BILINEAR FORMS ON THE DIRICHLET SPACE

N. ARCOZZI, R. ROCHBERG, E. SAWYER, AND B. WICK

1. INTRODUCTION AND SUMMARY

Hankel operators on the Hardy space of the disk, H? (D), can be studied as
linear operators from H? (D) to its dual space, as conjugate linear operators from
H? (D) to itself, or, in the viewpoint we will take here, as bilinear functionals on
H? (D) x H? (D). In that formulation, given a holomorphic symbol function b we
consider the bilinear Hankel form, defined initially for f,¢ in P (D), the space of
polynomials, by

Sy (f:9) = (fg,b) = -
The norm of S, is

196\l 12 2 = sup {156 (f, 9 = [l g2 = Nlgll g2 = 1}

Nehari’s classical criterion for the boundedness of S, can be cast in modern language
using Fefferman’s duality theorem. We say a positive measure p on the disk is a
Carleson measure for H? if

2
sy = sup{ [ 107 dus 111 =1} <o
and that b is in the space BMO if

L ’ 2 _ 2
[0l garo == 10(0)] + ‘ ()" (1~ 2| )dAHCM(HQ)

Nehari’s theorem [15] is the equivalence ||Sy|| 2y g2 = |0l gaso -

Our main result is an analogous statement for a similar class of bilinear forms
on the Dirichlet space D (D) = D. We will give the definitions and statement now
with further background discussion in the next section. Recall that D is the Hilbert
space of holomorphic functions on the disk with inner product

(f.9)p = F(0)g(0) + / F(2)9() dA,

and normed by ||f\|% = (f, f)p - We consider a holomorphic symbol function b and
define the associated bilinear form, initially for f,g € P (D), by

Tb (fag) = <fgab>D

The norm of T} is

1Tollpyp = sup{[Ts (f, 9)| = [fllp = llgllp =1}
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We say a positive measure p on the disk is a Carleson measure for D if

Il = sup{ J 16 11 = 1} <o,

and that the function b is in the space X if

6l := [6(0)| + |

v (2))? dAH < .
CM(D)
Our main result is

Theorem 1.
1Tollpp = 16l 2

In the next section we give some background and show how Theorem 1 can
be reformulated as a duality result for a space which is presented by its weak
factorization. In notation introduced there we show that (D ® D)" = X. We also
combine our result with earlier work to conclude that I (DD ® D) =D ® D.

The third section contains the proof of the main theorem. It is easy to see that
1Tl pyp < Cb]| 5 - To obtain the other inequality we must use the boundedness

of Ty to show |V’ |2 dA is a Carleson measure. Analysis of the capacity theoretic
characterization of Carleson measures due to Stegenga allows us to focus attention
on a certain set V in D and the relative sizes of [, b’ ? and the capacity of the
set V' NOD. To compare these quantities we construct Vexp, an expanded version of
the set V' which satisfies two conflicting conditions. First, Veyp is not much larger
than V, either when measured by fVexp |b/ \2 or by the capacity of the Ve, N OD.
Second, D\ Ve, is well separated from V' in a way that allows the interaction of
quantities supported on the two sets to be controlled. Once this is done we can
construct a function ®y € D which is approximately one on V' and which has @,
approximately supported on D\ Vexp. Using @y we build functions f and g with the
property that

ITy(f. 9)| = / TEE—
\%

The technical estimates on ®y allow us to show that the error term is small and
the boundedness of T}, then gives the required control of f{, b’ 2.

2. BACKGROUND ON HANKEL FORMS

2.1. Bilinear Hankel Forms. Similar bilinear forms can be defined for many
spaces of holomorphic functions. Suppose H is a Hilbert space of holomorphic
functions on a domain  and suppose for convenience that P () C H. Given a
function b holomorphic in 2 and f,g € P () we can define a Hankel form, K}, by

Kb(fa g) = <fg7b>7't :

One can then ask what conditions on b are necessary and sufficient for K; to be
bounded. These questions have been studied in very many contexts; examples
include [15], [9], [12], [6] [11], [13], [20]. Also, in a context not involving function
theory, the boundedness result of Maz’ya and Verbitsky, [14], also appears to be
part of this pattern. It is fascinating that although there is a great deal of variety
in the techniques used in the proofs, there is a surprising similarity in the answers
obtained. The answer, quite generally, is that for some differential operator D,
\Db\z can be used to define a Carleson measure for H. And, although this paper
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provides another instance of this, the authors do not have a heuristic explanation
for the pattern.

There is a close connection between boundedness results for this type of bilin-
ear form, duality theorems for function spaces, and weak factorization results for
function spaces; see for instance [1] and [8]. Here is how those ideas play out in
this context. Define the weakly factored space D ® D to be the completion of finite
sums h =) f;g; under the norm

Ilpen = mt {3 15illp losllp : h =" fig; }-

A corollary of Theorem 1 is

Corollary 1. With the pairing (h,b) = (h,b)p = Ty,(h, 1) we have that (D®D)" =
X. That is, if A € (D®D)", there is a unique b € X with Ah = T, (h,1) for
h e P (D), and [[Al = [ Ts|| ~ [[b]| -

Proof. Ifbe X and h € DOD, say h =3, figi with X || fillp llgillp < [hllpep +¢
then

(R, b)p| = (fi9i)

