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Abstract

Conditional identity in distribution (Berti et al. (2004)) is a new type of dependence for ran-
dom variables, which generalizes the well-known notion of exchangeability. In this paper, a class
of random sequences, called Generalized Species Sampling Sequences, is defined and a condition to
have conditional identity in distribution is given. Moreover, a class of generalized species sampling
sequences that are conditionally identically distributed is introduced and studied: the Generalized
Ottawa sequences (GOS). This class contains a “randomly reinforced” version of the Pélya urn and of
the Blackwell-MacQueen urn scheme. For the empirical means and the predictive means of a GOS,
we prove two convergence results toward suitable mixtures of Gaussian distributions. The first one is
in the sense of stable convergence and the second one in the sense of almost sure conditional conver-
gence. In the last part of the paper we study the length of the partition induced by a GOS at time
n, i.e. the random number of distinct values of a GOS until time n. Under suitable conditions, we
prove a strong law of large numbers and a central limit theorem in the sense of stable convergence.

All the given results in the paper are accompanied by some examples.

Key-words: species sampling sequence, conditional identity in distribution, stable convergence,

almost sure conditional convergence, generalized Pdélya urn.

1 Introduction

A sequence (X;)p>1 of random variables defined on a probability space (2, A, P) taking values in a
Polish space, is said a species sampling sequence if (a version) of the regular conditional distribution

of Xpy1 given X(n) := (X1,...,X,) is the transition kernel

Kni1(w, ) 1= 2 2kmq Pk (W)0x, () () + T lw)p(-) (1)
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where Py, k(+) and 7, (-) are real-valued measurable functions of X (n) and u is a probability measure.
See Pitman (1996).

As explained in Hansen and Pitman (2000), a species sampling sequence (Xy,),>1 can be inter-
preted as the sequential random sampling of individuals’ species from a possibly infinite population
of individuals belonging to several species. If, for the sake of simplicity, we assume that pu is diffuse,
then the interpretation is the following. The species of the first individual to be observed is assigned
a random tag X, distributed according to p. Given the tags Xi,...X, of the first n individuals
observed, the species of the (n + 1)-th individual is a new species with probability 7, and it is equal
to the observed species X with probability Z;L:I P l{x;=x,}

The concept of species sampling sequence is naturally related to that of random partition induced
by a sequence of observations. Given a random vector X (n) = (Xi,...,Xy), we denote by L, the
(random) number of distinct values of X(n) and by X*(n) = (X7,..., X}, ) the random vector of
the distinct values of X (n) in the order in which they appear. The random partition induced by X (n)

is the random partition of the set {1,...,n} given by 7 = [=\™, ..., 71'(;;)} where

ien o X, = X}

Two distinct indices ¢ and j clearly belong to the same block 7T](€n> for a suitable k if and only if

Xi = X;. It follows that the prediction rule (1) can be rewritten as

Kn1(w,) = S5 1 (@)0x; ) () + T (@)(-) (2)

where
Prge 3= 2 P

In Hansen and Pitman (2000) it is proved that if p is diffuse and (X,)n>1 is an exchangeable
sequence, then the coefficients p;, , are almost surely equal to some function of 7™ and they must
satisfy a suitable recurrence relation. Although there are only a few explicit prediction rules which
give rise to exchangeable sequences, this kind of prediction rules are appealing for many reasons.
Indeed, exchangeability is a very natural assumption in many statistical problems, in particular from
the Bayesian viewpoint, as well for many stochastic models. Moreover, remarkable results are known
for exchangeable sequences: among others, such sequences satisfy a strong law of large numbers and
they can be completely characterized by the well-known de Finetti representation theorem. See,
e.g., Aldous (1985). Further, for an exchangeable sequence the empirical mean > ;| f(X)/n
and the predictive mean, i.e. E[f(Xn+1)|X1,...,Xx»], converge to the same limit as the number of
observations goes to infinity. This fact can be invoked to justify the use of the empirical mean in the
place of the predictive mean, which is usually harder to compute. Nevertheless, in some situations
the assumption of exchangeability can be too restrictive. For instance, instead of a classical Pélya
urn scheme, it may be useful to deal with the so called randomly reinforced Pdélya urn scheme. See,
for example, Crimaldi (2007), Crimaldi and Leisen (2008), Flournoy and May (2008) and May,
Paganoni and Secchi (2005). Such a process fails to be exchangeable but it can be still described with

a prediction rule which is not too far from (1), see Example 3.4 of the present paper. Our purpose



is to introduce and study a class of generalized species sampling sequences, which are generally not
exchangeable but which still have interesting mathematical properties.

We thus need to recall the notion of conditional identity in distribution, introduced and studied in
Berti, Pratelli and Rigo (2004). Such form of dependence generalizes the notion of exchangeability
preserving some of its nice predictive properties. One says that a sequence (Xp,)n>1, defined on
(©, A, P) and taking values in a measurable space (F, &), is conditionally identically distributed with
respect to a filtration G = (Gn)n>0 (in the sequel, G-CID for short), whenever (X,),>1 is G-adapted

and, for each n > 0, j > 1 and every measurable real-valued bounded function f on FE,

E[f(Xn+;) [Gn] = E[f(Xn41) | Gn]-

This means that, for each n > 0, all the random variables X,,4;, with j > 1, are identically distributed
conditionally on G,. It is clear that every exchangeable sequence is a CID sequence with respect to
its natural filtration but a CID sequence is not necessarily exchangeable. Moreover, it is possible to
show that a G-adapted sequence (Xn)nZI is G-CID if and only if, for each measurable real-valued
bounded function f on E,

Vil = E[f (Xn41) |Gl

is a G-martingale, see Berti, Pratelli and Rigo (2004). Hence, the sequence (V,{),,>0 converges almost
surely and in L' to a random variable V;. One of the most important features of CID sequences
is the fact that this random variable V; is also the almost sure limit of the empirical means. More
precisely, CID sequences satisfy the following strong law of large numbers: for each real-valued

bounded measurable function f on E, the sequence (M),>1, defined by

M= S, (X, 3)

converges almost surely and in L' to V. Tt follows that also the predictive mean E[f(X,41)| X1, .., Xn]
converges almost surely and in L' to Vi. In other words, CID sequences share with exchange-

able sequences the remarkable fact that the predictive mean and the empirical mean merge when

the number of observations diverges. Unfortunately, while, for an exchangeable sequence, we have

Vi = E[f(X1)|T] = [ f(z)m(w,dz), where 7 is the tail-oc—field and m is the random directing mea-

sure of the sequence, it is difficult to characterize explicitly the limit random variable V; for a CID

sequence. Indeed no representation theorems are available for CID sequences. See, e.g., Aletti, May

and Secchi (2007).

The paper is organized as follows. In Section 2 we state our definition of generalized species
sampling sequence, we discuss some examples and we give a condition under which a generalized
species sampling sequence is CID with respect to a suitable filtration G. In Sections 3 and 4 we
deal with a particular class of generalized species sampling sequences which are CID: the generalized
Ottawa sequences (GOS for short). We prove that, for a GOS, under suitable conditions, the sequence
Vn(M{ — V,I) converges in the sense of stable convergence to a mixture of Gaussian distributions.
Moreover, we show that, under suitable conditions, also \/H(VT[ — V) converges in the sense of almost
sure conditional convergence to another mixture of Gaussian distributions. Both types of convergences

are stronger than the convergence in distribution. These results are accompanied by two examples.



