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ABSTRACT. We describe a class of ”onto interpolating” sequences for the Dirich-
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1. PRELIMINARIES

1.1. Hardy Space Background. In the 1950’s Buck [Bu] raised the question of
whether or not there exists an infinite subset Z = {z; }joil of D that is interpolating
for H>* = H> (D), i.e. for every bounded sequence { = {¢; };)0:1 of complex numbers
thereis f € H* (D) such that f (z;) = &; for 1 < j < co. In 1958 Carleson [C] gave
an affirmative answer and moreover characterized all such interpolating sequences
in the disk.

Implicit in Carleson’s solution, and explicitly realized by Shapiro and Shields in
1961 [SS], is the equivalence of this problem with certain Hilbert space analogues.
Let H2 = H? (D) denote the classical Hardy space and k. (w) = (1—zw) ™! its repro-

ducing kernel. For z € I, the linear functional f — { f, k. ) = f(z) is continuous

= 1/<l’~cz,l~cz> = \/m = (1 - |z|2)_1/2. Thus the

map f — {‘ f (zj)} is bounded with norm 1 from H? to ¢ (Z). Shapiro
j=1

and Shields then asked when this map takes H? onto (respectively into and onto)
the smaller Hilbert space ¢ (Z)? In terms of the restriction map Rf = {f (z;)} -

- J=1
their question is what conditions insure that R maps H? onto (respectively into
and onto) the Hilbert space ¢2 (i) where ji is the measure given by

on H? (D) with norm ‘ k.

-1

k.

(o]
=" ji;0., with
j=1

-2

kAl 7

~ 2 7 —
fi=1= 5 =k, ()" = |

Two conditions on the sequence Z are easily seen to be necessary for R to map
into and onto ¢ (fi). The first is a reformulation to the statement that the map
is into; fi must be what is now called a Carleson measure (for the Hardy space).
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That is, there is a C' > 0 so that for all f € H?

(Car) / P dis < ClfI

The second condition is that there be a lower bound on the hyperbolic distance
between distinct points of Z. We can reformulate this separation condition in terms

~ ~ 1.
of the normalized reproducing kernels K, = sz H k.. These are unit vectors hence

their inner products are at most one; the separation condition is 3¢ > 0,Vi,j i # j
(Sep) ‘<Rzi,f<2j>‘<1fs.
The following summarizes the results of Carleson and Shapiro-Shields.

Theorem 1. Suppose that Z = {Zj};il C D and let R be the restriction map

Rf={f (zj)};il Then the following conditions are equivalent:

(1) Rmaps H* (D) onto £>° (Z) (i.e. Z is an interpolating sequence for H> (D)),

(2) R maps H? (D) into and onto 2 (ji) (i.e. Z is an interpolating sequence for
H? (D)),

(3) Z satisfies (%) and [i satisfies (C/‘E;'),

(4) Z satisfies (5/’59) and for some C' > 0, and allarcs I C T ; g (T (1)) < C|I].

(5) R maps H? (D) onto % (f1).

Here T (I) denotes the tent over I; let oy be the midpoint of I, then T (I) is the
closed convex hull of I and the point (1 — |I|)a;. For a point w in D we let T'(w)
be the tent associated with the boundary arc I,, centered at |w|™' w and having
length 1 — |w].

1.2. Dirichlet Space Background. Marshall and Sundberg [MS] identified the
crucial interplay between the spaces H* (D) and H? (D) that was at work here,
namely H*° (D) is the multiplier algebra M= p) of the Hilbert space H 2 (D). They
then studied the interpolation questions for the classical Dirichlet space and its
multiplier algebra. At the same time overlapping work was done independently by
Bishop [Bi]. The first published results were by Boe [Bo] using different proofs.

Let By (D) be the Dirichlet space and Mg, (p) its multiplier algebra. We denote
the reproducing kernels for By (D) by k,(w) = —Zwlog(1 — Zw) and the normalized
kernels by K, (w) = ||k.|| " k.(w). Note that |[k.||> = — |2z|*log(1 — |z|°) and that
for z near the boundary, the only case of interest for us,

2 2
12" ~ —log(1 —[2[").
o

We associate with Z = {z; }Joil C D the restriction map Rf = {f (z)},Z, and the
measure

oo
Hz = Z,ujézj with

j=1
pj = —log (L—|2*) ~ ks, (25) 7"

The natural target for R is the weighted space £ (uz) .
As before there are two conditions on the sequence Z which are easily seen to be
necessary for R to map into and onto ¢2 (uz) . First uz must be a Carleson measure

(1.1) I
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for the the Dirichlet space. That is, there is a C' > 0 so that for all f € By (D)

(Car) [ 18 duz < A1, 0.

The second condition again can be formulated using the normalized reproducing
kernels: Je > 0,Vi,j i # j

(Sep) |<Kzi,sz>‘ <l-—e.

A more geometric reformulation of this condition is given in (1.3) below.
The following summarizes the results of Marshall-Sundberg, Bishop, and Boe.

Theorem 2. Suppose that Z = {Zj};il C D and R is the restriction map. The
following conditions are equivalent:
(1) R maps Mp,my onto £ (Z) (i.e. Z is an interpolating sequence for Mp,m)),
(2) R maps Bs (D) into and onto €% (uz) (i.e. Z is an interpolating sequence

for By (D)),
(3) Z satisfies (Sep) and pz satisfies (Car).

This is a satisfying analog of the first three parts of Theorem 1, however there are
differences. The condition (Sep) has a straightforward formulation in the hyperbolic
geometry of the disk and there is also a geometric formulation of (Sep), (1.3) below.
The situation is more complicated when considering conditions (5;7") and (Car).
A simple geometric description of the measures that satisfy (65;') is given in (4)
of Theorem 1 but geometric descriptions of the measures which satisfy (Car) are
more complicated. In particular the condition (1.4) below, which is the analog
of the condition in Theorem 1 and which is easily seen to be necessary in order
for pz to satisfy (Car), is not sufficient. These issues are however relatively well
understood; precise statements can be found in [Bo] and [ArRoSa].

The fact that condition (5) in Theorem 1 is equivalent to the others is one of the
deeper parts of that theorem and the analogous statement fails for the Dirichlet
space. Bishop had noted that there are sequences for which the restriction map is
onto, i.e. 2 (uz) C R(Bz (D)), but the restriction map is not bounded; hence those
sequences are not an interpolating sequences. We call sequences Z for which the
restriction map is onto but not necessarily bounded onto interpolating sequences
(for the Dirichlet space). The study of such sequences is the main theme of this

paper.
1.3. The Contents.

1.3.1. Dirichlet Space Interpolation. If Z is an onto interpolating sequence then it
is a consequence of the closed graph theorem that the interpolation can be done
with norm control. In fact, if M is the closed subspace of By (D) consisting of those
f that vanish on Z, then there is a unique linear map A : £? (1) — M+ such that
RA is the identity on £2 (1) . By the closed graph theorem A is continuous. Thus we
see that a sequence Z = {z; }Joil in the disk D is onto interpolating for the Dirichlet
space Bs (D) if and only if there is a positive constant C' such that

{Ikslzre}

j=1

:1’

(1.2) for every sequence {fj};il with ‘

02

there is f € By (D) with [|f|lp, < C and f(z;) =¢&;, j > 1.
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A necessary condition for (1.2) to hold is the separation condition (Sep). That an-
alytic condition has a geometric reformulation in terms of the Bergman (Poincaré)
metric on the disk, 5 (z, w) . It is shown in [MS], see [S, pg 22-23], that the sequence
Z satisfies (Sep) if and only if 3¢ > 0,V2;, 2; € Z, 2z; # 25,

(1.3) B(zi,2;) > c(1+ 5(0,25)) .

Bishop showed that if Z satisfies (Sep) then the restriction map was onto if
satisfies the simple condition; dc > 0 Yw € D

-1
(L4) WTw) =Y u<z>sc<logll|wg> .

ze€T(w)NZ

In [Bo] Boe gave another proof of this and extended the result to p # 2. In Section
2 we improve this result by showing that the condition (1.4) can be replaced by the
weaker condition (1.6).

We will use Bergman trees in our analysis. We describe them now informally,
the detailed description is in [ArRoSa] or [ArRoSa2]. A Bergman tree is a subset
T = {a;} C D for which there is a positive lower bound on the hyperbolic distances
between distinct points and so that for some constant C' the union of hyperbolic
balls, |J; B(c,C), cover D. Each point a; of 7, except the point closest to the
origin, is connected by an edge to its predecessor ¢; , a nearby point closer to the
origin. We will assume that each « € 7 is the predecessor of exactly two other
points of 7, the successors, a4. This assumption is a notational convenience; our
trees automatically have an upper bound on their branching number and all our
discussions extend to that case by just adding notation.

If Z C D satisfies (1.3) then there is a positive lower bound on the hyperbolic
distance between distinct points of Z and, given this, it is easy to see that we
can construct a Bergman tree 7 for the disk that contains Z. So, without loss of
generality, we may assume that Z C 7. When the points of Z are regarded as
elements of 7 we will often denote them with lower case Greek letters. Recall that
for a € T we define d(a) to be the number of tree elements on the tree geodesic
connecting a to the root o. In particular, for any «, d(a) > 1.

For a € T the successor set,

Sla)={BeT:B>a},

is the tree analog of the tent T'(«v). If puz satisfies (1.4) then, regarded as a measure
on 7, the measure satisfies d¢ > 0 Voo € 7

(1.5) p(S(e) = > u(B)<Cda).