Z figi, b)
1=1

Z 1 fillp lg:llp

i=1
It follows that Ayh = (h,b),, defines a continuous linear functional on D ® D with
[Aull < (T3]
Conversely, if A is a continuous linear functional on D ® D with norm ||A||, then
[AR] = [A (R - D) < [[A[H[P]p [l = AT 1A,
for h € D, and so there is a unique b € D such that Ah = Ayh for h € D. Finally,
if h = fg with f,g € D we have
Ty (£, 9l = [(fg,b)p| = [Ah| = [Ah]|
< [AHPlIpep < Al lgllo »

which shows that T}, extends to a continuous bilinear form on D ® D with ||T;|| <
[IAll. By the theorem we conclude b € X and also, with the other estimates, that
Al = IITo]l =~ (|0l - W

IN

175 <)l (1l pop + ) -

The corresponding statement in the Hardy space is Fefferman’s duality theorem,
(H?*® Hz)* = BMO. However our result is only a partial analog. In the Hardy
space context one also has internal characterizations of the spaces involved. That is,
not only is H?® H? = H' but H' can be defined intrinsically using integral means;
similarly BMO can be defined using oscillation and without reference to Carleson
measures..In contrast we do not have a satisfactory intrinsic characterization of
either the functions in D ® D of those in X.

2.2. Other Hankel Forms. On the Hardy space, letting P denote the projection
from L?(T) to H?, we have, for any f,g € H?,

Sb (f7g) = <fgab>H2 = <fagb>H2 = <f,P(gb)>H2
Hence the study of Sy is roughly equivalent to the study of the conjugate linear map
Sy : g — P(gb). (The use of conjugate linear operators is an inessential convenience.)
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Similar comments apply for Hankel forms on, for example, the Bergman space.
However this type of rewriting does not work in D because it is not true that for
three holomorphic functions f, g, and b we have (fg,b)p = (f, Gb)p -

Focusing for the moment on functions which vanish at the origin, we have

T, (f.9) = /(fg)’ﬁ dA
= /(f'g + gV dA.
= /f’ngAJr/fg’F dA.

Let Pg be the orthogonal projection of L?(ID, dA) onto the Bergman space. We can
analyze the first summand as

/ FlgbldA = / gFb'dA
= /QPB(?bI)dA

= (g, I*Pp(f'V)),.

Here I is the operator of indefinite integration. This operator is similar in spirt to
Sp but some symmetry has been lost; it is not true that <f, Tbg> equals <g, Ty >

and in fact both terms are needed to reconstruct Tj (f, g) . Operators such as Sp.
and T} are also sometimes called Hankel operators. It is shown in [17] that T} is
bounded exactly if ||b]| ,, < co. An analogous result for real variable operators is in
[10].

Define the space I (DD ® D) to be the completion of the space of functions h
such that 1’ can be written as a finite sum, A’ = 3~ f7g;,with the norm

10l open) =t {3 1l lgilln = 0 =S f9;} -
Define X)) to be the norm closure in X’ of the polynomials.

Corollary 2. Xy =1(DDo®D)=DeD.

Proof. Tt is shown by Wu in [18] that the first two spaces are the same. It is
immediate that D © D C I (DD ® D). It is shown in [17] that I (DD ® D)" = X.
Combining that with the previous corollary we see that the second and third spaces
have the same dual. Hence by the Hahn-Banach theorem the two spaces agree. i

2.3. Preliminary Steps of the Proof.



BILINEAR FORMS ON THE DIRICHLET SPACE 5

2.3.1. The Easy Direction. Suppose that u; is a D-Carleson measure. For f,g €
P (D) we have

1,(£.9) ww<>+/kfw><a+f@m%wﬁ75wa

|
~
—

=
~—

IN

|+/u IV (: MA+/U Y ()] dA

2

DO+ Wl | [loPdun | +lallp | [ 1712 s
D D

[

IN

IN

c (‘b (0)| + HMbHD—Carleson) ”f“D ”g”’D .
= Clbllxlfllp lgllp -

Thus T} has a bounded extension to D x D with ||T;]| < C'||b]
We also note for later use that if T}, extends to a bounded bilinear form on D
then b € D. Setting g = 1 we obtain

I, 0)pl = 1Ty (f, DI < ([Tl [ £l 1Lllp
for all polynomials f € P (D), which shows that b € D and

(2.1) [bllp < ClITo]l -

2.3.2. Capacity and Tree Extremal Functions. For an interval I in the circle we let
I,,, be its midpoint and z(I) = (1 — \Ll) z be the associated index point in the disk.

In the other direction we set I(z) to be the interval such that z(I(z)) = z. We set
T(I), the tent over I to be the convex hull of I and z(I) and let T (2) =T (2 (I)) :=
T (I). More generally, for any open subset H of the circle T, we set

T(H)=U;caT ()
To complete the proof we will show that wu; given by
= b dA
is a D-Carleson measure by verifying a condition due to Stegenga [19]. He works
with a capacity defined by, for G in the circle T,

(2.2) Capp G = inf {||¢|\§> 2 (0) = 0,Ret (2) > 1 for z € G}.

and shows that p is a Carleson measure exactly if for any finite collection of disjoint
N . .
arcs {I;},_, in the circle T we have

(2.3) [ (ULT(Q)) < C Capp (U;V_llj) :

In our proof we use functions which are approximate extremals for measuring ca-
pacity, that is functions for which the equality in (2.2) is approximately attained.

We will also need to understand how the capacity of a set changes if we expand
it in certain ways. More precisely for I an open arc and 0 < p < 1, let I” be the
arc concentric with I having length |I|”. For G open in T let

GP = UreeT (I7).