In Section 5 we study the length L, of the random partition induced by a GOS at time n, i.e. the
random number of the distinct values assumed by a GOS until time n. In particular, a strong law of
large numbers and a stable central limit theorem are presented. This section is also enriched by some
examples. The paper closes by a section devoted to proofs and by an appendix in which the reader

can find some results used for the proofs.

2 Prediction rules which generate a CID sequence

The Blackwell-MacQueen urn scheme provides the most famous example of exchangeable prediction

rule, that is

n 1
P{Xn+l € - |X17' . 'aX”} = Zz:lméxl() + 9+n'u()

where 6 is a strictly positive parameter and p is a probability measure, see, e.g., Blackwell and
MacQueen (1973) and Pitman (1996). This prediction rule determines an exchangeable sequence
(Xn)n>1 whose directing random measure is a Dirichlet process with parameter @u(-), see Ferguson
(1973). According to this prediction rule, if p is diffuse, a new species is observed with probability
0/(0 + n) and an old species X is observed with probability proportional to the cardinality of 7r§n>,
a sort of preferential attachment principle. This rule has its analogous in term of random partitions
in the so—called Chinese restaurant process, see Pitman (2006) and the references therein.

A randomly reinforced prediction rule of the same kind could work as follows:

Y;

P{Xny1 € [ X1, X, Y1, Yo b = Zizlm&ﬂ(') + WN(') (4)
j=1"J Jj=1"7J

where 1 is a probability measure and (Y;,),>1 is a sequence of independent positive random variables.
If p is diffuse, then we have the following interpretation: each individual has a random positive weight
Y; and, given the first n tags X (n) = (X1,..., X,) together with the weights Y (n) = (Y1,...,Yy), it
is supposed that the species of the next individual is a new species with probability 6/(0 +>_7_, ;)
and one of the species observed so far, say X;", with probability ZZEW;”) Yi/(0+ 327, Y;). Again a
preferential attachment principle. Note that, in this case, instead of describing the law of (X,)n>1
with the sequence of the conditional distributions of X,+1 given X(n), we have a latent process
(Yn)n>1 and we characterize (Xn)n>1 with the sequence of the conditional distributions of X,41
given (X (n),Y(n)).

Now that we have given an idea, let us formalize what we mean by generalized species sampling
sequence. Let (2, A, P) be a probability space and F and S be two Polish spaces, endowed with their
Borel o-fields £ and S, respectively. In the sequel, FZ = (FZ),>0 will stand for the natural filtration
associated with any sequence of random variables (Zy)n>1 on (92, A, P) and we set FZ = V,>0FZ.
Finally, P, will denote the set of all partitions of {1,...,n}.

We shall say that a sequence (X,),>1 of random variables on (2,4, P), with values in F, is a

generalized species sampling sequence if:

e (h1) Xi has distribution u.



e (h2) There exists a sequence (Yy,),>1 of random variables with values in (S, S) such that, for
each n > 1, a version of the regular conditional distribution of X, 41 given
Funi=FX VFY
is
K1 (@,2) = X0y oo (1) (@), ¥ () (@), 0y () + 7 (7™ (@), Y ) @Di() (5)
with prni(+, ) and 7, (+,-) suitable measurable functions defined on P, x S™ with values in [0, 1].
e (h3) Xpn41 and (Yn4,);>1 are conditionally independent given F,.

Example 2.1. Let p be a probability measure on E, (v,),>1 be a sequence of probability measures

on S, (rn)n>1 and (Pn,i)n>1,1<i<n be measurable functions such that

ot Pn x S™ — [0, 1], Pryit Pn X Z" —[0,1]
and

2 ic1Pni(Gn, Y15 yn) + ral(gn, Y1y yn) =1 (6)
for each n > 1 and each (gn,¥y1,...,yn) in Pp X S™. By the Ionescu Tulcea Theorem, there are

two sequences of random variables (X5)n,>1 and (Y3)n>1, defined on a suitable probability space
(©, A, P), taking values in E and S respectively, such that conditions (h1), (h2) and the following

condition are satisfied:

e Y, 11 has distribution v,4+1 and it is independent of the o-field
FuVo(Xni1) = Frs1 VFr.

This last condition implies that, for each n, (Y,4;);>1 is independent of Fr\ i V Fr . Tt follows, in
particular, that (Y,,),>1 is a sequence of independent random variables. Therefore, also (hsz) holds
true. Indeed, for each real-valued bounded F,-measurable random variable V| each bounded Borel

function f on E, each j > 1 and each bounded Borel function h on S?, we have

E[V f(Xns1)h(Yns1, -, Yais)] = B[V f(Xns1)ER(Yat1, -, Yari) [ Fa V 0 (Xni1)] ]
=E[Vf(Xnt1) [2(ynt1, - Yntj) Vns1(Ayns1) - - . (AYnt1) ]
=E[VE[f(Xnt1) | Fal [A(ynt1s- - Ynts) V1 (dyni1) - (dynga) |-

On the other hand, we have

Er(Yot1, ..o, Yats) [ Fal = [h(Ynt1, - Ynts) Vns1(dYntr) - - (AYn+1)
hence
E[f(Xnt)h(Vat1, ., Yois) | Fol = E[f (Xn1) [ FalE[R(Yni1, o Vo) | Fal.
This fact is sufficient in order to conclude that also assumption (hs) is verified. O

In order to state our first result concerning generalized species sampling sequences, we need some

further notation. Set
Prs (™) =Py (@™ Y () = ¥ oopua(a™, Y () forj=1,...,L,
J
and

Ty = rn(w("), Y (n)).



Given a partition 7(™), denote by [Tr(”)]H_ the partition of {1,...,n+1} obtained by adding the element
(n+1) to the j-th block of 7(™. Finally, denote by [7(™); (n 4 1)] the partition obtained by adding a
block containing (n + 1) to 7(™. For instance, if 7* = [(1,3); (2)], then [#®]21 = [(1,3); (2,4)] and
(7@ (9] = [(1,3); (2); (4)]-

Theorem 2.2. A generalized species sampling sequence (X )n>1 with p diffuse is a CID sequence
with respect to the filtration G = (Gp)n>o0 with G, = FXNVFY if and only if, for each n, the following

condition holds P-almost surely:

P (") = raphn; (F 5 {n+ 1) + im0 ) )phn(r ™) (M
for 1< j < L.
The next example generalizes the well-known two parameter Poisson-Dirichlet process.