BEZ, Bza

We prove two results about onto interpolating sequences for the Dirichlet space.
First, we show that a sequence Z whose associated measure 7 is finite is onto inter-
polating if Z satisfies the separation condition (1.3) and the weak simple condition,
Je>0VaeT

(1.6) Yoo @) <Cd(e) .
BEZ, B>
1(v)=0 for a<y<p
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In particular this provides a geometric sufficient condition for interpolation that
improves on the simple condition (1.4) of Bishop [Bi] - see Subsubsection 3.2 below
for examples satisfying (1.6) but not (1.4) in this context.

In fact we show more in this case. We show that the interpolating functions
can be taken from a special closed subspace Bs 7z (D) of the Dirichlet space that we
call the Boe space; and, furthermore, if uz is finite and Z satisfies the separation
condition (1.3) then the interpolation can be done using functions from the Boe
space if and only if Z satisfies the weak simple condition. We also note that the
role of (1.4) is elucidated by considering the Boe space; for Z satisfying (1.3), the
restriction map R takes the Bée space Ba z (D) into % (u) if (1.4) holds, while
conversely, if R maps into £2 (), then a weaker version of (1.4) is necessary. See
Subsubsection 2.1.4 for this.

For our second result, we suppose that Z satisfies the separation condition (1.3),
the weak simple condition (1.6), and the following tree-like condition: there is
B € (1 —¢/2,1) where c is the constant in (1.3) such that
z “k

T ]
Under these conditions Z is an onto interpolating sequence for the Dirichlet space
Bs (D) even if the measure p is infinite. We construct Cantor-like examples of such
7, thus demonstrating that onto interpolation for the Dirichlet space can hold even
when ||uz]| = oo, thus resolving a question raised by Bishop [Bi].

B
(1.7) z; € T (2) whenever |z;]| > |zg], < (1 — |zk|2) and z;, 2, € Z.

1.3.2. Relations Between the Conditions. In the final section we present two exam-
ples to help clarify the relationships between the various conditions we consider.
We give an example of an onto interpolating subtree with infinite measure. There
is also an example of a sequence Z satisfying the strong separation condition (1.3),
with ||pz|| < co and satisfying the weak simple condition (1.6), but not the simple
condition (1.4).

2. DIRICHLET SPACE INTERPOLATION

2.1. The Interpolation Theorem. In fact the hypotheses (1.3), (1.6) and ||u| <
oo yield a stronger onto interpolation which in turn implies both (1.3) and (1.6).

Suppose Z is given and fixed. For w € Z we denote by ¢,, the function introduced
by Bée in [Bo] in his work on interpolation. By construction ¢, is a function in
Bs (D) which is essentially 1 on the tent T'(w) and small away from that region. The
details of the construction and properties are recalled in Lemma 2 below. Actually
there are various choices in Lemmas 1 and 2 below. We assume that allowable
choices have been made once and for all. Also, we further require that the chosen
parameters satisfy

2031

(2.1) b<a< E)
(a—p)
7 -8)

as we need that in our proof of the necessity of (1.6) for a certain type of interpo-
lation, Proposition 1 below.
We define the Bée space, Ba z (D), to be the closed linear span in By (D) of the

functions {@y },,c - It follows from (2.45) in Lemma 4 and Proposition 1 below
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that for an appropriate cofinite subset {CJ} —_, of Z we have

(2.2) Bz (D Z%S% Z|%\ 1(G) <oop,

~ . o0
el s, @) ~ H{“J}Fl e’

We will say Z is an onto interpolating sequence for Bs z (D) if it is an onto inter-
polating sequence for the Dirichlet space By (D) and if, further, the interpolating
functions can all be selected from Bs 7z (D).

Theorem 3. Let Z C D and suppose ||pz| < co. Then Z is an onto interpolating
sequence for the Bde space Bo z (D) if and only if both the separation condition
(1.3) and the weak simple condition (1.6) hold.

Corollary 1. Let Z C D and suppose ||uz|| < oo. If Z satisfies the separation
condition (1.83) and the weak simple condition (1.6) then Z is an onto interpolating
sequence for the Dirichlet space Bs (D) .

We will need the following lemma from [MS], (see also [ArRoSa2]). Let ¢ be the
constant in (1.3). For w € D and 1 — § < 3 < 1, define
Vo=Vi={zeD:|z—w' < (1-wf)},

w

where w* = Twl is radial projection of w onto the circle T = JD.

Lemma 1. Suppose the separation condition in (1.3) holds. Then for every [
satisfying 1 — § < (3 < 1 there is n > [n > 1 such that if szj N Vz[j %+ ¢ and
|zj| > |zi|, then z; ¢ sz and

(2.3) (1= < (@ =]z

We have the following useful consequence of Lemma 1. If 0 > 0 and p satisfies
(1.6), then

(2.4) Y A=l <Co (1 -z

Indeed, if G (21) = {a},} consists of the minimal elements in [S (z;) \ {z}] N Z
G2 (21) = U1 (), etc., we have using (2.3) and (1.6),

Yo (=lz)7 =0~ |zl)” +Z YooY =l

zj >z £=1B€Ge—1(z1) a€G1(B)

UG Y Y G-l (1°g1—1|a|>

=1 Be€Gr_1(zx) a€G1(B)
e —1
o o—& 1
<-la)’ eSS a-) >nc(1og w)
=1 B€Gp 1(z1)

<= lal)”+Cs > (A=)

Zj>2k
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Now we can choose § > 0 so small that (c —d)n — o = 6 > 0, and R such that
Cs(1— R)(9 = 1, so that for |z;| > R we have

Cs Y (1=Iz)" ™" < {Ca sup (1 - |zj>9} PORIEIEILEE S BRI ES

Zj>2k jz1 Zj>2k 25 >2k
Thus 3°, ., (1—12])7 <2(1 - [z])?, proving (2.4) for |z > R. Now the num-
ber of points zj in the ball B (0, R) depends only on R and the separation constant
¢ in (1.3), and it is now easy to obtain (2.4) in general.

We will also use a lemma from [Bo] which constructs a holomorphic function
Yw = Lsgyw, where T'y is the projection operator below, that is close to 1 on the
Carleson region associated to a point w € D, and decays appropriately away from
the Carleson region. Again let 1 — £ < < 1 where ¢ is as in (1.3). Given

2
B < p<a<1, we will use the cutoff function ¢, o defined by

0 for v<p
(2'5) Cp,a (’Y) = Zi:z for p<y<a
1 for a<~
Lemma 2. (Lemma 4.1 in [Bo]) Suppose s > —1, ¢ is as in (1.3), and 1 — § <

B < 1. There are 31, p and « satisfying B < B1 < p < a < 1 such that for every
w €D, we can find a function g, so that

N Do (o= [ (A=)
o (2= L ) = [ B2
satisfies
ow(w) =1 »
(2.6) pw(z) = Cp,a(%(z))—FO((logl_llwz) ), eV

(p—B1)(1+s)
2) ! .z ¢ Vfl

-1
1
lpw ()] < C (log W) (1 = [wl
where v, (2) is defined by

i

Y (2)
2= = (1= [ul*)

*

w* is radial projection of w to 0D, and c, o is as in (2.5). Furthermore we have
the estimate

) 1
(2.7) /Dlgw Qrdc<c <log 1|w|2>

2.1.1. Sufficiency. Order the points {zj};il so that 1 — |zj41| <1—|z,| for j > 1.
We now define a “forest structure” on the index set N by declaring that j is a child
of 7 (or that i is a parent of j) provided that
(2.8) 1< 7,

V., C V.,

Ve G Vo fori <k <.

Note if we have competing indices ¢ and " with V., C V., NV, then the child
j chooses the “nearest” parent i. We define a partial order associated with this
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parent-child relationship by declaring that j is a successor of i (or that i is a
predecessor of j) if there is a “chain” of indices {i = k1, k2, ..., ks, = j} C N such
that kgq1 is a child of &y for 1 < ¢ < m. Under this partial ordering, N decomposes
into a disjoint union of trees. Thus associated to each index £ € N, there is a unique
tree containing ¢ and, unless £ is the root of the tree, a unique parent P ({) of £ in
that tree. Denote by G, the unique geodesic joining the root of the tree to £. We
will usually identify ¢ with z; and thereby transfer the forest structure F to Z as
well.

Remark 1. It is easy to see that one may discard finitely many points from the

sequence Z = {Zj};i1 without loss of generality. Indeed, if Z is an onto interpo-

lating sequence and w ¢ Z, then we may choose f € By (D) such that f(z;) =
1 4 j=1 . B .

{ 0 i j>1° and g linear such that g(z1) = 0. Then h = fg € By (D) and

there is m such that H (z) = (Zﬁ(;))m € By (D), H (w) #0 and H (zj) =0 forj > 1.

It is now immediate that Z U {w} is onto interpolating.

We will need to discard finitely many points from Z so that

29) TESWIHEDS <1g1_1|> <e
=1 J

j=1
This can be achieved using our assumption that ||u|| < co. With this done we now
suppose that the sequence {zj}jzl is finite, and obtain an appropriate estimate
. . J
independent of J > 1. Fix o, s > —1 and a sequence of complex numbers {¢; }j:1
in £2 (1) where

J
2 _ &
H{fj}jzl () ‘k?.’z
T Bs ) ],
We will define a function ¢ = S¢ on the disk D by
J
(2.10) p(z) =8¢(z) = Zajcpzj (), ze€D,
j=1

that will be our candidate for the interpolating function of £. We follow the induc-
tive scheme of Boe that addresses the main difficulty in interpolating holomorphic
functions, namely that the building blocks ., take on essentially all values in [0, 1]
(rather than just 0 and 1 as in the tree analogue) on the sequence Z.