6 N. ARCOZZI, R. ROCHBERG, E. SAWYER, AND B. WICK

In both our study of approximate extremals and of capacity of expanded sets we
find it convenient to transfer our arguments to and from rotations of the Bergman
tree 77 associated with D and to work with tree capacities instead. A detailed
description and properties of these trees are presented in [4] and we follow that
treatment.

Consider a dyadic tree T together with the following notation. If x is an element
of the tree T, z~! denotes its immediate predecessor in T. If z is an element of the
sequence Z C T, Pz denotes its predecessor in Z: Pz € Z is the maximum element
of ZNo,z) (we assume o € Z for convenience). Let 77 (6) be the rotation of the
tree 77 by the angle 0, and let Capy be the tree capacity associated with 77 (6):

Capg (G) =inf ¢ > f(r)*: f(0)=0, f(B)>1for BT (6), () CG

KET1(0)

We say that S C 77 is a stopping region if every pair of distinct points in S are
incomparable in 7;.

Let Q C T. A point x € T is in the interior of Q if x,2 Lz, ,2_ € Q. A
function H is harmonic in € if

S + Hizy) + H(a )]

for every point z which is interior in Q. Let Ih(z) =3 ¢, h(y). If H = Ihis
harmonic in €2, then we have that

(2.5) h(z) = h(z4) + h(z_)

(2.4) H(z)=

whenever z is in the interior of 2.
The following proposition and remark are essentially proved in [4].

Proposition 1. Let T be a dyadic tree and suppose that E and F are subsets as
above.

(1) There is an extremal function H = Ih such that Cap(E, F) = ||h||2,.

(2) The function H is harmonic on T\ (EUF).

(3) If S is a stopping region in Ty, then ), .o |h (k)| < 2Cap(E, F).

(4) The function h is positive on geodesics joining a point of E to a point of
F, and zero everywhere else.

Remark 1. There is the following useful formula for computing capacities: given
z<Cand Uy C S(Cx) C S(24),

_ Cap(¢,Uy) + Cap(¢,U-)
(2.6) Cap(z, Uy UU-) = 150 g)[ca;( U1 O T

2.3.3. The Capacity of Tree Blowups. We also need the tree analogue G” () of the
blowup G” of an open set G:

G (0) = U{T (APk) : k € T1 (9) with I (k) C G},
where APk denotes the unique element in the tree 77 (0) satisfying

o < APk <k,
pd (k) < d(APk) <pd(k)+1.
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Consider a subtree {o,k, 3,7} of distinct elements in the dyadic tree 7; where
o< k= A~ and 3,7 are incomparable. Given ¢ > 0, suppose that g < §* and
v < ~v* where

d(5”) d(v")
d(ﬁ)gl—l—sand d(7)§1+5.
We claim that
(2.7) Capo {87} |

Capo {5, v} —
Indeed, with a = d (k), b = d(k, ), ¢ = d (k,7) and b*, ¢* defined by
a+b*=(1+¢)(a+b) anda+c"=(1+¢)(a+c),

we have
1 1
gy = A+
Cap, {B,7} B T A
. I n be
TR e
and
1 1
- = dk)+————
Cap, {3*, v} Tom) T Tr
< gp L _gp b
>~ b%_‘_c%_ b*+c*
[b+e(a+Db)][c+e(a+c)]
= a
[b+e(a+b)]+[c+e(atc)
1
N C’apo{ﬂ,’y}
[b+e(a+b)cte(atc) be

bt+e(a+d)]+ctelatec) b+c
Thus we need to prove that

b+e(a+d)][ct+e(a+c) be € B Cbe
Br s I e et s e < G~ (i)

A calculation reveals that the left side is

b+c)b+e(a+bd)[c+e(a+c)])—be{b+c+e(2a+b+c)}
{b+c+ea+b+c)}(b+c)
(b+ ¢) (ab+ ac+ 2bc) — be(2a + b+ ¢)
{b+c+ea+b+c)}(b+c¢)
. e(a+b)(a+c)
{b+c+ea+b+c)}’

so that after dividing by € and multiplying by b+ ¢, we are left with showing that

(b+c)(ab+ac+2bc) —bc(2a+b+c)+e(a+b)(a+c)(b+c)
{b+c+ec(2a+b+c)}

< ab+ ac + be.
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The left hand side is of the form f(e) = (a+ Be) / (v + d¢) with all the quantities
positive. Hence f’ (¢) is continuous and of constant sign and it suffices to verify the
inequality at € = 0 and in the limit as ¢ — co. At € = 0 we have

(b+c¢)(ab+ac+2bc) —bc (24 + b+ ¢) — ab+actbe— 2abe
(b+c) b+c

< ab+ ac+ be.

For the limit as ¢ — oo we need to check
(a+bd)(a+c)(b+c)

< ab be.
2a+b+c S ab+actoc

or
(a+b)(a+c)(b+c)<(2a+b+c)(ab+ ac+ be).

When we do the multiplication the same monomials appear on both sides and the

coefficients on the left are never larger.

The analogue of (2.7) holds by the same proof for the ”virtual edges” created
in the algorithm for computing capacities in [4]. Applying induction we obtain the
following result.

Proposition 2. Let Z = {z; };Vzl be a stopping time in T;. Choose elements
z; > z; such that d (z;‘) < (1+4¢)d(z) for 1 <j < N. Then with Z* = {z;}jvzl
we have

We will use the following corollary. Given a point w € 7; and 0 < p < 1, define
wP to be the unique point in 77 satisfying o < w? < w and

pd (w) < d(w”) < pd (w) + 1.