Example 2.3. Let > 0 and o > 0. Moreover, let g be a probability measure on E and, (vn)n>1

be a sequence of probability measures on («, +00). Consider the following sequence of functions

Y — a/ci(qn)
Pn.i(gn,y(n)) == EES >

Tn(qn,y(n)) := 99:_;:757%

where y(n) = (y1,-..,Yn) € (,+0)", gn € Pn, Ci(gn) is the cardinality of the block in g, which
contains ¢ and L(gy) is the number of blocks of g,. It is easy to see that such functions satisfy (6).
Hence, by Example 2.1, there exists a generalized species sampling sequence (X5 )n>1 for which

P{Xoer € X (0, Y ()} = Sk e s Ol
n+1 . 3 - -1 5 ~—=n s 9XFU e
DD 7R 0+>",Y;

() (®)
where (Y;,)n>1 is a sequence of independent random variables such that each Y;, has law v,,. If p is
diffuse, one can easily check that (7) of Theorem 2.2 holds and so (X,)n,>1 is a CID sequence with
respect to G = (FiX V FX)n>1-

It is worthwhile noting that if ¥;, = 1 for every n > 1 and « belongs to [0, 1], then we get an

exchangeable sequence directed by the well-known two parameter Poisson-Dirichlet process: i.e. an

exchangeable sequence described by the prediction rule

()
T -« 0+ L,
P{Xnsr € |X1, 00, Xo} = Sk [T 1=y Ok ala

0+n ! 0+n n()-

See, e.g., Pitman and Yor (1997) and Pitman (2006). O

A special case of the previous example is the randomly reinforced Blackwell-McQueen urn scheme
(4). However this prediction rule may be collocated in a more general class of generalized species
sampling sequences, that are CID. In the next sections, we shall introduce and study this class, called

“Generalized Ottawa Sequences”.

3 Generalized Ottawa sequences

We shall say that a generalized species sampling sequence (Xn)n>1 is a generalized Ottawa sequence

or, more briefly, a GOS, if for every n > 1



e The functions r, and pn,; (i =1,...,n) do not depend on the partition, hence
Kni1(w, ) = 22001 Pni (Y (n)(w))0x, () (1) + 7 (Y () (W))p()-
e The functions r, are striclty positive and
(Y1, ..., Yn) > g1 (Y, .o, Yo, Yot)

almost surely.

e The functions p,,; satisfy

Tn .
Pnyi = Prn—1,i fori=1,...,n—1
Tn—1
Tn
Prn i=1—
T'n—1

with rg = 1.

(10)

(11)

For simplicity, from now on, we shall denote by r, and p,.; the F, -measurable random variables

rn(Y(n)) and pn,i(Y(n)), that is r,, := 7, (Y (n)) and pn,i := pn,:(Y(n)).

First of all let us stress that any GOS is a CID sequence with respect to the filtration G =

(FX NV FX)n>0. Indeed, since G, = Fn V 0 (Ynyj : j > 1), condition (h3) implies that
E[f (Xnt1) [Gn] = E[f (Xn41) | Fa]
for each bounded Borel function f on E and hence, by (h2), one gets
Vi = Blf (Xu41) [Gn] = S0y paif (X3) + raB[f(X1)]-

Since the random variables p,+41,; are G,-measurable it follows that

EV, 1 1Gn] = X0 1ot 1if (X)) + Pt 1.ne1 B[f (Xn41) | Gn] + P E[f (X1)]

= T:+1 znzlp"x’bf(Xl) + an - T:‘ilvnf + T"+1E[f(X1)]

= Ly o EFO0O)] + V= TS o B (XG)] = Vi

Tn T'n

Some examples follow.

Example 3.1. Consider a GOS for which

Y, =an

where (an)n>0 is a decreasing numerical sequence with ag = 1, a, > 0 and 7, (Y1, ..., Yn) = Yn.

(12)

¢

Example 3.2. Let (Y,),>1 be a Markov chain taking values in (0,1], with ¥1 = 1 and transition

probability kernel given by

€T
P{Yn+1 < .’L’|Yn} = 7[<07yn)(1’) + I[Yn,+oo)(x) n>1.

Then we have Y,, > Y41 a.s. for all n > 1. Thus we can consider a GOS with 74 (y1,...,Yn) = Yn. O

As we shall see in the next example, the randomly reinforced Blackwell-McQueen urn scheme

gives rise to a GOS.



Example 3.3. Let p be a probability measure on E, (v,),>1 be a sequence of probability measures
on S and (), (pn,;) measurable functions as in (10) and (11). Following Example 2.1, there exist
two sequences of random variables (X,)n>1 and (Y,)n>1, defined on a suitable probability space
(9, A, P), such that each Yy, has law v, and it is independent of F;X V Fpr_; and (X,,)n>1 follows the
prediction rule (9), i.e. it is a GOS.

As special case one can consider S = Ry and

rl )= g
s =y

with 0 > 0. O
Particular case of the previous example is the following randomly reinforced Pélya urn.

Example 3.4 (A randomly reinforced Pélya urn). An urn contains b black and r red balls, b and
r being strictly positive integer numbers. Repeatedly (at each time n > 1), one ball is drawn at
random from the urn and then replaced together with a positive random number Y,, of additional
balls of the same color. For each n, the random number Y,, must be independent of the preceding
numbers and of the drawings until time n. If we denote by X,, the indicator function of the event

{black ball at time n}, then we clearly have E = {0,1},

and

1 b+r
= " Yo () F ().
b+r+zjzleZ’—1 Xi@) () b+r+ZHYj“()

P{Xns1 €-|X(n),Y(n)}

Note that the sequence (X,)n>1 is generally not exchangeable. Indeed, it is straightforward to
prove that, even if the random variables Y;, are identically distributed, the sequence (X, )n>1 is not

exchangeable (apart from particular cases). ¢

4 Convergence results for a GOS

In this section we prove some limit theorems for a GOS under stable convergence and almost sure
conditional convergence.

Stable convergence has been introduced by Rényi (1963) and subsequently studied by various
authors, see, for example, Aldous and Eagleson (1978), Jacod and Memin (1981), Hall and Heyde
(1980). A detailed treatment, including some strengthened forms of stable convergence, can be found
in Crimaldi, Letta and Pratelli (2007).

Given a probability space (2,4, P) and a Polish space E (endowed with its Borel o-field &), a
kernel K on E is a family K = (K (w, +))weq of probability measure on E such that, for each bounded

Borel function g on E, the function
K(g)(w) = [ g(z)K(w,dz)

is measurable with respect to A. Given a sub-o-field H of A, we say that the kernel K is H-measurable

if, for each bounded Borel function g on E, the random variable K(g) is measurable with respect to



‘H. In the following, the symbol A will denote the sub-o-field generated by the P-negligible events
of A. Given a sub-o-field H of A and a H V N-measurable kernel K on E, a sequence (Zn)n>1
of random variables on (9,4, P) with values in E converges H-stably to K if, for each bounded

continuous function g on E and for each H—measurable real-valued bounded random variable W
Elg(Zn) W] — E[K(g) W].

If (Zn)n>1 converges H-stably to K then, for each A € H with P(A) # 0, the sequence (Z,)n>1
converges in distribution under the probability measure P4 = P(-|A) to the probability measure

PaK on FE given by
PsK(B) = P(A)'E[I4K(-, B)] = [ K(w, B) Pa(dw) for each B € £. (13)

In particular, if (Z,)n>1 converges H-stably to K, then (Z,)n>1 converges in distribution to the

probability measure PK on E given by
PK(B) =E[K(-,B)] = [ K(w, B) P(dw) for each B € €. (14)

Moreover, if all the random variables Z,, are H-measurable, then the H-stable convergence obviously
implies the A-stable convergence.

Given a filtration G = (Gn)n>0 and a kernel K on E, we shall say that, with respect to G, the
sequence (Zp)n>1 converges to K in the sense of the almost sure conditional convergence if, for each

bounded continuous function g, we have
Elg(Zn) | Gn] — K(9) almost surely.