Recall that Pz; denotes the parent of z; in the forest structure F and that G,
is the geodesic from the root to z in the tree containing z,. In order to define the
coefficients a; we will use the doubly indexed sequence {3; ;} of numbers given by

(2.11) Bij = opz; (2:) -
We consider separately the indices in each tree of the forest {1,2, ..., J}, and define
the coefficients inductively according to the natural ordering of the integers. So let
Y be a tree in the forest {1,2, ..., J} with root ko. Define ay, = &,. Suppose that
k € Y\ {ko} and that the coefficients a; have been defined for j € Y and j < k.
Let

gk = [kOa k} = {k07 kla ey km—h km = k}
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be the geodesic Gy, in Y joining kg to k, and note that Gy = Gy, _, U {k}. Define
fu(z) = Zak Pz, (2) = iy (2) + anps, (2)
and
Wk = iy (21) Zakl P, (k) =Y Braan,_,,  k>1.
i=1
Then define the coefficient aj by
(2.12) ap =& —w, k>1.

This completes the inductive definition of the sequence {aj };y, and hence defines
the entire sequence {ai}le.
We first prove the following ¢? (du) estimate for the sequence {am}J | given in

terms of the data {ﬁm} by the scheme just introduced. This is the difficult step
in the proof of suﬂimency

Lemma 3. The sequence {ai}jzl constructed in (2.12) above satisfies

(2.13) H{aj}}]:1 H{fﬂ j=1

2(dp > 2(dp)

Proof: Without loss of generality, we may assume for the purposes of this proof
that the forest of indices { ]} _, is actually a single tree Y. Now fix £. At this point

it will be convenient for notation to momentarily relabel the points {z; }j G, =

{Zkos Zhys -es 2k, + @S {20, 21, .oy Zm }, and similarly relabel {ag, a1, ..., am }, {€0, €15 s Em }
and {0, B1, ..., Om } so that

ag =& — Zﬂk,iai—h 0<kE<LL

i=1

-1
We also have du (j) = <log ﬁ) where z; now denotes the point zj; in the
J
ball corresponding to k; before the relabelling. In other words, we are restrict-
ing attention to the geodesic G, and relabeling sequences so as to conform to the
ordering in the geodesic. We also rewrite fi (z) and wy as

k
= zaiﬁﬁzi (Z) = fk—l (Z) + ApPzy, (Z)
=1
and
(2.14) wk = fr_1 Zk Zal 1924 Zlc Zﬁk iAi—1, k>1.

so that the coeflicients ay are given by

(2.15) ag = &o,
ap =& —wi, k=>1
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‘We now claim that

w1 bl,l 0 . 0 &
wo bo1 ba2 -+ 0 &1
(2.16) =1 . . . ‘ , 1<k<{,
W b1 br2 - brg Er—1
where
(2.17) bi,j =0, i<y,
bii = B,

bij =0b;_q; —bi-1;Bii, 1> ],
and the b7 ; are defined in the following calculations. We also claim that the b; ;
are bounded:

(2.18) bi;| < C.

For this we will use the estimate (see Lemma 5 below)

(2.19) 0, (2)] < (1 - |w|2)7 . zeD.
Note first that
bii = P11 = ¢z (21)
since then (2.14) and (2.15) yield
b1,1§0 = Wi,
which is (2.16) for k = 1. We also have (2.18) for 1 < j < i = 1 since (2.6) yields
bra] <1+ A(20),

where we have introduced the convenient notation

—1
1
J

We now define a function b 1 (2) by
bi,1 (Z) = Pz (Z)7
i.e. we replace z; by z throughout the formula for b, ;. If we then define
biq = b1 (22) = ¢z (22),
we readily obtain
ba,1 = b7 1 —b1,182,2 = ¥z (22) — @2 (21) 2, (22),
bao = P22 = ¢z, (22) .
Indeed, from (2.14), (2.15) and the equality & = a1 + wi = a1 + @4, (21) ag, we
have
b2,180 + 02,281 = [Pz (22) — @20 (21) ¥z, (22)] a0 + @2, (22) [a1 + ¢z, (21) ao]
= Pz (22) ao + ¢z (22) ay
= w2,

which proves (2.16) for k = 2. We also have (2.18) for 1 < j < ¢ = 2 since the
bound
|b272| S 14+ A (Zl)
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is obvious from (2.6), and the bound for b, ; follows from (2.6), (2.19) and Lemma
1:

|b2,1

< pzg (22) = @20 (21)| + |z (21)] 11 = 02, (22)]
< |y (Co)| [22 = 21 + (1 + A(20)) (1 + A(21)),

and since
[y @122 =21l < (1= 120l") " |22 =
< (1-1af) (1)
< (1-1a") ",
we obtain
(2.20) lbo1| < (1 _ |ZO‘2)5”_Q 1 AE)HAG),

We now define functions b 1 (2) and by 2 (2) by
ba,1 (2) = @z (2) — b1a¢pz (2),
b2,2 (Z) =Pz (Z) ’

i.e. we replace z3 by z throughout the formulas for b2 ; and by 2. If we then set

bs1 = b1 (23),

b5 =ba2(23),
we obtain as above that
bs1 =b31 — 21833 = [z, (23) — b1,102, (23)] — [z (22) — b1,102, (22)] 02, (23)

b3,2 = b;z - b2,253,3 = ¥z (23) — Pz (22) P2y (23) ,
bz = B33 = @z, (23),

which proves (2.16) for k = 3. Moreover, we again have (2.18) for 1 < j < i = 3.
Indeed,

‘b373| S 1 + A (2’2),

and the arguments used above to obtain (2.20) show that

Bn—a
|b3,2] < (1 - |zl\2> 1 AE)FAGR)
Finally,

|bs,1| < ‘b;l - bz,l{ + |b2,1| |1 — Bs.3]
< {]ely ()| + b1l |@, (C1)]} |22 — 23]
+ (1 . |ZO|2>5?7—04 + e/\(z0)+)\(21)+)\(22)’
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and since

{]¢0%y ()| + Ibral [0, (C)[} |22 — 23]

<{(1-1aP) " @) (1= ) -
< {(1 ) A ) (1 |z1|2)“} (1-12)
< {(1 + AN (20)) (1 - |z1|2)a} (1 - \z1|2)ﬁn,

9\ Bn—«
<+ aGo) (1-1aP)
for a large constant A, we have
|bs.1| < eAA(=0) (1 _ |Z1|2)ﬂnfa 4 AE)HFAGED+AG).

Continuing in this way with

(2.21) bi,j (2) = bi—1,j (2) = bi—1,j2, (2),
bij =bij(z),
bi; =bij (zi41),

we can prove (2.16) and (2.18) by induction on k and ¢ (see below). The bound C
in (2.18) will use the fact that

(2.22) A(zo) + A (z1) + A (22) + ... < CA(z0).

To see (2.22) we use Lemma 1.
Now if Gy = [ko, k1, .., km—1, km], then by applying (2.3) repeatedly, we obtain

.
(1= 12P) < (1= 1al) "

and so combining these estimates we have

(2.23) Azo) + A (21) + A (22) +...<C Z <1Og1|1>

2
i€Ge\{ko} ZP(i)|

m—1 -1
. 1
<C E n’ log 3
i 1- |Zk0|

since n > 1, which yields (2.22).

We now give the induction details for proving (2.16) and (2.18). The proof of
(2.16) is straightforward by induction on k, so we concentrate on proving (2.18) by
induction on 4. If we denote the i*" row

[ big biz -+ by 0 --- 0]
of the matrix in (2.16) by B;, the corresponding row of starred components

[0 bip - b5, 0 - O]
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by B, and the row having all zeroes except a one in the ‘" place by E;, then we
have the recursion formula

(2.24) B, =B, —-B;-1+(1-06:)Bi-1+ 5i:E;
={(1—-Bii)Bi-1+ BiEi} — (Bio1 — Bj_))

which expresses B; as a “convex combination” of the previous row and the unit row
E;, minus the difference of the previous row and its starred counterpart. In terms
of the components of the rows, we have

(2.25) bi; = [bfq,j - bifl,j] + (1 — Bii) bic1,j + Bi,idi ;-

For a large constant A that will be chosen later so that the induction step works,
we prove the following estimate by induction on i:
(2.26) |b; | < eAPE-D)FeFAG-DE G s

The initial case ¢ = j follows from
b1 = |@2;0 (25)] 1+ A(zjo1) < X0,
Now (2.21) yields
b,i,j (2) = b;—l,j (2) — bi—l,jSﬁlzi,l (2),

and so by the induction assumption for indices smaller than i, we have from (2.19)
that

(2.27)
—«
107511, < 1biz14] (1 - |Zz‘—1|2> | AT P

< Jbim1,40 (1= [zi-a] + [bi—2,j| (1 = |zi-2] + |62 ]|

< { sup |bk,j} (1= bl et (1) ]+ (1= 1P
1<k<i—1
< ANz - 1)+ A (zi2)} [(1 - |Zi—1|2>7 bt (1 . |Zj_1|2)7 :|

< AN+ A (zi2)} [(1 - |Zi71|2) - +..+ (1 - |Zi1|2)nﬁj} ;

where the last line uses (2.3). Thus we have from (2.27), (2.25) and (2.21),
(2.28)
b; ;] < |b;‘k_17j - bz‘—1,j‘ + (1 — Bii) bi—1 4

< Jbi—1,j (i41) — bi—1,5 () + 11 = Bial [bim1,]

<051l oo 2ot = 2l + (14 X (2521)) i1
< A+ A (zi-2)

{1 FA(zis1) + [(1 - |zi_1|2>_a ot (1= |zi_1|2>_";¥_'j} (1- zi_1|2)6"} :




14 NICOLA ARCOZZI, RICHARD ROCHBERG, AND ERIC SAWYER

B Bn
upon using the inequality |z;41 — 2| < (1 — \zl|2) < (1 — |zi_1|2) , which fol-
lows from Lemma 1.