Corollary 3. Let W = {wg}?il be a stopping time in Ty. Suppose 0 < p < 1 and
let Z = {zj}j\f:l consist of the minimal tree elements in the set {wf}?il, Then

1
Cap,Z < ;CapOW

Proof. For each j, there is wy such that z; = w/. Fix such a choice and let z7 = wy.
Then

d(z5) =d(we) < %d(wf) = %d(zj)
for 1 < j < N. The corollary now follows from Proposition 2 with % =1+4+¢1
The conclusion of the corollary can be stated
Cap ({0} . 2) < ~Cap ({0} . W).

Unfortunately we cannot extend these arguments in the opposite direction to obtain
a condenser estimate,

Cap(Z,W) < ﬁCap ({o},W).

Indeed, the left side can even be finite while the right side is finite as shown by
an example below. Thus the geometric blowup construction does not lead to a
useful capacity estimate for the condenser Cap (W*, W). On the other hand we do
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have a useful capacity estimate for W7 in terms of CapW while achieving a good
geometric separation between W# and W, a fact that plays a crucial role in using
Schur’s test to estimate an integral below, as well as in estimating an error term
near the end of the paper.

To construct an appropriate condenser, we will instead use a method based on
a capacitary extemal and a comparison principle. Let W be a stopping time in 7;.
By Proposition 1, there is a unique extremal function H = I'h such that

(2.8) H(o) = 0,
H(z) = 1lforzeW,
CapW = |1z,

where Cap denotes tree capacity in Ty. Given stopping times E, F C 7; we say
that E > F if for every x € E there is y € F with y < x. For stopping times F > F
denote by G (E, F) the union of all those geodesics connecting a point of x € E to
the point y € F lying above it, i.e. y < z.

Given a stopping time W, the corresponding extremal H satisfying (2.8), and
0 < p < 1, define the capacitary blowup W of W (as opposed to the geometric
blowup W? of W) by

W/Pz{teg({o},W):H(t)zpandH(x)gpforx<t}.

Lemma 1. Capﬁ/vp < p%C’apW.

Proof: Let H? = %H and h* = %h where h = AH and H is the extremal for
W in (2.8). Then H” is a candidate for the infimum in the definition of capacity
of W, and hence by the ”comparison principle”,

2
— 1 1
CapiVe < 12 = (1) bl = S5 Capy

This capacitary blowup WZ, unlike the geometric blowup W7, does indeed satisfy
a condenser inequality. Note that by (2.22) below, it suffices to obtain a condenser
inequality only for W with small capacity.

Lemma 2. Cap (W, Wz) < ﬁC’apW provided CapW < i (1- p)2 .

Proof: Let H be the extremal for W in (2.8). For ¢t € W? we have by our

assumption,
h(t) < Il < v/Tapl¥ < 3 (1),
and so 1 -
Ht)=H(A) +ht)<p+5(0-p)=——.

If we define H (t) = 1%{){H(t)—lizp}, then H < 0 on W7 and H =1 on W.
Thus H is a candidate for the capacity of the condenser and so by the ” comparison
principle”,

2

IN

Cap (W, %) HAﬁI

‘Af[

2
N
e(g(we,w)) — 2(Tq)

2\, 4
= (lp> ||h|\zz(ﬁ)=mCGPW~
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Corollary 4. Let Z be a stopping time in Ty and suppose that 0 < v < a < 1. Set
E = 2% and F = E° where p=\/Z. Then

1
CapF < —CapZ,
2l

Cap(E,F) < %CapZ.
a(l— 1)

[e%

Proof: We have from Lemma 1 and Corollary 3,
—~ 1 « al 1
CapF = CapEr < —CapE = —CapZ® < ——CapZ = —CapZ,
p v v v

and then from Lemma 2 and Corollary 3,

Cap (E,F) = Cap (E,ﬁ’) < a :Lp)QCapE < 01(14—p)20apz'

Recall that T (G) is the tent above G as defined in the tree 77, and similarly
for T(G?), 0 < t < 1. Given a stopping time Z we let Sz be the shadow of
Z on the circle T, so that Ty (Sz) = Z. Consider the condenser (E,F) where
E =Ty (G*) = {wy}, and F = EVE = {w}},. Note that each point wy in E is
a descendent of a unique w; in F. By Proposition 1, there is a unique extremal
function H = Ih such that

H = OonkF,
H = 1lonkE,
Cap(E,F) = |k,

where C'ap denotes tree capacity in 77. It follows from Corollary 4 that

4
(2.9) Cap G<Cap(E,F) < ———Cap G.
a(1-yI)°

Notation 1. Let 0 < 8 <y < a < 1. We will use the shorthand notations
Ve = T(GY),
v = @
B
8 _ v
v = r(s).

We also define mazimal intervals {Jg}, , {J)},, {J,’f}k such that

VS = UT (J) and V3 = UT (J]) and V£ = UT (J,f) .
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Thus V& is a geometric blowup of T (G), V{2 is a capacitary blowup of V&, and Vg
is again a geometric blowup of V. We have from above the estimates

1
Cap (V&) < aCapG,

1
Cap(V3) < ;CapG,
1
B -
Cap (VG) < ﬂCapG,
Cap (VE,VZ) < CoayCapG.

Remark 2. The geometric blowups have good geometric separation properties (use-
ful when estimating Bergman type kernels) while the capacitary blowup has a good
condenser estimate (useful in constructing holomorphic extremals). The geometric
separation between VS and T (G) is used in (2.25) below in conjunction with the
Schur test, the good condenser estimate of (VG,V7) is used in the construction
of a holomorhic extermal in Lemma 3 below, and finally the geometric separation
between Vg and Vg is used in estimating term (4apa) near the end of the paper.