If (Z,,)n>1 converges to K in the sense of the almost sure conditional convergence with respect to a
filtration G, then (Z,)n>1 also converges Goo-stably to K, see Crimaldi (2007).
Throughout the paper, if U is a positive random variable, we shall call the Gaussian kernel

associated with U the family
N(0,U) = (N(0,U(w)))

wen
of Gaussian distributions with zero mean and variance equal to U(w) (with A(0,0) := &o). Note that,
in this case, the probability measure defined in (13) and (14) is a mixture of Gaussian distributions.

It is worthwhile to recall that, if (X,),>1 is a GOS, then it is a CID sequence with respect to the
filtration G = (F;X V FX)n>0 (as shown in Section 3) and so the sequence V! (defined in section 3)
converges almost surely and in L' to a random variable V, whenever f is a bounded Borel function
on E. Moreover, the random variable V} is also the almost sure (and in L') limit of the empirical

mean
f_lgm
M= TS ().
We are ready to state the main theorems of this section.
Theorem 4.1. Let (Xn)n>1 be a GOS. Using the above notation, for each bounded Borel function f

and each n > 1, let us set

Si = Vn(M] = V)



and, for1 <j<mn,

zl, = % [FG) =3V + G- 1)V ] = %(1 +ipa) [FOX5) — VL.

Suppose that:
(0) Ul :=307_1(Z] ) == Uy
(b) (Z,{)* ‘= SUPi<ji<n |Z£,j| L—l’ 0.
Then the sequence (S)n>1 converges A-stably to the Gaussian kernel N'(0,Uy).
In particular, condition (a) and (b) are satisfied if the following conditions hold:
(a1) UL 22 Uy,
(b1) sup,,, E[(S])?] < +o0.
Let us see an application of the previous theorem in the next example.

Example 4.2. Let us consider the setting of Example 3.3 with
_ 0
O+, Ye

where 6 > 0 and the random variables Y;, are identically distributed with Y;, > v > 0 and E[Y,)] <

Tk

+oc. Given a bounded Borel function f on E we are going to prove that the sequence (S})n>1

(defined in Theorem 4.1) converges A-stably to the Gaussian kernel
N(0,A(Vy2 = V),

where A := Var[V1]/E[Y1]%
Without loss of generality, we may assume that f takes values in [0, 1]. Let us observe that, after

some calculations, we have

PR S N OB+ 300 Yif (X6)
NG <Zi=1f(Xl) B YR '
If we set b:= 0E[f(X1)] and V; := Vi — E[Yi] = Y; — m, then we can write
S1 = e sy [0+ DI T)TL FX) = nb = n L Vi (X0)].

Vi (0+325,Y5)

Therefore, since Y, > v and 0 < f(X,) < 1 for each n, we obtain

12 2n n /\ 2 n > )2
E[(S7)7] < @) (BIO+ 37, Y5) T+ E[(0+ X7, Yif (X3))7])
2n 2 2

where C' is a suitable constant. Finally, let us observe that, after some calculations, we get
1, . _ ,
Un = gzjzl [f(X5) =3V + (G -1V ]
1 ,
= S50 1) + ATY; = ByYF(X5) = VL),

j=1 J

where
AL =0+, Y0+ 2] T b — 0 (X)) + I f(X)],

By = j[(0+X7_, )0+ X02iv)] T oy,

10



Hence, we have

UF = ST [£00) + (ADPY 4+ BV (0) + (V) = 20 () VL]

2 - - -
+ o (AT F(X5) = BiY3f*(X5) = ATV VL = ATBy Y F(X5) + ByY; f(X5) VL]

Recall that we have the following almost sure convergences:

fU(Xn)/n— 0 (for g =1,2), V] —V;

L L L
E j:li/jr _>E[er] (fOI"r‘:l,QL E j:1f(Xj) —>Vf7 ﬁ jzlfQ(Xj) —>Vf2'

From the above relations, we get

B; % 1/E[v1].
In order to study the convergence of %Z?ZIYJ-qu(X]-) for r,q = 1,2, let us set
n 1 T T
Zn = Zj:l}(yvj f1(X5) = BIY] fUX;) | Fi-l).
The sequence (Z,)n>1 is a martingale with respect to F = (Fn)n>1 such that
n 1 T T
BIZy) = 35 mBI( f1(X)) - BN £(X)) | F5])’]
2r [e's} 1
< 2ENIETE, 5 < oo
Therefore, by Kronecher’s lemma, we find that
1 n r r a.s.
EZj:1(Yj FUX5) = BY] fU(X5) | Fj-a]) == 0.
On the other hand, since Y; is independent of .7-'jX \Y _7-'}:1 by assumption, we have
E[Y] f9(X;) | Fj] = ENTIB[F1(X;) | Fia] = BTV, &5 BYT Vo
Since n™! >0 a;d; %2 ad whenever

a; >0, d;“Sd, n 'Y ja; “Va, (15)

we obatin that

1 r a.s. ™
— 2= BIYS F1(XG) | Fima] = E[Y{ ]V

and so
1 n r a.s. r
521-:159 f1(X5) E[Y{|Vya.

In particular, we get

1%
f a.s. f
A — Bl

Summing up, we have proved that U/ is a sum of terms of the type n~! 27—y a;jdj, where (a;) and
(d;) satisfy conditions (15) and so we finally get that U converges a.s. to Uy = A(Vy2 — V7). By
Theorem 4.1, we conclude that S converges A-stably to the Gaussian kernel A/ (O, AV — Vf2)).
¢

The second result of this section is contained in the following theorem.

11



Theorem 4.3. Let (X,)n>1 be a GOS and f be a bounded Borel function. Using the previous

notation, for n > 0 set

Intl and wi .= \/E(Vrf — Vi).

Qn = Pn+1,n+1 — 1-—
Tn

Suppose that the following conditions are satisfied:

() N s Q? L% H, where H is a positive real random variable.

(i) Zkzo k? E[Qé] < 00.
Then the sequence (Wi )n>0 converges to the Gaussian kernel
N(OvH(sz _Vf2))
in the sense of the almost sure conditional convergence with respect to the filtrations F = (FxX V
Fy )nzo and G = (Fi V F)nzo0.

In particular, we have

Wi AN N0, 1 (v - V).

Corollary 4.4. Using the notation of Theorem 4.3, let us set for k>0

and assume the following conditions:
(a) re < cr a.s. with Zkzo k2cﬁ+1 < oo and kri, 5 o, where ¢, a are strictly positive constants.
(b) The random variable py. are independent and identically distributed with E[p}] < co.

Finally, let us set 3 := E[p}] and h := 4.
Then, the conclusion of Theorem 4.3 holds true with H equal to the constant h.

Example 4.5. Let us consider the setting of Example 3.3 with

0

Th= ————.
0+ Y, Y

where 6 > 0 and the random variables Y,, are identically distributed with Y,, > v > 0 and E[Yf] <

+o00. Let us set E[Y1] = m and E[Y?] = 6. We have r, < ¢, = 0/(0 + ~k) and, by the strong law of

large numbers, we have

ka = 7912 2, Q/m.
O+> .Y
Furthermore we have
1 1 Yi+1
pr = - =

Tk+1 Tk - 9
and so 8 = E[pi] = 6/6%. Therefore the above corollary holds with k = §/m?. O

The particular generalized Polya urn discussed in Crimaldi (2007) (Cor. 4.1) and in May, Paganoni
and Secchi (2005) is included in the above example.