Finally we use the inequality (see below for a proof)
(2.29)

(1- |ZH|2)_Q +o+(1- \zi,1|2)_ﬁ < {cn (1- \zi,ﬁ)_a v2(i—j+ 1)}
to obtain that
(2.30) [(1 - |zi71|2)_a +..+ (1 - |Zi1|2)‘,7f‘j} (1 - |zH\2>ﬁn

Bn—a Bn
S 2 {Cn (1 - |Zi_1|2> + 21 (1 - |Zi_1‘2) }

—1
1
<(A-1)(log ——5
1-— |Zi_1|

= (A — ].) A (Zifl) s
for all 7 if A is chosen large enough. With such a choice of A, (2.28) yields

[bsj < eHAGIF TG 4N (2 0) + (A= 1) A (2i-1)}
< A2 G}

which proves (2.26), and hence (2.18) by (2.22). To see (2.29), we rewrite it as

N
SR <CyR+2N +2,
=0

and to prove this, note that for R"" > 2 the ratio of the consecutive terms R7 "
_ AN /]
and R" " is (R" E) < 2177 je. this portion of the series is supergeometric.

Thus we have

Srt< N rRT+ Y R

£=0 0>0:Rn*>2 (<N:Rn <2

< Ri (211 4 2(N +1).
§=0

We now claim the following crucial property. Recall that P (m) = m — 1. If
o >0and yy—1 (zm) > a+o0,ie 2z, € V;fi"l, then

2.31 b i| <C 1—zm,12 for all j <m < 1.
J
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We first note that from (2.19), we have for z,, € Vo

Zm—1"
(2.32) = a1 (Bm) = @z (Fm—1) + [@Zm 2 (Zm) = @z s (Zm—l)}
=140 (1= |zm 1|2) — e 1|>

((
co((1-ea) i o)
reof(-m )

From (2.24) we then obtain

1By = BBl < By = Bt o + 0 (1= 12 1?)) 1Bl
Next, the estimate
1By =B < (1- |zm,1|2)07
follows from (2.21), (2.27) and (2.30) with n replaced with « + o:

0315 = bin—1.5] = [bm—15 (2m) = bm—1,5 (Zm—1)|

< ||b/TI’L—1,j||Loo |2m — 2Zm—1]

< i {cn (1l ?) " Qk} (R
k=1

S CO‘ (1 - |Zm—1|2)
Thus altogether we have proved that the top row of the rectangle R,, = [bi,j]j em<i
satisfies (2.31),i.e. b, ; < C (1 - |zm,1|2) for j < m. The proof for the remaining

rows is similar using (2.25).
For convenience in notation we now define
= {m:zm VO‘+‘7}.

Zm—1

If we take 0 < o < (n— 1)« and iterate the proof of (2.31) and use (2.18), we
obtain the improved estimate

(2.33) pgl<c II (1-lemal)” i

mel:j<m<i

To see this we first look at the simplest case when 2,3 € T' and establish the
corresponding inequality

(2.34) boal <€ (1- |zl|2)” (1- |22|2)”
We have from (2.25) that

bs1 = [b5; —b21] + (1 — fBs3)ba1.
From (2.32) and (2.31) we have

ool = Basl < € (1=1a1P?)” (1= |
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From (2.21) we have
‘52,1 - b;ﬂ = \52,1 (22) - 52,1 (2’3)|
= [[b1,1 (22) = b1z, (22)] — [b1,1 (23) — b1z, (23)]]
< [b11 (22) — b1 (23)] 4 [bra| [z, (22) — @2y (23)]
<01l 122 = 28l + [bral ||, || 122 — 23
where

_ o
Hb/1,1||oo |20 — 23| < C (1 - |20|2> : (1 — \z2|2)a

e

<C (1 _ |zl|2)_7’ (1 _ |zl|2)"“ (1 - |22|2)U

—« a+to
bral ¢4, [l 22 = 2l < € (1= 1) (1= |l?)
(n—1Da o
<c(i-12P)" " (1-1=P)

are both dominated by C (1 - \z1|2) (1 - \z2|2) if0 <o < (n—1)a. Altogether

we have proved (2.34).
Now we suppose that 4 € I' as well and prove the estimate

(2.35) bl < (1=1a1) (1=12P)" (1= 12s?)
Again we have from (2.25) that
by1 = [b5y —bs1] + (1 — Baa) b3y,
and from (2.32) and (2.34) we have
boalll=Bual <€ (1=1211?) (1= 12P)" (1= 1al?)
From (2.21) we have
‘53,1 - b§,1| = |b31 (23) — b31 (24)]
= |[b2,1 (23) — b2,19z, (23)] — [b2,1 (24) — 2,102, (24)]
< [b2,1 (23) = b2,1 (2a)] + [b2,1] |92, (23) — ¢z, (24)]

< ||b/2,1Hoo |23 — 24| + |b2,1] ||<,0/22HOo |z — z4],

and

where
’ 2 -« 2 a+o
[l 128 = 20l < € (1= |21?) (1=l
. o i
<c(i-1al)  (1-1=f)" (1-1=F)
(n—1)c (n—1)a o
<c(i-1af)" " (1-1eP)" T (1 1)
and

o —« a+to
ol 6L, Nl 28 = 2al < € (1= 1) (1= 1al?) (1= 12P%)

<c(1- |zl\2)a (1- |z2\2)(”_1)a (1- |23|2)”
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are both dominated by C (1 - |21|2) (1 - |22\2> (1 - |23\2> ifo<o<(n—1)a.
This completes the proof of (2.35), and the general case is similar.

The consequence we need from (2.33) is that if m; < me < ... <my < k is an
enumeration of the m € I" such that m < k, then

(2.36)

lak| < 1€k — wil

< Jeul + o]
N (o2
<le+ 03 T (1=lemeal?) ¢ > dgal+C Y gl
i=1 | i<l<N mi—1<j<my; my<j<k
for 0 <k </

We now return our attention to the tree ). For each a € ), with corresponding
index j € {j};]:l, there are values a (o) = aj, { (o) = & and m (@) = z,3;) € V.
Define functions f () = |a ()] and g (o)) = |€ («)| on the tree Y. Note that we are
simply relabelling the indices {j };-I:l as a € ) to emphasize the tree structure of Y
when convenient. If we define operators

o)=Y g(4p),

mg_1(a)<B<my(a)
Jsg(a) =g(a)+ > g(4p)
my(a) (@) <pLa

on the tree Y, then inequality (2.36) implies in particular that

(2.37)
N(o)

J@2C | Jeg@+ 38 T (1= lmel?) phg(@ ], acy.

k=1 | k<t<N(a)

-1

Recall that we are assuming that the measure dy =3 ey (1og ﬁ) , where
2o = z; € D if o corresponds to j, satisfies the weak simple condition,
(2.38) 5(0,1) > pG)<C, teT.

j:z; €S(t) is minimal
Note that this last inequality refers to the tree 7 rather than to ). Using the
fact that 3(0,«a) ~ log ﬁ, we obtain from this weak simple condition that if
SHt)~V,,, le t= {1 — (1 — |zk|ﬁ>} 2k, then
-1

> u()<CBO. T RO | log

N\ B
j:z;€S(t) is minimal (1 — |Zk| )

1
1
~C|log—— | =Cula),
1 — |z

by the definition of the region V. To utilize this inequality on the tree Y we need
the following crucial property of the sequence Z: if [«, 5] is a geodesic in Y such
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that v ¢ T for all « < v < 3, then the geodesic [, [], considered as a set of points
in the tree 7, is scattered in T in the sense that no two distinct points v,~" € [a, 0]
are comparable in 7, i.e. neither v < 4/ nor 4/ <~ in 7. With this observation we
obtain that on the tree ), the adjoint J; of Jj, satisfies

(2.39) Jin(@) <Cul), acy.

Now (2.13) will follow from (2.37) together with the inequality

(2.40) D hg (@ p(@) <CY g(@’ula), g>0,
acy ac)y

uniformly in k&, and thus it suffices to show the equivalence of (2.40) and (2.39).
To see this we first claim that the inequality

(2.41) Y Ig(@)?p(e) <C Y gla) (),
[ 1=R% ac)y

is equivalent to

(2.42) IMp(la) <Cu(a), a€).

Indeed, (2.42) is obviously necessary for (2.41). To see the converse, we use our
more general tree theorem for the tree ):

S Ig(@Pw(@ <Y g(@?v(a), g0,

acy agy

if and only if

(2.43) Z I'w(B)?v(B) ' <Clr'w(a) <oco, ael.
Bza

With w = v = pu, (2.42) yields condition (2.43) as follows:
D@ BT <C Y pB) () =C Y n(B) =Crula),

B>a B>a B>a

and this completes the proof of the claim.