2.3.4. Holomorphic Approzimate FExtremals and Capacity Estimates. Now we de-
fine a holomorphic approximation ® to the function H = Ih on 7; constructed in
Proposition 1. We will use a parameter s. In addition to specific assumptions made
at various places we will always assume

s> —1.
Define @, (z) = (11_Jg|22)1+5 and
2 1+4s
(210)  #(E) =Y hmeE) = Y hx) (ﬂ_"’“') .
KETy k€T
Note that
Z h(k)I6,(2)=1 (Z h(n)6N> (2) =Ih(2)=H (2),
KET KET
and so
(2.11) O (2) = H(2) = Y h(r){on—I6:}(2).

KET

We will also need to write ® in terms of the projection operator

(1-1¢?)

. s = 1 dA,
(2.12) T = [ () A
namely as & = I'yg where

1 (1 —ZH>1+S
(2.13) €)= ) hix) < XB,
V0= 2 (-r)"

and B,; is the Euclidean ball centered at x with radius ¢ (1 — |x|) for a sufficiently
small positive constant ¢ to be chosen later. The function ® satisfies the following
estimates.

(C) )
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Lemma 3. Suppose z € T3 and s > —1. Then we have

|®(2) — @ (wp)| < CCap(E, F), zeT(Jg)
(2.14) Re @ (wy) > ¢>0, 1<k< M,
: 1@ (w)] < 1<k<M,
| (2) < CCap(E,F), z¢ V]

Lemma 4. Furthermore, if s > —% then ® = I'yg where
(2.15) 19 (¢O)]?dA < CCap (E, F).
Corollary 5. For s > %, (2.15) and Lemma 2.4 of [5] show that

(2.16) 1@ < / 19(O|? dA < CCap (B, F).

Remark 3. In the case that V& =T (J{*) consists of a single arc, we may divide
the function ® (z) by ® (wy) to obtain a holomorphic function that is close to 1 on
V& and small outside V. as in Lemma 4.1 in [5].

Proof. From (2.11) we have
D) -HE)| < Y ) e (@) =1+ Y |his

KElo,z] Ké[o,z]
I(z)+1I(z).
We also have that h is nonnegative and supported in VJ \ V&. We first show that

w2
<Y nx 1—:;: < CCap(E, F).
K¢[0,2]
For A > 1 let
1 |x?
Op=<{keT: A1 < < ATRY
— RZ

If we choose A sufficiently close to 1, then for every k the set () is a stopping time
for 77, i.e. any two distinct elements in ) are incomparable in 7;. Now we use
the stopping time property 3 in Proposition 1 to obtain

> h(k) < CCap(E,F), k> 0.
KEQ

Altogether we then have

Z AR+ < O Cap (E, F).
S

k=0
If z€ 71\ VZ, then I (2) =0 and H (z) = 0 and we have
@ (2)| = [®(2) — H (2)| < I (2) < CsCap (E, F),

which is the fourth line in (2.14).
If z € V& NTh, let k be such that z > w§. Then for x ¢ [o, z] we have

o (wi)] < Clew (2)]
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and for x € o, z] we have

+s 1+s
1—|s? 1—|s? |z — wg|
o (2) — o (Wi < C, .
) 1—Fkz 1 —Rwg 1_|,~;|2

Thus
1@ (2) — @ (wy)| < Z k) e (2) = 0 (W) +C > 1 (k) ox (2)]

[ Ké[o,z]
|z — wi|
< C; h(k) /5 +CII(z
Z () [ I
me[o,wg}
< CiCap(E,F),
since h (k) < CCap (E,F) and ZHE[O we] 17|1 T~ |1 i This proves the first
s K — w,‘:
line in (2.14).
Moreover, we note that for s = 0 and « € [0, wy],
Re ( a) Re 1 - |K,|2 Re 1 - |K}|2 (1 70() > > O
w (Wg) = - = — kwd) > ¢ .
()O k 1_K/wg ‘I—Ewgf k

A similar result holds for s > —1 provided the Bergman tree 7; is constructed

sufficiently thin depending on s. It then follows from ZKG[O we] h(k) =1 that
Re® (wy) = Z h (k) Re ¢, (W) Z h (k) Re gy (wg)
Re[o,wz‘] k¢ [o,2]
> ¢ Z h (k) —CCap(E,F) > ¢ > 0.
ne[o,w;:]
We trivially have
| (w)| <I(2)+1I(z Z k) + CCap (E,F) < C,

refonw

and this completes the proof of (2.14).
Finally we prove (2.15). From property 1 of Proposition 1 we obtain
2

INCRZE| z;h lén((ll_tl; 5, (O] dA

242s

1 1—-Ck

neTi By (1 - |g|2)
> |n (k) ~ Cap (B, F).