12



5 Random partition induced by a GOS

Exchangeable species sampling sequences are strictly connected with exchangeable random partitions.
Random partitions have been studied extensively, see, for instance Pitman (2006) and the references
theirin.

In this section we investigate some properties of the length L, of the random partition induced
by a GOS at time n, i.e. the random number of distinct values of GOS until time n.

Let Ag := E and A, (w) := E\ {X1(w),....Xp(w)}={y € E: y ¢ {X1(w),..., Xn(w)}} for

n > 1 and define the following F,,-measurable random variable:
S 1= (Y (W) An) = rapi(An).

Remark 5.1. Reconsidering the species interpretation, given X (n) = (Xi,...X,) and Y(n) =
(Y1,...,Y,), the species of the (n + 1)-th individual is a new species with probability s, and one of

the species observed so far with probability 1 — s,,. In particular one has
PlLnt1 = Ln + 1| Fpn] = sn = rap(Ar).

If the probability measure pu is diffuse, then s, = ry,.

If o is diffuse and the coefficients r,, are deterministic ( such as in Example 3.1), then the sequence
of the increments (Lyn — Lp—1)n>1 (with Lo := 0) is a sequence of independent random variables such
that, for each n, the distribution of L,, — L,,—1 is a Bernoulli distribution with parameter r,,_1, hence
it is immediate to deduce, under suitable conditions, both a strong law of large numbers and a central
limit theorem for (Lp)n>1-

In this section we prove a law of large numbers and a central limit theorem for a GOS. Moreover,

some examples of GOS that satisfy the hypotheses of these results are given.

Theorem 5.2. Let (X,)n>1 be a generalized species sampling sequence. Suppose that there exists a

sequence (hn)n>1 of real numbers and a random variable L such that the following properties hold:

hn >0, hn 1 +oo, zmw < +oo, hi‘z;;osj @Sy
3 n
Then we have Ly /hy RaEiy )
Remark 5.3. Let us note that, for each n, we have
E[Lny1 | Fn]l = Ln + sn > Ln.
Hence the sequence (Lp)n>0 is a positive submartingale with E[L,1] = E[L,] + E[sy]. Therefore

(Ln)>o is bounded in L' if and only if we have >, E[sk] < 400 and, in this case, (Ln)n>0
converges almost surely to an integrable random variable. It follows that, for each sequence (hy,)n>0
with h,, — +oo, the ratio L, /h, goes almost surely to zero. An example of this situation is given by

Example 3.2 with g diffuse. Indeed, in this case, we have E[s,] = E[Y,] = (1/2)" ™.

Theorem 5.4. Let (X, )n>1 be a GOS with v diffuse and suppose there exists a sequence (hyn)n>1 of

real numbers and a positive random variable o2 such that the following properties hold:

nori(l—ry
hn >0, hyl+oo, o2 ::wma?

13



Then, setting R, == .

=173, we have

L, — R,_1 A—stablyN
_ —
Vhn

Corollary 5.5. Under the same assumptions of Theorem 5.4, if P(¢® > 0) = 1, then we have

T, := (0,0°).

T o (En—Buy) A-stably . g
an Zj:l ri(1—r1;)
Example 5.6. Let us consider Example 3.1 with p diffuse and
o — 0
" Q4 nl-a

with & > 0 and 0 < a < 1. We have s, = r, = an and, setting h, = n® and L = 0/«, the

assumptions of Theorem 5.2 are satisfied. Indeed we have

n=r) 3T
Zj j2a - Z]' (9 + jlfa)2j2a

jlfoz 2 1
=2 (79+j1*a) Far1 < Hoo.

Moreover, since

1, 1 1
e j:1F — for a € (0,1), (16)
we have
1 1 0 0
—lin = — 1 1
ne ne j=1 0 + Jlfa o
Thus we have L,/n® % 0/a. Finally, since
1
. j:lajbj — b, (17)

provided that a; > 0, >°7 | aj/hn — 1 and b, — b as n — o0, it is easy to see that

Z'— 71’(1 7”]') 0 it 0 e ? 1

2 j=1 n J n J

o = 75 L —— = — E . —_— — 0/a.
v no ne Jj=1 (0 jlfa)Q ne Jj=1 (0 jlfoc) jlfa /

Therefore, by Theorem 5.4, we obtain

Ly~ Rpoy A-stably -

T, = 73 (0,0).
%
Example 5.7. Let us consider the setting of Example 3.3 with p diffuse and
0
Th = T ~—n <, "
0+, Y

where 0 > 0 and the random variables Y,, are independent identically distributed positive random
variable with E[Y,,] = m > 0. Then s, = r, and, setting h, = logn and L = ¢/m, the assumptions
of Theorem 5.2 are satisfied. Indeed
E[’l‘j(l - Tj)} 1
- <. < +o0.
(log j)? 2 (

log j)?
Moreover, by the strong law of large numbers, we have

2,

0 1 j -t a.s.

14



Therefore, since @ > % — 1, by (17), we can conclude that
A L 0w 10 Ly ) e 6
logn™ " logn==tg 4+ 57 y; logn=I=tj\j  jTEH m

and so L,/logn %% 0/m. Moreover, by (17) and the strong law of large numbers, we have
o2 — ?:1 ri(1—r;) 0 s 23:1 Y:
" logn logn“=7=" (9 + S Y)?

. 2

Y Yi/j i

= 0 A Lei=l /7 - J 1—>9/7n
logn ™=\ 0/5 + 320, Yi/i =1 Yi J

Therefore, by Theorem 5.4, we obtain

Ly — Ruy A-stably .

T, = 0,60
Toan (0,6/m)
and so
n - n— - 1
L R,1 A stabyN,(O,l)‘

\/%logn

If we take Y; = 1 for all i, we find the well known results for the asymptotic distribution of the
length of the random partition obtained with the Blackwell-McQueen urn scheme. Indeed, since
Py i7" —logn =v4 O(3), one gets
L, — 0logn A-—stably
= N
Jologn

See, for instance, pages 68-69 in Pitman (2006). O

(0,1).

6 Proofs.
This section contains all the proofs of the paper. Recall that
Fo=FXVFY and  Gu=F VFL=FuVo(Ynr;:j>1)
and so condition (h3) of the definition of generalized species sampling sequence implies that
Vil = E[g(Xn+1) [ Gn] = E[g(Xnt1) | Fn]

for each bounded Borel function g on E.

6.1 Proof of Theorem 2.2

We start with a useful lemma.

Lemma 6.1. If (X,)n>1 is a generalized species sampling sequence, then we have
Pt 1em™ ™ [Ga] = P[Xut1 = Xi' | Fa] = 5, 0P (1™, Y (1)) (™, Y (M) n({X7})
for each 1 =1,...,L,. Moreover,

Bl(L, =L t11 f (Xnt1) |Gn] = Bl (1, =L, 413 f(Xni1) | Fa] = (@™, Y () [, £(y) p(dy).

15



holds true with Ag := E and A, the random “set” defined by
An(w) = E\{X1(w),.... Xn(w)}={ye E: y¢{X1(w),..., Xn(w)}} forn>1.
In particular, we have
PlLnt1 = Lp 4+ 1|Gn] = P[Lnt1 = Lo + 1| Fu] = ra (7™, Y () u(An) := s0(x™, Y (n))
If v is diffuse, we have
Plut1em™™Ga] = PXn1 = X7 | Fal = 5, oopni (7™, Y ()
for eachl=1,...,L, and

B[, =113 f (Xn11) |Gl = BlI(1,, =L, 413 F(Xng1) | Fu] = (7™, Y (n))E[f(X1)]
and
PlLnt1 = Ln+1|Gn] = P[Lni1 = Ln + 1| Fn] = ra (7™, Y (n)).