In general, condition (2.39), a consequence of the weak simple condition, does
not imply the simple condition (2.42). However, we can again exploit the crucial
property of the sequence Z mentioned above - namely that if [, 5] is a geodesic in
Y with (o, 5] N T = ¢, then [«, 3], considered as a set of points in the tree 7, is
scattered in 7. Now decompose the tree ) into a family of pairwise disjoint forests
Y, as follows. Let ) consist of the root o of )V together with all points 5 > o
having v ¢ T for 0 < v < 8. Then let Y, consist of each minimal point « in Y\ J;
together with all points 8 > « having v ¢ T" for a < v < 3, then let V3 consist of
each minimal point « in Y\ (M1 U Vs) together with all points 8 > « having v ¢ T’
for a < v < g, etc.

A key property of this decomposition is that on ), the operator Jj sees only
the values of g on )y itself. A second key property is that since the geodesics in
Y, are scattered, we see that the restriction pu, of p to the forest )y satisfies the
simple condition, rather than just the weak simple condition. As a consequence,
upon decomposing each forest )y into trees and applying the above claim with g,
in place of p, i.e. (2.41) holds if and only if (2.42) holds, we conclude that

Y Jg(@Pu@) <0 Y g(@’ul@), g>0,

aEYy a€Ye
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uniformly in k for each ¢ > 1. Summing in ¢ and using the finite overlap, we obtain
the sufficency of (2.39) for (2.40).
Finally, to see that (2.13) now follows from (2.37), we use that

ﬁ: 11 (1_|ZW_1|2)0 <C

i=1 | i<¢<N

n (2.37) to obtain (2.13). This completes the proof of Lemma 3.

Now we prove that the function ¢ = Z;Izl a;p; constructed above comes close to
interpolating the data {Ej}‘.jzl provided we choose £ > 0 sufficiently small in (2.9).

Lemma 4. Suppose s > —1, that {Ej} _, 15 a sequence of complex numbers, and let
0<6<1. Let pj, gj and ; correspond to z; as in Lemma 2 and with the same s.

Then for e > 0 sufficiently small in (2.9), there is {az} _, such that ¢ = Zl 1 4P
satisfies

J
(2.44) H{gj }] 1 H{gj =2y
and
J
(2.45) lellmm < €[},

Remark 2. The proof below will show that the series Z;‘le a;p; n Lemma 4 sat-
isfies the estimate (using #G¢ < C3 (0, z¢))

1
Zm N <C|1+log—— ], =z€D,
1— ¢

with a constant independent of J.

Remark 3. The construction in the proof below shows that both the sequence
{al} _, and the function ¢ depend linearly on the data {§J}

Proof: We now show that both (2.44) and (2.45) hold for the function ¢ =
Z;]:l a;p; constructed above. Fix an index ¢ € N, and with notation as above, let
=N\ G, and write using (2.12),
(2.46)

@ (ze) =& = Zai%‘ (20) —

= | D awiz) a2+ Y awi(z) | = e+ Y Briarq

1€G P (1) i€F, i€g,\{0}
= Z P(3) (@P(Z ﬂf % Z az@z ZE
1€G,\{0} 1€Fe
= > aipi(2) = By,
i€ Fy

since @ (2¢) = 1 and pp(;) (20) = Be,i-
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We now claim that
J
(2.47) Bl <O Jail e (24)
i=1
We first note that if z, ¢ V., then
(2.48) s (2¢)] < C (1 - |zi|2) . o>0,

by the third line in (2.6). On the other hand, if z, € V,,, then |z| < |z, and if
Go = [ko, k1, ey Km—1, km], then either |z;| < |zg,| or there is j such that ’ijq’ <
|zi] < |zkj ’ Note however that equality cannot hold here by Lemma 1, and so
we actually have |z,_,| < |2i| < |z1,|. From (2.8) we obtain that no index m €
(kj_1,k;) satisfies Ve, C Vz,,. Since i ¢ Go, we have ¢ € (kj_1,k;) and thus we
have both

Ve, & V2, and |21, | > |2l -

Now using Lemma 1 and 7 > 1, we obtain

B Bn
(1— |ij|2> < (1—|Z,’|2) < (1—|Zi|2).

B
If we choose w € V-, \ V,,, then w, z, € Vz,, implies |z — w| < C (1 - |ij}2)
B
by definition, and w ¢ V, implies |1 —w - Pz;| > ¢ (1 - |zi|2) . Together with the
reverse triangle inequality we thus have

B Bn
> c(l— |zi|2) 70(17 \zi|2>
> (1— )™,

for some (31 € (8, p) (again provided the |z;| are large enough). Thus in the case
z¢ € V,,, estimate (2.48) again follows from the third line in (2.6). Finally, the

estimate (1 — |zi|2>a < Cu () is trivial and this yields (2.47).
Combining (2.47) and (2.9) we then have for the sequence {&; — ¢ (2;)}

([CErIEn)

J
=1

<CH B
e(du) ~ By £ (dp)

2

J J
< CZ lai| g (2:) ZM(ZJ‘)

[N
<
[N

J 30 B
SC{Z|ai|2M(2i)} {ZM(%)} ZM(ZJ')

= Clall|[{as}]-

<Ce H{a’j}jzl

()

)
This completes the proof of (2.44).
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We now prove the estimate [¢|,p) < C in (2.45) whenever

{aj };‘]=1

£2(dp) -
1, independent of J > 1. Thus we must show that

/WV¢u»%uscx
D

independent of J > 1. Now

J J
o= aipi=Y alsg =Ty
i=1 =1

where g = Zz]=1 a;g; with H{ai}'ijleez( = 1. Moreover,
o

[VLsg (2)] < CiT5 19l (2)
where the operator ﬁ is given by

1 —w- z|1JrS

dw.

—~ 2 —~
T |g| (z)‘ dz.Now by Theorem 2.10 in [Zhu], Ty is

bounded on L? if and only if s > —3. Thus choosing s — 1, we have
[Ireera<c [lgePd
D D
¢ [l
D

Since the supports of the g; are pairwise disjoint by the separation condition, we
obtain from (2.7) that g = Z;]:l a;g; satisfies

J
/Dlg<z>\ dz:;\a,w /D|gi<z>\ dz

Thus we must estimate [;

=C H{aj}j:l

This completes the proof of Lemma 4.

e

Now we finish proving the sufficiency portion of Theorem 3. Fix s > —1,

0 <d<1and {fj}'j]:l with H{fj}jzl = 1. Then by Lemma 4 there is

el
fi= Z;'Izl alp; € By (D) such that H{gj —f1 (Zj)};_721

1nJ
{ai }i:1 22(p)

(2.45) and (2.13). Now apply Lemma 4 to the sequence {£; — f1 (zj)};.lz1 to obtain
the existence of fo = Y"°°  a?p; € By (D) such that H{fj — fi(zj) = f2 (zj)}J

Jj=1
{a?};‘]ﬂ

< ¢ and using Lemma
£2(w)

3 as well, N f1ll g,y < € where C' is the product of the constants in

£2(n)

( )7||f2||Bz(D) < C6 where C is

6% and again using Lemma 3 as well, P
m
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again the product of the constants in (2.45) and (2.13). Continuing inductively, we
obtain f,, = Z;-Izl a™p; € By (D) such that
J

{ﬁj =Y fi (z»} <o,
i=1 j=1 roo
miJ m—1
m < .
H{al Yzt oy 1l 3oy = €0

If we now take

we have
J
H{al}i:1 e =
el ooy < C,

if £ > 0 is chosen small enough in (2.9). A limiting argument using J — oo now
completes the sufficiency proof of Theorem 3.

2.1.2. Riesz bases of Bée functions. The proof that the weak simple condition (1.6)
is necessary for onto interpolation for the Boe space Bz z (D) requires additional
tools, including the fact that the Boe functions {¢., };il corresponding to a sep-
arated sequence Z = {z; };’;1 in the disk D form a Riesz basis for the Boe space
Bs. 7z (D), at least in the presence of a mild summability condition on Z. It is inter-
esting to note that for a separated sequence Z in D, the set of Dirichlet reproducing
kernels {k, } form a Riesz basis if and only if pz is Ba-Carleson ([Bo]), a con-
dition much stronger than the mild summability used for the Boe functions. This
points to an essential advantage of the set of Bbe functions {gpzj };o over the set

=1
of corresponding normalized reproducing kernels {kzj (zj)f1 k., }:o . The feature
of Boe functions responsible for this advantage is the fact that the supports of the
functions g,, are pairwise disjoint.

Proposition 1. Let Z = {z]} 1 C D satisfy the separation condition (1.8) and
the mild summability condition ijl( —|2;)? < o0 for all 0 > 0. Then there is
a finite subset S of Z such that {(pzj }zjeZ\S

span By z (D) of {¢-, }]oil in the Dirichlet space By (D).

is a Riesz basis for the closed linear

Proof: A sequence of Boe functions {cpz]. }(X;l is a Riesz basis if

2

Z%% < 0|fas2,

B2

250) ]

(1)

holds for all sequences {a]} _, with a positive constant C' independent of {aJ}

1
Here p = ZJ 1 H"OZ:HB 2, and p(z5) Hgoz]HBz ~ d(z;) . The mequahty on
the right follows from (2 7) and the disjoint supports of the g., - see the argument
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use to prove (2.45) above - so we concentrate on proving the leftmost inequality in
(2.50) for an appropriate set of Boe functions. We begin with

2 2

Saes| =[S @) d
j=1 Jj=1

B>

S o / L () e, (2)de
D

jik=1
(oo}
5 o -
=Yl ue)+ S am [ o ()P e

j=1 i#k D

We now claim that by discarding finitely many points of Z, we have
_ — I o
(251) I ERCERCIE R ST
i#k j=1

Indeed, we will estimate (2.51) using the following derivative estimates for Boe
functions in the unit disk.