Q

k€T
|
Corollary 6. Let G be a finite union of arcs in the circle T. Then
(2.17) Capr, (G) = Capp (G),

where Capp denotes Stegenga’s capacity on the circle T.
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Proof. The inequality < follows easily from Lemma 3 which provides a candidate for

testing the Stegenga capacity of G. Indeed, let ¢, C' be the constants in Lemma 3,
and suppose that Cap (E, F) < 5. Set ¥ (z) = 3(®(2) — ®(0)). Then ¥ (0) =0,

3
ReVU (z) = p {Re®(2) —Re® (0)}
> §{c—QC’Cap(E,F)} >1, ze Vg,

c

and by (2.16) we have
2 3\? 2 3\?
et = (2) tely < (2) ccani. .

Continuing by invoking Corollary ?? we obtain that for G C T,

3\ 2

1|3 < (c) CCap (E, F) < CCapr, G.

Conversely, to obtain the inequality Z, let ¢ € D be an extremal function for
Capp@G. Define h (0) = 0 and

h<f~e>=<1—~|>/Q( W EIAE), R T (o),

where @, (k) is the hyperbolic cube corresponding to & in 77, and dA (z) is invariant
measure on the disk D. One easily verifies as in [2] that Th (o) =0,

2
1Al Eymy = Il = D -k (/( )W (2)] dA (Z))

k€T

cz/ 2 dA = C o],

re€Ty

IA

and

Ih(B)= Y h(k)=Ret(8) >c>0, for S(B) CG,
Kk€o,B]

since if By, (k, R) is the hyperbolic ball of radius R about &, then for R large enough,

W) < D |em) - (s

Kk€Elo,B]
SN D = w(z)dA—;/ W (2)dA
© P TRV

W' (2)]dA

IA
Q
M
§
z
—

)| By, (k,R)

)/QW WA =0 Y ),

K€[o,B] Kk€Elo,B]

IN
Q
S
=
I
e
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where the final inequality is the submean value property for |¢’ (z)|. It follows that

Capr,G = inf{HHHQBZ(m CH(0) = 0,Re H (1) > 1if S (k) C G}

2

1 C 2 c
th ) 14l = C*QCGPDG-

IN

B2 (Th)

Lemma 2.14 of Bishop [7] says that
(2.18) Capp (V)L 17) < CpCapyp (U, 1),

for a constant C, depending only on p < 1. In the next Corollary we use the uniform
versions of this, i.e C, \, 1 as p /' 1, given by Proposition 2 and its corollaries. Set
do =do /27 on T.

Now let G be an open set in T such that

fn@@)ds @B
Jz Capy (G) do ' Eopefc'[r Jp Capg (E)do

Corollary 7. With M as in (2.19) we have ||'ubH2D—Carleson ~ M.

(2.19)

Proof. Using Corollary 6 and Ty (F) C T (E), we have

oo Sy (T (2)) do
- E open CT f’]I‘ Cap]D) (E) do
T(E
= C sup o (T'( ))%Hll’bnzD—Carleson’

E open CT CGP]DJ (E)

where the final comparison is Stegenga’s theorem. Conversely, one can verify using
the argument in (2.21) above that for 0 < p < 1,

1 (B) < C/TMT@ (E7)) do

< CM/Capg (E?)do
T

~ CMCapp (E?)

< CMCapp (E),

where the third line uses (2.17) with E” and 7; () in place of G and 77, and the
final inequality follows from (2.18). Thus from Stegenga’s theorem we obtain

2 o (E)
||'u’bH’charleson ~ sup = < CM.

E open CT Capp (E)
|

We need to know that ,ub(VCé3 \ Vi) is small.

Proposition 3. Given ¢ > 0 we can find § = 3(c) < 1 to that

(2.20) ub(Vg \Ve) <ew (Va),
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Proof. Corollary 3 shows that Capg (G* (0)) < p~1Capy (G), 0 < 0 < 27,and if we
integrate on T we obtain

o 1
/TC’apg (G (0))do < ;/TC’apg (G) do.

From (2.19) we thus have

/T s (Ty (G (8)) do

IA

M /T Cape (G* (0)) do

IN

1
Mf/Capg (@) do
P Jr

1
= ;/T#b (T (G)) do.

It follows that

o (Ty (G* (0)) \ Ty (G)) do

S— 55—

uv (Ty (G (8)) dor — / v (Ty (G)) do

1
< ( - 1> /,ub (T (G)) do.
P T
Now with o = %1 halfway between p and 1,

(2.21) o (T (G* (0)) \ Ty (G)) do

// duy () do
T JTo(G#(6))\To(G)
// dup (z) do
T JTo(GP(6))\T(G)

1

_ / E / do b dpy (2)
D 2m {0:2€Tp (GP(0))\T(G)}

1
5 [ (=),
T(GN\T(G)

since every z € T (G?) lies in Ty (G” (9)) for at least half of the 6’s in [0, 27). Here
we may assume that the components of G? have small length since otherwise we
trivially have [ Cap, (9) (G)do > ¢ > 0 and so then

—

Y

1 1 2 O 2
2.22 M< - <= < —|IT|".
(222) < [dm < pln < CIm
Combining the above inequalities and using o = %1, % < p < 1, we obtain
1
i (T(GI\T(G) < 2 (p - 1) [ (70 @)
T
1
~ 2 ( - 1) [ @@ a0
p T
8
< s (0=0) | m(Th(G))do,
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for 3 <o < 1. Recalling Vg =T (G°) and Viz = T (G) this becomes

mvg\vc)s2(1—a>/Tub<Te<G>>das2(1—@%%), :

since Ty (G) C T (G) = Vg for all . Thus given £ > 0 it is possible to select 3 to
that (2.20) holds. 1