Proof. Since G, = Fp V 0(Ynyj : j > 1), condition (hsz) implies that
Pn+1lem (n+1) |Gn] = P[Xnt1 = X[ | Gn|P[Xnt1 = X[ | Fnl.
Hence, by assumption (h2), we have
PXni1 = X[ | Fal = 20, 2o (@, Y ()0, (X7) + o (n ™, Y (0)) u({X]'})

= P (7Y (1) 4 1 (2, Y ()u({ X D).

for each I =1,..., L,. If u is diffuse, we obtain

PXpp1 =X | Fal =3 ypny(m (n)vy(”))

jem,
foreach Il =1,..., Ly,.
Now, we observe that
Iiny=npe1y = I, (X1, Xy Xn1)
where B, = {(21,...,Zn+1) : Tnt1 & {z1,...,2n}}. Thus, by (h3) and (hz), we have
Ellir, =00 +13 f(Xnt1) |Gn] = Ell{L,, 1 =L+ 13 F (Xnt1) | Fa]
= fIBn(Xl,---7Xn7y)f(y)Kn+1('7dy)
=2 i Pi(m fA Y)ox,(dy) +ra(x™, Y () [,
= rp(r™ Y (n fA

If we take f =1, we get
P[Uns1 = 1]Gn] = P[Uns1 = 1| Fa] = ra(x™, Y (n))u(An).
Finally, if 4 is diffuse, then p(An(w)) =1 for each w and so we have

[a, fW)u(dy) = B[f(X1)].

16
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Proof of Theorem 2.2. Let us fix a bounded Borel function f on E. Using the given prediction

rule, we have
Vi = 2 pna (7™, Y (0) (X)) + 1 (7, Y (n))E[f (X1)]
= 35w () F(X5) + Bl (X))

The sequence (X,) is G-cid if and only if for each bounded Borel function f on E, the sequence

(V,f )n>0 is a G-martingale. We observe that we have (for the sake of simplicity we skip the dependence
on (Yn)n>1)
B[V 1 1Gnl = S0 F(X)Ei + Elpns i (7)) f(Xni1) | Go] + Elrnsr | Gal f
= Z]L;Ll f(XJ*) ZiEW(-")Ei + E[pn+1,n+1(w("+1))f(Xn+1) ‘ gn} + E[?”n+1 ‘ gn}f
J

where E; = E[ppi1,i(x")|G,] and f = E[f(X1)].
Now we are going to compute the various conditional expectations which appear in the second member

of above equality. Since p is diffuse, using Lemma 6.1, we have

Bi = E[pnt1,i(r"™) | G

Ln B[I

=220 <n+1>}Pn+1z( 7Y [Ga] + B Ly =L 13 Pt 1,a (7)) | G

{n+1er
= > prri ([0, B[ (nt1ex(mD)y |Gl + ElL (L, 1 =Lt1} | Gnlpnsri([x™5n + 1))
= > Pntri([m (n)]z+)2j6ﬁ§n)pn,j(ﬂ(n)) + 7Pt (7 n + 1))

= S o ([T )P (™) + rapngri (0™ 4+ 1))

and so

> Ei= Z Prsr s (7™ )pra (™) + Z Pt ([ "] )00 5 (7™) + (15 n 4 1))

(n) 1=1,l#j (n)
Eﬂj T

= pnn s (VL )pna (e ) — pn+1,n+1([W(n>]j+)p;+l,j(ﬂ'(n)) +rapngn; (775 4 1))
Moreover, using Lemma 6.1 again, we have
E[pn+1n+1 (") f (Xnt1) | Gn] =
Ln
Sl gy Pttt (1) (Xtn) |G + Bl (242,11 Pt s (70F0) () | G =
=1
Ly,

ZE[I{nﬂeﬁwm} | Galpns 11 (P FOXT) + Bl 1y =201 f (Xt ) | GalPrt i (754 1) =
=1

i (Zkem(”)pn,k(ﬂ(n))) Pttt ([T FXT) + raprsinan (T n + 1) f =
El 1pn (7 (n))pn+1,n+1([W(n)}l‘*')f(xl*) + ""npn+1,n+1([7r(n)]§ n+ 1)f

Finally we have

E[Tn+l |gn] =1- Zn+1 E[PnJrl ( (TH-I)) | g"}
— 137 B — B

=1- Zl B — Zanlp l( >)pn+l,n+1([7"(n)]l+) - Tnpn+1,n+l([7r(n)]§ n+1)
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Thus we get
E[Vrerl |Gn] = EL" en g f(X5) + (1 - Z] 16n I

where
Cng =3, cnm Bi 4 prgtntr (1)) 5 (r ™)
J

= rapnin ([P n + 1) + o () (r )
We can conclude that (X,),>1 is G-cid if and only if we have, for each bounded Borel function f on

FE and each n

anl Pni f(X5) + rof = EL" eng f(X5) + (1 - ZJL”1 Cn J)f P-almost surely.

Since E is a Polish space, we may affirm that (X, ),>1 is G-cid if and only if, for each n, we have

P-almost surely

i1 PagOx () rap() = 30 en by () + (1= 3257 eng)u()
But this last equality holds if and only if, for each n, we have P-almost surely
Drj = Cnj for 1 <j < Lyp;

that is
o (™) = raprn (7™ {n + 1) + S0k (T o ()

This is exactly the condition in the statement of the Theorem 2.2.

6.2 Proofs of Section 4

Proof of Theorem 4.1. We will use Theorem A.2 in the Appendix. For each n > 1, let us set

D} = (M} — Vy) = —=[S0_, f(Xx) — nVy],

1
\/ﬁ
and, for 0 < j < n,

LI . =E[D}|G]  Fn;=0;.
Then, for each n > 1, the sequence (L j)o<j<n is a martingale with respect to (Fn,j)o<;<n such that

Ln.o = E[D{|Go] =0 and, for 1 < j < n,

Lf _ Lf

n,j— 1=

E[D] |G;] - E[D]|Gj—] = 2, ;.
Indeed, using (12) we have

E[D]|G,] — E[D]|G;-1]
= ﬁ[ T F(Xe) + (= )V] = nV! = SI (X)) — (n—j+ D)V, + 0V ]

- %[f(Xj) — iV G-V

Moreover, we have

S’n = E[Dn ‘ gn} = Ln,n - Zj:l Z”7j.

18



Finally, we have

H; = liminf,, Fn jan = liminf,, Gjan = G;
and, if we set
H= ijon = VjZOgja
then the random variable Uy is measurable with respect to the o-field H V A. At this point we can

apply Theorem A.2 and the proof of the first assertion is concluded.