Lemma 5. Let ¢, (2) be as in Lemma 2. Then we have

@l < o(1-lul?) evg
o) < Cl-w < (1-pf) T, zeve\VE
_w|? p(1+s) —p

@l < T < (-wP) ", sewg

where V.2 = {2z € D : v, (2) > B} and v, (2) is given by
"/w(z)
|z — w*| = (1—|w\2) .

Proof. This follows readily from the formula

—e2Y’
w (2) = Tsgw (2) = /]D) o Ei)_(zz) IEL )

together with the estimate in [ArRoSa2],

90 (O < C <log 12>
I Jul

and the fact that the support of g, lives in the annular sector S centred at w* given
as the intersection of the annulus

A=A, = {Ce]]]); (1—|w|2)oZ <|¢C—w*| < (1_|w|2)P}

and the 45° angle cone C,, with vertex at w*. Note that the cone C,, corresponds to
the geodesic in the Bergman tree 7 joining the root to the “boundary point” w*.

1
|C—’LU*‘_17 CE]D)7
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The estimate we will prove is, for j # k,

@252)  |(puron)| = ] [ ¢ 7 G

<C (1 - |zj|2)g (1 - \zkl2)gu(zj)u(2k)a

for some o > 0. We may assume that 1 — |zj|2 <1—|z/* and write

|
AL

=I+1I.

[ @t < [ ol @l
D

o, (2)] [l (2)] d

To estimate II we use Lemma 5 to obtain

o\ P(1+s)
5 — |Zk ) z
pav., 1=zt

2\ 9 p(1+s) dz
:C<1—\Zk|> (1—\Zj|> s
DV, |1 —Zz]
J
—a p(1+s) —Bs
<c(i=1al)  (1-1zP)" T (1-15P)

9 p(1+s)—Bs—a
S C (1 — ‘Zj| ) .

11<C

Using (2.1) we see that the exponent p(1+s) — fs — a is positive, and using
1-— |zj|2 < 1— |z|* we easily obtain (2.52).
To estimate I we consider two cases. In the case that V., NV, # ¢, we have

28
from Lemma 5 and the estimate |V, | < C (1 - \zj|2) that

I < Csup
D

/
SOZJ'

<C (1 - \Zj|2)_oz (1 - \Zk|2)_a (1 - \Zj|2)25

<c(1- \szQ)Qﬁ_a (1=12?) "

and now Lemma 1 yields

sup L, | [V |

e

reo () (1) e (i)
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Now using (2.1) we see that the exponent 25—« — & is positive and we again obtain
(2.52). On the other hand, if V, N V., = ¢, then we use

I< Csup’so'z,.
D

Svgfho’zk} V|

p(1+s)
—o (]. — ‘Zk|2)

<0 (1-1z) (1= 1)
s o
< j T j
N\ 20-a o\ P(L+)—B(2+5)
gc(l—\zj|) (1—\zk|)
2\ € 9 p(14+s)—pB(2+s)+2B—a—¢
<c(1-151) (1-1=P) :

. 9\ 2A-o—e 2\ 2h-a—e : .
upon using (1 — |2 ) < (1 — |2kl ) in the last line. Now choosing
s > a—pt E,

p—pB
the exponent p (14 s) — 5 (2 + s) + 208 — a —¢ is positive, and once more we obtain

(2.52).
Now we can estimate the left side of (2.51) by (2.52) and (2.4) to obtain

S o [ o, ()7 @] < X lajeud (1= [s7) (1= 1) () a0

J#k iF#k
<C {Z (1 - zklg)ou(%)} >l p(z)
R i=1

100
52 a1 (2))

if >, (1 - \zk|2) 1 (zg) is sufficiently small, which can be achieved by discarding

ez 1S 2

Riesz basis. However, if w € F' is not in the closed linear span of the Riesz basis

{eo, }zEZ\F’ then it is immediate that {¢., }Z‘GZ\F U {¢w} is also a Riesz basis.
J J

a sufficiently large finite subset F' from Z. This shows that {(pzj}

We can continue adding Bée functions ¢, with w € G C F so that {¢., }Z-EZ\F U
- J

{Pw} e 1s @ Riesz basis, and such that all of the remaining Boe functions ¢, with

w € F . G lie in the closed linear span of the Riesz basis {¢., }z,-eZ\F U{w}pea-

This completes the proof of Proposition 1 with S = F \ G.

2.1.3. Necessity of separation and the weak simple condition. Now we consider the
necessity of the two conditions (1.3) and (1.6) in Theorem 3. First we observe that
by the closed graph theorem, there is a bounded right inverse S : £2 (uz) — Bz 7 (D)
to the restriction map Y. In particular Z is then onto interpolating for By (D) and
so (1.3) is necessary. To see that (1.6) is necessary, we note that by Proposition
1 above (the summability hypothesis there is a consequence of ||| < 00), we can
remove a finite subset S from Z so that Bs z. s (D) = Bs, 7z (D) and {‘pzj}zjez\s

is a Riesz basis. We can obviously add finitely many points to a sequence satisfying
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the weak simple condition and obtain a new sequence satisfying the weak simple
condition. Thus we may assume that (2.2) holds for Z.

Now let e; be the function on Z that is 1 at z; and vanishes on the rest of Z.

Denote the collection of all children of z; in the forest structure F by C(z;), and
let u = uz. We now claim that for j sufficiently large,

(2.53) Sej=¢.,— Y ¢ (2)ex + 1
2, €C(z;)

where f; € Bs 7z (D) has the form

o
fj = Z a;iPz;
=1

with {a;};o, € £? (1) and

sl < 3
a;| < 3,
1
la;] < 5 AHE€ C (%)
Indeed, by (2.2) we have
(2.54) Sej =Y bips,
i=1

. o0 o0 2
with {b;};2, € €2 (u) and ||{bi}i:1||zz(ﬂ) ~ p(z)-
Now let Y be the Boe tree containing j and

g] = [jO)J] = {j07j17"'7jm717jm - _7}

be the geodesic G; in Y joining jo to j. If we evaluate both sides of (2.54) at zj,
where 0 < ¢ < m, we have

14
(2'55) 0= Sej (ij) = Z bjk‘)ozjk (ij) + Z bi(pz'i (zjz) .
k=0 1€{Jo,J1se-5de}

Subtracting the cases £ and £+ 1 in (2.55) we obtain

0= Se; (2j,.,) — Sej (2,)
1

bjk [(pzjk (Zje+1) = Pz, (ij)} + bje (SOZJI (Zje+1) - 1)
0

jeyr T Z bipz, (Zje+1) - Z biz, (ij) :

i¢€{50,J1s-sde+1} 1€ {Jo,J1se 50}

~
|

I
B
I

S

+
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From Holder’s inequality and the third estimate in (2.6) we obtain
(2.56)

> e (7,) {ZIbI p( Z} S e () Pzt

i€{50,515-:Je} i¢{50,J1,--->Je}

N
[SIE

<Cu (zj)% Z ’d(zi)fl (1 - |zi|2>g‘2d(zi)

i#jo

where the final term in braces is bounded by hypothesis. We also have from (2.6)

Pz, (zje+1) - 1‘ < (1 + C/J (Zje))

and

0—
Z i {‘szk Z]z+1) — Pz, (Zje)}‘

k=0
-1 H

<CZ|bjk|/1’ Z]k) <CH/J‘||2 {Z|bjk N ij)} .
k=0 k=0

Altogether then we have

Nl

- 1
| Je+1| < |bjz|(1+cﬂ(zjz JrOHM”2 {Z ]kl 1% Z]k } +200.u(zj)2

1
< Jbj| (T+ Cp(z5,)) + Crpn(2) 7 -
Now the case ¢ = 0 of (2.55) together with (2.56) yields

N

|bj0| = Z bipz, (Zje) < Cop (ZJ) )
i¢{50,d1,-2Je}

and now by induction on ¢ we obtain that for 0 < ¢ <m —1, |b;,| is dominated by

Cop (z)® {ﬁ (1+Cd(z)™) + ﬁ (1+Cd(z)7") + .ot (14 Cd (zj“)‘l)} .
k=1

In particular,

0—
(2.57) bj.| < Cop(25)? EeXp ( Z (2ji) )

for0</¢<m-—1.
Now evaluate both sides of (2.54) at z; = z;,, to obtain

m—1

1= bj + Z bjk(pzjk. (ZJ) + Z bi@zi (Zj)7

k=0 1€{J0,J1,0sJm }
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which by the argument above yields

b — 1] < Cop (2;)? mexp <Czd(zjk)1> -

Similarly, for z; € C (z;) we obtain
1 -1 - -1
b5 — byps, (20)] < Cops () (m+ 1) exp (cd ()OS d () ) .
k=0

Now the separation condition (1.3) yields d (z;,) > (1+¢)d (2, ,) for 1 <k <m
and it follows that
(2.58) dd(z,) ' <C

k=0

independent of j. Thus we see that
1
|bi = bz, ()| S C(m+1)p(z)?,  z€C(z),

with a constant C' independent of j . If we take jo large enough, then since d(z;) =
d (Zj'm) 2 (1 + c)m d (Zjo)) we have

m _
§07md Zj0
i)

N
Nl=

b; = 1] < Cmypu ()7 = Cmad (2;) <

[N

It follows that
1
|bi — 02, (2i)] < |bi — iz, (20)| + [bj — 1 ez, (21)] < 3 A €C(x),

which proves (2.53).
By (2.2) we then have using (2.53) and the fact that ¢., (z;) = 1 for z; €
C(z) NV

N

N =

Hsej”BzYZ(]D)) ~ {Z |bi|2ﬂ(zi)} > Z p(2:)

i z GC(z]')ﬂVz‘;_

It follows that

2 2
be) = el = P USeil Ly 2 ¢ S we),
ZiEC(Zj)szOJf_

which yields (1.6) for a« = z; € Z with j large, and hence for all j with a worse
constant.