<o<1,

2.3.5. Schur Estimates and a Bilinear Operator on Trees. We begin with a bilinear
version of Schur’s well known theorem.

Theorem 2. Let (X, pu), (Y,v) and (Z,w) be measure spaces and H (x,y,z) be a
nonnegative measurable function on X XY x Z. Define

T(f,9)(z) = H(z,y,2) f(y)dv(y) g(2)dw (z), v € X,

YxZ
at least initially for nonnegative functions f,g. Then if 1 < p < oo, T is bounded

from LP (v) x LP (w) to L? () if and only if there are positive functions h, k and
m on X, Y and Z respectively such that
H (2,y,2)k ()" m ()" dv (y) dw (=) < (Ah (@))"

’

Y xZ
for p-a.e. x € X, and
/ H (2,y,2) h (@) dy (z) < (BE(5) m (2))
forvxw-a.e. (y,z) €Y x Z. Moreover, |T||,perator < AB-

Proof. The necessity (which we don’t use) is a standard iteration argument. For
the sufficiency, we have

[ i @F du@)
X

INA
T
Y
~
X
N

<

S~—

>~

—~

s

=3

—

I

S~—

=3

SN

N

<

S~—

QU

&

~

S—
~_

=3
~
S

([ e (F8) ww (£2) we) di)

o enmoras) (2 o (562

[ krm e (22) a ) (L9 )
YXZ (Z/)

~ (ABY /Y £ @) dv () / g (2) dw ().
|

This theorem can be used along with the estimates

IN

IN

1—|w| Cy if ¢<0,t>-1
(2.23) / ———t—dw~{ —Cilog(1—|2]*) if ¢=0,t>-1 .
11— wz| Col— |23 if >0, t>-1
to prove the following Corollary which we will use later. It is proved as Theorem
2.10 in [21].
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Corollary 8. Define

)
TFGE) = (1-|2P) / (1(1w|)2+)a+bf(UJ)dw7
Sfz) = (- /HI_T;LH,,f(w)dw

where the kernel of S is the modulus of the kernel of T. Suppose that t € R and
1 <p< oo and set

dvy (z) = (1 — |2*)tdA
Then T is bounded on LP (D,dv;) if and only if S is bounded on L? (D, dv;) if and
only if
(2.24) —pa<t+1l<p(b+1).

We now apply Theorem 2 to prove a lemma about a bilinear operator mapping
2 (A) x 2 (B) to L? (D) where A and B are subsets of T which are well separated.

Lemma 5. Suppose A and B are subsets of T, h € (?(A) and k € (?(B), and
% < a < 1. Suppose further that A and B satisfy the separation condition: Vk € A,
v € B we have

(2.25) k=1 > (1= )"

Then the bilinear map of (h,k) to functions on the disk given by

—|g|*)1+s a2 14s
T (h,b7) (2) = (Zh(’f) %) 0 (V)%
KEA ‘1*HZ| ~eB |17")/Z|

is bounded from (% (A) x 2 (B) to L? (D).

Proof. We will verify the hypotheses of the previous theorem. The kernel function
here is

(L= |a)Ms (L= )t
I i R 2 ke
with Lebesgue measure on I, and counting measure on A and 5. We will take as
Schur functions

he) = (1= 1R) k) = (1= 16P) " and m() = (1~ o),

on D, A and B respectively, where £ > 0 will be chosen sufficiently small later. We
must then verify

H(z,k,7) = zeD,ke A,y e B,

Nl=

o\ 3ts T 1+e+s
(2.26) SN (1_ " ) (1 i )1+5 < A? (1— |z\2)7 ;

— 2t —
weases M—ETT 172
for z € D, and

2 1+s 9 1+s
. [ (1=1s?) " (1-hF)

|1_EZ|2+S |1—72|1+S

5 g
<B(1- 1) (1-hP)

dA

/N
|
il
no
N—
I
Nl
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for k € A and v € B.
To prove (2.26) we write

345 14e+s
2\ 2 2
(1=1s7)"" (1= 1)

2.

—=. |2+ — 1+
ey oy 1 —Fz|""" 1 -7z "°
§+s 14+e+s
2\ 2 2
Z(l—m) Z(l—m)
= — o7 — 1T
o =R ey 1 -7z "°

and

Z (1 - "Y|2>1+E+S < 0/ (1 - |C|2>_1+E+s dA< C,
CeVe

— 1+
"/EB |1_’YZ| °

which yields (2.26).
The proof of (2.27) will use (2.25). We have

/ (1 B |,€‘2> 1+s (1 B |7|2)1+8 ) o
D

I R R ke

- [ /

lz=y*[<1=|v[? 1=y *<|z—7*|< 5=l

~
—
|
o
~——
|
ol

+ / + + / .dA
z=r=|<1=|n?  1-|sl?<|e—r*|<Eln—ry| l2=7]lz—r*|2]r=]

I+ I1T+I1IT4+1V+V.

By (2.25) |k — 7| > (1 - |'y|2) and so

1+s
2
(1 — sl ) 2\ "%
I = 7%5/ (17 |z ) dA
2=y |<1=|n/?

Ik =l

N 3
. (1 - \nl2)1+é (1 - |7|2> ’ <0 (1 B \le)% (1 B h‘z)%(l—a) .

|H/_7‘2+S
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Similarly we have

oo o) T (ene) 0-kp) ",

|k — [+ |z — '+

N

=[P <lz—v*|< 3 k=7l

1+s 1+s
(1=1sP) " (1= 1) (1=
)

l
[~}
+
@

[N

1+ 2
(1 - ‘H|2) (1 - |7|2> <C (1 B ‘le) (1 B |7‘2)%(1704) .

