(C);
- if € = Oijp1.kn, then 871(€) = PY(C) UPY(C), with a common point;

- if € = Ous6, then §71(¢) = P3(C).
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