If conditions (al) holds, then condition (a) is obviously verified. Moreover we have

1
75 — 7
"’j_% J

where

Zf*f(Xj)*j&ijr(]'*l)Ljffr

J

We can write

1 n 1 n— n—1 a.s.
g(ZT{)Q = (Zz,n)2 = Zj:l(zg,j)Q - gZ]zll(Z‘]f)2 = UT{ - Unf—l —0,
This fact implies that
(Zi)* = SUP1§j§n|Z£,j| ==0,
Indeed,
1 a.s.
SuPogjgn(Zi,jf = P SUPogjgn(ZJJ'c)2 — 0.
Further, we have
*\ 2 n n 2
E[((er:) ) ] = E[SUPlgjgn(Zq{,j)Q] < Z]’:l E[(Zi,j)Q] = j:1E[(L£,j - L{L,j—l) ]

=" E[(L,)’] - B[(LL, ))?] =E[(L}..)*] = E[(S})?].

From (bl) and the above relations, we obtain that the sequence ((Z,{)*)n is bounded in L? and so
we get condition (b). O
Proof of Theorem 4.3. Without loss of generality, we may assume |f| < 1. It will be sufficient

to prove that the sequence (V,f),>o satisfies conditions (a) and (b) of Theorem A.3, with U =

H(Vy2 — sz ). To this end, we observe firstly that, after some calculations, we have
Vi =Vl = W = F(Xer)] Q. (18)
From this equality we get |ka — kf 1] £ Qy, and so, using assumption (ii), we find
sup,, k? |V — ka+1\4 <> kso0 k°Qp € L.
Furthermore, by (18), we have

Zan(ka - ka+1)2 = Ean [ka - f(Xk+1)]2 Qi for n — +oc.

Therefore, in order to complete the proof, it suffices to prove, for n — +o0, the following convergence:

N ksn [ka - f(XkJrl)}Q Qr =5 H(Vyz — V7).
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The above convergence can be rewritten as

nYon (V)2 4 £2(Xki1) = 2V f(Xiei1)] QF 25 H(Vy2 — V7). (19)

2
Now, by assumption (i) and the almost sure convergence of (V,/)x to V; and of (V")) to Viz, we

have
nY e ViQ: S viH (20)
nY e (VI QF =5 (V) H (21)
nYien Vf Qr “5 Ve H (22)

Thus, it will be enough to prove the following convergence:

nZan [g(Xk+1) Vg} Q2 — (23)

where g is a bounded Borel function with |g| < 1. Indeed, from (23) with g = f? and (22), we obtain

nY s [ (Xk41) QF == Vi2 H, (24)

Moreover, from (23) with g = f and (20), we obtain

nY sy [(Xi1) QF == ViH, (25)

and so, by the almost sure convergence of (V )i to Vi, we get

”Ek>n D F (X)) QF =5 (Vy)?H (26)
Then convergence relations (21), (24) and (26) lead us to the desired relation (19).

In order to prove (23), we consider the process (Z,)n>0 defined by

Zn = k 0 )k [ (XIH-I) kg] Qi

It is a martingale with respect to the filtration G = (Gn)n>0. Moreover, by assumption (ii), we have

E[ZQ] Z: , kQ [( (Xk+1) - ng)2 Qi] < Zkzo k2 E[Q%] < 00. (27)

The martingale (Z,),>1 is thus bounded in L? and so it converges almost surely; that is, the series

Zkzo k [Q(Xk+1) - ng] Qi

is almost surely convergent. On the other hand, by a well-known Abel’s result, the convergence
of a series >, ar, with ar € R, implies the convergence of the series >, k~ lar and the relation
n Zkz” ~la, — 0 for n — +oo. Applying this result, we find (23) and the proof is so concluded. [

Proof of Corollary 4.4. It will suffice to verify that condition (i) and (ii) of Theorem 4.3 hold
with H = h. With regard to condition (ii), it is enough to observe that, by the obvious inequality

Qr = Tkt+1pk < cr41pr and the identity in distribution of the random variables px, we have

Zkzo k? E[Qi] < Zkzo kZCiH E[Pi] = E[p0] Zkzo k2ci+1 < 0.
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In order to prove condition (i) of Theorem 5.4 (with H = h), we observe that the series
2ok k! (Pi -B)
is almost surely convergent: indeed, the random variables Zy := k~* (p7—03) are independent, centered

and square-integrable, with Var[Zx] = k™2 Var[pi]. Therefore, by the above mentioned Abel’s result,

we obtain the almost sure convergence of the series
>k k=2 (pi — B)
and the relation (for n — +00)

nzkzn k2 (Pi -B) =50,

Since we have n)_, . k™2 — 1 for n — 400, the above relation can be rewritten in the form

nzkzn k72pi =5 8.

Now we observe that
a.s.

2 2 2 2;.-2 2
Qk = Tkp1pk ~ @ Pk-

Hence, for n — +o00, we have
2 a.s. 9 —2 92 a.s. 249
nZkzn k NO‘”Zkznk pe ——a”B=h

Condition (i) of Theorem 4.3 (with H = h) is thus proved and the proof is concluded. O

6.3 Proofs of Section 5

In order to study the asymptotic behavior of (L, ),>1 it will be useful to introduce the sequence of
the increments
Uy:=L1=1 and U,:=L,—Ln,_1 forn>2.

Clearly (Up)n>1 is a sequence of random variables with values in {0,1} such that, for each n > 1, the
random variable U, is fff—measurable and L, = 22;1 Un.

Proof of Theorem 5.2. Without loss of generality, we can assume h,, > 0 for each n. Let us
set

Zy:=0 Zn =327 (Uj — sj-1)/h;.

Then Z = (Zn)n>o0 is a martingale with respect to the filtration F = (F,)n>0. Indeed, by Lemma

6.1, we have
ElZnt1 = Zn | Fo]l = E[Unt1 — sn | Fu] = EllL,, =1, 41} — $n | Fa] = 0.
Moreover, we have
E[Unt1] = P(Lnt1 = Lo + 1) = E[s,]
and
E[(Unt1 — $n)%] = E[E[(Unt1 — 50)* | Fnl ]

=B[(1 —sn)%sn +52(1 — 50)] = B[sn(1 — s2)].

LGiven two sequences (a), (by) of random variables, the notation a, %" b, means that Z‘—” 3.
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Therefore we obtain

E(Z3]) = 3" E[(U; — s;-1)°] /b = X0 E[s; 1 (1 — s;-1)] /h]

j=1 Jj=1
and so
suan[Zz} < Ejzl E[sj,1(1 — ijl)]/h? < +o0.
It follows that (Zn)n>1 converges almost surely and, by Kronecker’s lemma, we get

1 . 1, o,
F(Ln - Zj:rgj*l) W j:l(Uj —sj-1) — 0.

Therefore, since 37, sj—1/hn = 327_; 8j/hn — $n/hn 2% I, we obtain Ly /hn &% L. O
In order to prove Theorem 5.4 we need a preliminary lemma.

Lemma 6.2. If (Xn)n>1 95 a GOS with p diffuse, then (with the previous notation), for each fized

k, a version of the conditional distribution of (Uj)j>kt+1 given Gi is the kernel Qr so defined:

Qk (wa ) = ®;ik+16(17 7‘]'_1(Lu'))
where B(1,r;-1(w)) denotes the Bernoulli distribution with parameter rj_1(w).

Proof. It is enough to verify that, for each n > 1, for each exy1,...,€x1n € {0,1} and for each

Gr-measurable real-valued bounded random variable Z, we have
EI:ZI{Uk+1:57€+17“'7Uk+n:5k+n}:| = E[Z H?:l?ﬂr;j—l(l - Tj—l)l_ej]' (28)
We go on with the proof by induction on n. For n = 1, by Lemma 6.1, we have
BlZ1w, 1=eriy] = BIZEIw, 1 =eyy |G ] = BIZr (1 =) 7).