Now we suppose that o € 7'\ Z. We claim that with either zy = o or 29 = AMq,
where M = [{5d ()] and c is as in (1.3), the set Z' = Z U {2} is separated with
separation constant in (1.3) at least t&-. Indeed, if Z U {a} fails to satisfy (1.3)

100°
with separation constant {55, then there is some w in Z such that

/B(aaw) < %(1+ﬂ(07w))
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From this we obtain that
8 (AMa,w) > (AMa,a) — G (o, w)

> (14 B (0,w) — o5 (14 5 (0,w))
> 5 (145 (0.w)),

and then for any z € Z \ {w},
B(AMa,z) > B(w,z) — B (AM o, w)
> B (w,2) - {8 (4%a,0) + 6 (0, w)}
>e(1+8(ow) — {15 1+80.w) +
> 5 (1458 (0,w)),

which shows that Z U {AMa} satisfies (1.3) with separation constant 55- Now
we associate a Boe function ¢,, with 2y, but take the parameters 3,31, p, o so
close to 1 for this additional function ¢, that the extended set of Bbe functions
{02} e = {02} .c,U{p2, | satisfy the property that the supports of the associated
functions g, are pairwise disjoint for z € Z’.

Now we define a bounded linear operator S’ from ¢2 (uz/) into Ba z: (T) by

S"[€] = S+ (b0 — SE(20)) {9z — Sl 121},
where &' = (&, &) = (&0,&1,...). For j > 1 we have
S"E' (25) = & + (€0 — SE (20)) {20 (25) — S 2o |2] (25)}
=&+ (&0 — S€(20)) {0} = &,

Cc

= (1+6(0.w)}

and for j =0,
S" €] (20) = S€ (20) + (&0 — S€ (20)) {1 = S0z |2] (20)}
= 8o — Sz |2] (20) (60 — S (20)) -

Now S [¢2, |z] (20) is small by the argument used to prove (2.53) above, and in fact
(2.57) and (2.58) of that argument yield

|S[<on ‘Z] (ZO)‘ <Cu (Zo)% .

At this point we may assume that C'u (zo)% < ¢ since there are only finitely many
(depending on € > 0) points « in the tree 7 having such a point zo that fails this
condition. Thus S’ is an approzimate bounded right inverse to the restriction map
U, and in fact,

US'E — & = Spz 2] (20) (§o — SE (20)) ez
so that )
145°E" = &2y < €C N 2y < 5 1€ 2

if ¢ > 0 is small enough. Then S’ is invertible on ¢2 (1), and so the operator
S = 8 (US") " is an exact bounded right inverse to the restriction map U since
us” =us’ Uus’ )_1 = I2(y). Then the result proved in the previous paragraph
shows that the weak simple condition (1.6) holds at zg with a controlled constant,
and thus also at « with a controlled constant. This completes the proof of Theorem
3.
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2.1.4. The simple condition. Suppose that Z C D satisfies the separation condition
(1.3) and that the associated measure  is finite. Here we show that R (Bs z (D)) C
% () if the simple condition (1.4) holds, and conversely that if R maps Bz 7 (D)
into £2 (1), then a weaker version (2.61) of condition (1.4) holds. To see this we fix
[ =Y, 0. € Bs 7z (D), z; € Z, and as in the previous subsection, we let ) be
the Boe tree containing j and

g_] = [j07j] = {j07j17"'7jm—17.jm - J}

be the geodesic §; in ) joining jo to j. Then we have

f (zj) = Za’jksozjk (zj) + Z aiPz; (Zj) :
k=0

1€{50,51,-:dm }

From Holder’s inequality, (2.2) (which follows from Proposition 1) and the third
estimate in (2.6) we obtain

ol

Y. aips ()| <0 {Z Iail2u(Z¢)} Yoo e )P

1€{J0,J1se s Jm } i€{Jo,J1se 570}

N|=

02
<Ol llps i § 2 a7 (1= 1) | d (=)
i#Jo
< Clfllg )

We also have

m

<C) laj| = Cla(z)

k=0

m
Z Aji, Pzj,, (Z])

k=0

where I denotes the summation operator on the Boe tree ). Thus we have

1
(2.59) IRl < CMall gy +C 1l o I

By [ArRoSa] I is bounded on ¢2 (1) if and only if

I*1u(B)? Ul N
(2.60) gx 00 < CI'p(a), €.

Now if u satisfies the simple condition (1.4) then I*u (8) < Cu(B) for g € Y,
and we see that (2.60) holds. Thus [Iallp,) < Cllalls2, = [If5, ,m») and this
combined with (2.59) completes the proof that R maps Bz z (D) boundedly into

2 ().

Conversely, if R is bounded from Bs 7z (D) to £2 (i), then we have

2k EVZ"]‘,

for all z; € Z, a weaker version of the simple condition (1.4).
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2.2. Example of an onto interpolating sequence with ||u| = co. Here we
prove the existence of an onto interpolating sequence Z = {z; }(;il for the Dirichlet
space with infinite mass, thus answering a question of Bishop [Bi]. The key is to let
Z be a subtree of 7, so that if z € Z is a Boe child of w € Z, then z actually lies in
the Bergman successor set S (w) of w, and hence the value of ¢, o (74 (2)) in Lemma
2 is 1, which is exploited in (2.65) below. The advantage when assuming (1.7) is
that we may dispense with the complicated inductive definition of the coefficients
ay in (2.12) for the holomorphic function S in (2.10) approximating £ on Z, and
instead use the elementary construction in (2.63) below of a holomorphic function
M¢ approximating the integrated sequence (I€) = ZZ <z & on Z. This permits
us to interpolate the difference sequence A& using the operator AM, whose kernel
is better localized. Of course in the absence of (1.7), the values ¢, o (7w (2)) may
lie in [0,1) and then M¢ will not be a good approximation to I€ on Z.

Theorem 4. Suppose Z = {Zy};); C D is a subtree of T that satisfies the separa-

tion condition (1.3), and if c is the constant in (1.3), that there is 3 € (1—£,1)
satisfying (1.7). Then Z is onto interpolating for the Bde space Bs z (D) if and
only if the weak simple condition (1.6) holds.

There are subtrees Z of 7 that satisfy (1.3), (1.6) and (1.7) and yet ||uz|| = oo,
thus yielding an onto interpolating sequence for the Dirichlet space B (D) with
infinite mass. See Subsubsection 3.1 below.

Proof: (of Theorem 4) To see the necessity of (1.6) when Z is onto interpolating
for the Bée space By z (D), we note that a subtree of a dyadic tree has branching
number at most 2, and it follows easily from the separation condition that

Z (1 — |zj\2> < o0
j=1
for all o > 0. Thus Proposition 1 can be applied together with the argument used
above to prove necessity of (1.6) in the case |uz| < oo.
To establish sufficiency, fix {¢;}7, with

] | -
||ijHBQ 3=1||p2

1
Recall that szj HB2 ~ (log 1—\%|2> * and that we may suppose Z C 7. We note
J
that (2.4) holds here - in fact the proof is simpler using the separation condition
(1.3) and the assumption that Z is a subtree of 7 (and hence has branching number
at most 2). We can always add the origin to Z, and so in particular we obtain that
2;0:1 (1 —|z;])° < oo. Thus given any o > 0, we can use Remark 1 to discard
all points from Z that lie in some ball B (0, R), R < 1, and reorder the remaining
points so that
1 —1 0o

=1

We now suppose in addition that the sequence Z = {z;};_, is finite, and ob-
tain an appropriate estimate independent of J > 1. Given a sequence of complex

J
j=
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numbers & = {¢; };.]:1 we define a holomorphic function M¢ on the ball by
J
(2.63) ME(2) =) &z, (2), 2€D,
j=1

-1
where ¢,, (2) is as in Lemma 2. View u as the measure assigning mass (log ﬁ)

J
to the point j € {0,1,2,...,J}. We have

J
éz(d}") szjHBz j=1 02

(e

for any complex sequence {gj};']:r We will use another useful consequence of
Lemma 1:

n
(2.64) 1— Az < (1 — |Zg|2) ,  for z; € V,, \C(z).

Indeed, if z; € V, \ C (z¢), then Az; # z, and |Az;| > |z¢| by the construction in
(2.8). Then V., N'Vya., contains z; and is thus nonempty, and Lemma 1 now shows
U
that 1 — Az < (1 - |Zg|2) .
Now define a linear map T from ¢2 (du) to 2 (du) by
J

J
TE = A(ME) [z={ME& (z) — ME(Az) Yy =4 D & [0, (k) — 02, (Azp)] ,
i=1 o1

where Az; denotes the predessor of z; in the forest structure on Z defined in (2.8)
above (we identify z with &k here). Let R denote the set of all roots of maximal
trees in the forest. In the event that zp € R, then Az isn’t defined and our
convention is to define ., (Az;) = 0. We claim that 7" is a bounded invertible map
on ¢2 (du) with norms independent of J > 1. To see this it is enough to prove that
I — T has small norm on ¢? (du) where I denotes the identity operator. We have

J
J
([=T)§ =& — Zﬁj [z, (zk) — @z, (Az)]
= k=1 i
= {&pu (Az) ooy — 4 Y & s, (21) — 02, (A2)]
Jii#k b1

since @, (zx) = 1.
Now we estimate the kernel K (k,j) of the operator I — T. We have on the
diagonal,

(p—P1)(1+s)
|K(k,k)|:{ oz, (Azi)| < (1—|zk\2)
0

if Zk ¢ R
if zp €R
by the third estimate in (2.6).