Assume that (28) is true for n — 1 and let us prove it for n. Let us fix an Gi-measurable real-valued

bounded random variable Z. By Lemma 6.1, we have

E[ZI{UI«+1=€k+17~~~7Uk+n=€k,+n}} = E[ZI{Uk+1:€k+lv~<~7Uk+n—1:5k+n—1}E[Uk+n = €k+4n | gk+n*1”

_ €k4n _ 1—€pyn
- E[ZTk+n—1(1 Tk+n*1) I{Uk+1:€k+1a~“7Ul«+n—1:€k+n—1}]'

. € — .
We have done because also the random variable Z’“kit:—1(1 — rk+n,1)1 €k+n i35 Gp-measurable and

(28) is true for n — 1. O

Proof of Theorem 5.4. Without loss of generality, we can assume h,, > 0 for each n. In order
to prove the desidered A-stable convergence, it is enough to prove the Fx V FX -stable convergence
of (T},) to /\/(0,02). But, in order to prove this last convergence, since we have FX V FL = V. Gk,
it suffices to prove that, for each k and A in G, with P(A) # 0, the sequence (73,) converges in
distribution under P4 to the probability measure PaN(0,07). In other words, it is sufficient to fix
k and to verify that (Tkn)n (and so (T)),) converges Gg-stably to A'(0,02). (Note that the kernel
/\/(07 02) is G V N-measurable for each fixed k.) To this end, we observe that we have

Tern — S Uy = re1) _ S (U —7io1) N S (U =)

V Pign VPktn Vhktn
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Obviously, for n — +o00, we have
k
21U =1i1) o

\Y4 hk+n

0.
Therefore we have to prove

k+n .
Zj:k+1(UJ Tj-1) gk—ﬁblyN
V hk+n
From Lemma 6.2 we know that a version of the the conditional distribution of (Uj;);>k+1 given

Gk is the kernel Qy so defined:

(0,0°). (29)

Qr(w,") = ®;ik+18(17 rjfl(w))~

On the canonical space RY" let us consider the canonical projections (&;)j>k+1. Then, for each n > 1,

a version of the conditional distribution of
ket
Zj:lll+1 (Uj —1j-1)

\V4 hk+n

given Gy, is the kernel Ny, so characterized: for each w, the probability measure Njin(w,-) is the

distribution, under the probability measure Qg (w, -), of the random variable (which is defined on the

canonical space)
S (G W)
V hk+n

On the other hand, for almost every w, under Qg (w, ), the random variables
P Ehyi — Thtio1(w)

n,i ,7hk+n

form a triangular array which satisfies the assumptions of Theorem A.1 in the Appendix. Indeed, we

forn>1,1<i<n

have the row-independence property and

Tryio1(w) (1 - Tk+i71(“))) .

B[z, =0, B [Z0 ] = h
k+n

Therefore, by assumption, for n — 400, we have for almost every w,

Sy o1 (@) (1 = Thpio1 (W)
hk«H’L

w,- hk;710'27 w
S B[22, ] = = otnw) - BT 2

Moreover, under Qx(w,-), we have Z,;, := sup,; Zn; < 2/v/hir+n — 0. Finally, we observe that,

setting V,, := >°1" | Z7 ;, we have

hr102_ 1 (w)\°
B [V7] = Var® v, ] + (02+n(w> Sl v )
hk+n
with
Var®H VL] = S Var 20 < YL B (2]

hk—laifl(w)) 1
hk+n

<4 (o—i+n(w) - .

Since, for almost every w, the sequence (o2 (w)),, is bounded and h,, T 400, it follows that, for almost
every w, the sequence (V,,), is bounded in L? under Qy(w,-) and so uniformly integrable. Theorem

A.1 assures that, for almost every w, the sequence of probability measures

(N’H" (w, '))n>1
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weakly converges to the Gaussian distribution A/ (O, o2 (w)) This fact implies that, for each bounded
continuous function g, we have

Elg S (U =)
\V4 hk+n

It obviously follows the Gi-stable convergence (29). O

) ygk} 22 N (0,0%)(g).

A Appendix

For the reader’s convenience, we state some results used above.
Theorem A.1. Let (Zni)n>1,1<i<k, be a triangular array of square integrable centered random

variables on a probability space (0, A, P). Suppose that, for each fized n, (Z,:): is independent

(“row-independence property”). Moreover, set

0—721.,72 = E[ZTQL,I] = Var[Z”l,i]y O—Z = an O—'r27,,i7

i=1
Vi 1= Zfﬁl me‘a Zy = SUP1<i<k, |Zn,i]
and assume that (Vy,)n>1 is uniformly integrable, Z;, £, 0 and J,QL — o2,
Then S Zn s in law (0,0?).
Proof. In Hall and Heyde (1980) (see pp. 53-54) it is proved that, under the uniform integrability
of (V,,), the convergence in probability to zero of (Z,;),>1 is equivalent to the Lindeberg condition.

Hence, it is possible to apply Corollary 3.1 (pp. 58-59) in Hall and Heyde (1980) with F,; =
U(Z7L,17 ey Zn,i)~

Theorem A.2. (See Th. 5 and Cor. 7 of sec. 7 in Crimaldi, Letta and Pratelli (2007))

Let (In)n>1 be a sequence of strictly positive integers. On a probability space (2, A, P), for each
n > 1, let (Fnj)o<j<i, be a filtration and (Ly,j)n>1,0<j<1, be a triangular array of real random
variables such that, for each n, the family (Ln j)o<j<i, % a martingale with respect to (Fn j)o<;<in

and Ln,o = 0. For each pair (n,j), withn > 1,1 < j <l,, let us set Zn; = Ln,j — Ln,j—1 and
ln 125 * .
Sn = Zj:l Zn,j = Lny,, Un = Ej:l ZTQL,j7 Ly = SUpPj<j<i, |Zn,j|~

Let us suppose that the sequence (Up)n>1 converges in probability to a positive random wvariable U
and the sequence (Zp)n>1 converges in L' to zero. Finally, let N be the sub-o-field generated by the
P-negligible events of A and let us set

‘H; = liminf,, Fn ja, forj >0, H= VJ'ZO H;.

If U is measurable with respect to the o-field HV N, then (Sn)n>1 converges H-stably to the Gaussian
kernel N'(0,U).

Theorem A.3. (see Crimaldi, 2007)
On (2, A, P), let (Vi)n>0 be a real martingale with respect to a filtration G = (Gn)n>0. Suppose that

(Vi)nso converges in L' to a random variable V.. Moreover, setting

Un =035, (Ve = Vi1)?,  Z:=sup, VE|Vi = Vi, (30)
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assume that the following conditions hold:
(a) The random variable Z is integrable.
(b) The sequence (Up)n>1 converges almost surely to a positive real random variable U.

Then, with respect to G, the sequence (Wn)n>1 defined by
W, = /n(V, = V) (31)

converges to the Gaussian kernel N'(0,U) in the sense of the almost sure conditional convergence.

Obviously the previous almost sure conditional convergence also holds with respect to any filtra-

tion F’ such that FY C Fl, C Gn.
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