Suppose now that zp ¢ R and j # k. Lemma 5 shows that

s (Ck)’ <
—a B
(1 - |zj|2) and the definition of V., shows that |z, — Az < (1 - |Azk|2) .
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. 2 2\"
Thus if 1 — [Az|” < (1 — |21 ) , then

<cC (1 - |zj|2)7“ (1 - |Azk|2)ﬁ

<c (1 _ |Zj|2)77(6*5)*04 (1 _ |A2k|2>57

where the exponent 1 (8 — ) — « is positive if we choose d small enough, since
a <1< fn by Lemma 1.

n
Suppose instead that 1 — [Az;|> > (1 - \zj|2> . Then Az, ¢ V., by Lemma 1.

If 2 & C(2;), then 2z, ¢ V., by (2.64), and this time we use the third estimate in
(2.6) to obtain

|K (k,5)| = |2, (21) — @2, (Azi)| < |, (20)| + |02, (Az)|
<C (1 B |Zj|2>(9—51)(1+8)

)(f)*ﬁl)(lJrS)*fs (

§C<1—|zj|2 1—|Azk|2)%.

On the other hand, if 2 € C (z;), then |zx| > |z;| and our hypothesis (1.7) implies
that z; € S (2;). Then we have

(2.65) K (k, 5)] = [0z, (21) — @2, (27)| < <10g 1_1Z|2>

by the first two estimates in (2.6) since ¢, o (72, (2¢)) = 1 in Lemma 2 if zj, € S (z;).
Finally, we consider the case when z; € R and j # k. The third estimate in
(2.6) shows that

(o—P1)(1+5)
K (k)| = |, (2] < € (1= 1)

)

where the exponent (p — 31) (14 s) can be made as large as we wish by taking s
sufficently large. Combining all cases we have in particular the following estimate
for some 01,09 > 0:

(1— |zj|2>(71 gl— |Azk|2)02, if z;, ¢ R and 2, ¢ C (z;)
K (k,j)| < C (logﬁ - if 2 ¢ R and 2 € C (2;)
(1 - |zj|2> , if zp €R

Now we obtain the boundedness of I — T on ¢2 (dy) with small norm by Schur’s
test. It is here that we use the assumption that p satisfies the weak simple condition
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(1.6). With & € £2 (dpu) and n € £2 (du), we have
(@-1gm,| = > (ZK R9)E )w(k)
1) DI DI (S = N (R VN R P ()

J kER,zp¢C(z5)

-1
ey % )(logl_ﬁzﬁ € el )

J k¢R,zr€C(2;

O S (1= 15P) e Il (b,

j keER

(>4
and since p (j) < (1 - |zj|2) , we have with o] = 01 — ¢,

(1=15P) "™ (1= 145) ™ bl ) el 1)

(I-T

J k¢R,zEC(25)

+CY . D &I el (k)

J kgR,zk€C(2;)
2
2 .
O (1= 15) 1651 G el (k)
j keER
By Schur’s test it suffices to show

’

(1=12P) " ) < ce <1,

Mk‘

(2.66) 1 (Ak) +

> ouk)+

k:zp€C(z5) k¢

Il
-

— |A,zk|2>a2 (k) < Ce <1,

50
M "=

(1 - |zj|2)3M(k) <Ce<1.

A

ke

Now (2.62) yields

Z (- =®) i <e X (1- 1) <

J=1 J

and combined with the weak simple condition (1.6), we have

S (1 tanf) "t = 0 (1 )" ( > u(k))
¢ )

k=1 2, €C(2¢

<oy (1-1aP) " no)
4
<C’%:(1 |zz|) < Ce.
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Finally we write the annulus B (0,1) \ B (0, R) as a pairwise disjoint union U, B;
of Carleson boxes of “size” R where N ~ (1 — Rz)fl. Then

1 -1

2LEB;:k€ER

by the weak simple condition (1.6), and thus the left side of the final estimate in
(2.66) satisfies

Z(l—zjﬁ)zu(k)s(l—ﬁ)?i Yoo k)

keER =1z €B;:k€ER
<Cc(1-R)’N
<C(1-R? <Ce,

by (2.62) as required.

Thus T~ exists uniformly in J. Now we take & € £? (du) and set n = AE. Here
we use the convention that £ (Aa) = 0 if « is a root of a tree in the forest Z. By
the weak simple condition we have the estimate

(2.67) Il gy = D Imil* 10 () = D165 — €yl 10 (5)
7 J

SOy IGPnG+OY Gl | > @)
; ¢

z;€C(z0)

<CYIGPrG) +CY & n(0)
j 0

<C ||§H?2(du) :
Then let h = M (T‘ln) so that
Ah|z= O (MT ') [z=TT 'p=n=AE
Thus the holomorphic function h satisfies
h|z=¢.
Finally, from (2.7) and then (2.67) we have the Besov space estimate ([ArRoSa2]),

1Al 5, ) < Cé I(T*ln)jlz/m [(1-1¢P) 9w Q[ axi (e

IN

Og ’(T—ln)jf <1Og 1|2> 1

1—|w

_12 2 2
< OT "0l gy < C Mtllzqapy < C 1€l -

Since all of this is uniform in J we may let J — oo and use a normal families
argument to complete the proof of Theorem 4. Indeed, if h; € Bs (D) satisfies

Mol <€ 15 <,
hJ(Zj):fjv ].Sng,
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1
then |hy (2)] < C (1 + log ﬁ) 2 1771l g, (py shows that {hs}7_, is a normal fam-

ily on the ball D. If the subsequence {hj, };-, converges uniformly on compact
subsets of D, then the limit h = limy_,o b, satisfies

/D)(l— \z|2) f (z)‘ d\; (2) < o0,

ey = ([ (1= 1) 1 n (z))é
< lim inf_ (/D‘(1—|22) A (z)‘szl (z))é

<C,
h(](Zj):fj7 1§]<OO

3. EXAMPLES

3.1. An onto interpolating subtree with infinite measure. Let a,b > 1 sat-
isfy [a**1b] > [a¥b] + 1 for all k > 0 (in particular this will hold if (a — 1)b > 2),
and define a Cantor-like sequence »

Z = Zap = Ul {Zyk}j; cT

as follows. Pick a point 2 = 0 of T satisfying d (20) = [b]. Then choose 2" points
{z}, z%} C 7 that are successors to distinct children of z? and having d (z]l) = [ab],
1<j <2 and (zzl,z]l) Z lab] for i # j. Then choose 22 points {z%,z%,z%,zi} C
T that are successors to distinct children of the points in {z{,23} and having

d (ZJQ) = [azb], 1<37<22 and 3 (z?,zjz) Z [azb] for i # j. Having constructed

2% points {z’?}zk
7=

. . . 2kt
. C 7 in this way, we then choose 2**! points {z;-”l }j:1 C

k
7T that are successors to distinct children of the points in {z]k}jzl and having

d (zf“) = [a"*1h], 1< j < 2% and B (zf“,zf“) Z [a**1b] for i # j. Note that

the condition [ak+1b] > [akb] + 1 allows for the existence of such points. Then
k

7 = U, {zf}j: , satisfies the separation condition (1.3) with constant roughly

a — 1 and condition (1.7) with 3 close to 1, and the associated measure 1z satisfies

the weak simple condition (1.6) with constant 2. Thus Theorem 4 applies to show
that Z is onto interpolating for Bs (D). Yet the total mass of the measure uz

satisfies
o) . P 1 o] 2 k
HMZH:kZ:OQ [a“b] Q’,}Z(@) =00

k=0
if a <2.

3.2. A separated sequence with finite measure satisfying weak simple but
not simple. We now use the above example to construct a separated sequence W
in the disk with finite measure p = py satisfying the weak simple condition but
not the simple condition. This yields an example of a sequence which fails the
simple condition, but to which Theorem 1 applies.
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With notation as in the previous subsubsection, we choose a = 2 for conve-
nience, let b, N € N be large integers, and replace the sequence Z5 ; above with the

ok . .
truncated sequence Zsp N = UkN:o {zj’.“}jzl. Then Zj N satisfies the separation

condition (1.3) with constant roughly 1, the associated measure pz, , , satisfies the
weak simple condition (1.6) with constant 2, and the total mass of yiz, , , is about
N.

L
N N b
-1 1 2 N
ozl =32 240 % 3 (3) ~ 5
k=0 k=0

On the other hand the constant C' (piz, , ) in the simple condition (1.4) for iz, ,
satisfies

(3'1) C (:uzz,b,N) Z N,
since N . o
— ) * = * < 07 = —.
b H“Zzwb ; Hzy, () S OGRS = %
[e =10}

It is now an easy exercise to choose sequences of parameters {b(n)} -, and

N (n , and initial points {29 (n)}°°  so that the corresponding sequences
n= 1 1 n=1

N(n) 2k .
Z2,b(n),N(n) = Up—g {z } i=1 satisfy

32 23100l = G <2
and

(3.3) nlln;ON (n) = oo,

along with the nested property

(3.4) Dn+1)>2" ), n>1l

Then the union W = UpZ 1 Z p(n), N(n) satisfies the separation condition and the
associated measure py is finite by (3.2), satisfies the weak simple condition by
(3.4), yet fails the simple condition by (3.1) and (3.3).
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