(0%
Continuing to use |k — | > (1 - |7|2) we obtain

i 1+s
(1 - |"€|2) ’ (1 - |7|2) 1 (1+s)(1—«a)
2\ 2 2
~ < - _
11 s <c(1-1s7)" (1= 1) ,
and similarly,
} 2\®

e (1-1xf) (1-1f)

for some ¢ > 0. Finally

1% / (1_ W)HS (1_ W)HS (1 - |z|2)_%dA

7*2+s 7*1+s
|z — K| |z =+

Q

lz=v* | |z—r*| 2| —]

1+s 1+s
(1=1s%) " (1= 1)

o (1= o) (1= )T

IN

2.4. The Main Bilinear Estimate. To complete the proof we will show that pu
is a D-Carleson measure by verifying Stegenga’s condition (2.3); that is, we will
show that for any finite collection of disjoint arcs {I; }jvzl in the circle T we have

N N
b (Uj_lT(Ij)) < C Capp (Uj_llj> .

N
In fact we will see that it suffices to verify this for the single set G = U;_;I;

described in (2.19). We will prove the inequality
(2.28) w (Ve) < C|T||* Capn (G).
Once we have this Corollary 6 yields

_ o (T (G)do o (Ve)
Jz Capy (G)do — [ Capy (G) do

By Corollary 7 || ub||2D_CMleson ~ M which then completes the proof of Theorem
1.

M < CIITl*.
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We now turn to the proof of the estimate (2.28). Let % <B<P<y<ax<l
to be chosen later. We will obtain our estimate by using the boundedness of T} on
certain functions f and g in D. The function f will be, approximately, ¥'xyv, and
the function g will be constructed using an approximate extremal function of the
type described in Subsection 2.3.4 and will be approximately equal to xv,.

We have chosen GG ; we now set

Ma M
E={wp},2 and F = {wz}eg1
where
G = UMe g and G = U ).

Now construct a Bergman tree 7 for the disk D) with uniform bounds (independent
of G) such that EU F C 7 and both E and F' are stopping times in 7. Note that
every point w§ in E is contained in a unique successor set S (w)) for a point w] in
F. Now define @ as in (2.10) above, so that we have the estimates in Theorem 3
and Corollary 5. From Corollaries 6 and 7?7 we obtain

(2.29) Cap(E,F) < CCapp G.

We will use g = ®2 and

(2.30) F(z) =T, (mls)gwcb' <<>) (2)

as our test functions in the bilinear inequality

(2.31) Ty (f; ) < Tl [ fllp llgllp -

From (2.30) we have

o [ VOO -[¢P)  dA
I )_/vc (1-C2)'"" (+s)C

so that
Vo b (¢) (1—[¢P)”
re = [ A
oy [ YOOI
- V() /D\VG T
= V' (2) + AV (2),
where
)= b (¢) (1—[¢))”
(2:32) W= [ o o

(1-[¢1?)”
(1-¢2)*™

if we plug f and g = ®2 as above in Tj (f,g) we obtain Ty (f,g) = Ty (f, CI>2) =

by the reproducing property of the generalized Bergman kernels Now
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Ty, (f®, ®) which we analyze as
(2.33) T, (f, <I>2) T, (f®,®)

/{f 2) 12 (2) ' (2)} B (2) T (2)dA + £ (0)  (0)25(0)

£ (0)® (0)25(0) + /|b'<>|2<1><z>2dA

+2/<I>(z) ' (2) f(2)b (z)dA+/Ab' (2)V (2)® (2)* dA
D D
= M+@+B)+M).

Trivially, we have
(2.34) (1) < Clb] Cap (B, F) < C|Ty||* Cap (E, F).

Now we write

(2.35) @) = / W (=) @ (2) dA

At Lot

(24) + (28) + (2¢).

The main term (2A) satisfies

(2:36) 2a) = mVe)+ | W@ (27 -1)dd
= (Vo) + 0 (T Cap (B, F)),

by (2.14) and (2.1). For term (2B) we use (2.20) to obtain

(237) 28| < Cpay (VE\ V) < Copuy (Ver).

Using (2.14) once more, we see that term (2C) satisfies

(2.38)  |(20)| < /\ VI (o pCap (B, F)* dA < O |13 Cap (. F).
D\V/

Altogether, using (2.34), (2.35), (2.36), (2.37) and (2.38) in (2.33) we have

(2:39) (Vo) < [Ty (£, 92)|+Can, (VE\ Vi) +C T3 Cap (B, F)+[(3)| +(4)]

We estimate (3) using Cauchy-Schwarz with € > 0 small as follows:

) < 2/|¢> DV ()] (2) f (2)] dA

/|<1> Vo ()P dA+ < /|<1>/ P da
+(3

(3B)-

IA
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Using the decomposition and argument surrounding term (2) we obtain

5{/‘/G+/‘/£\VG+/D\V£}|<I>(z)b'(z)|2dA

Cz (i (Vo) + CITy||* Cap (B, F).)

(2.40) [(34)]

IN

IN

To estimate term (3p) we use

IF ) <

et ) ()

(i

/VG (1_'“2 ¥ (¢)]dA

1= ¢

(-nf) " :
~ Y e [ O P)ao

yeET1NVg

> (1-1") +Sb*

——— b (),
~eTiNVe |1_'YZ|1+
where
> ovorx 3 [ w@f (1) ;o= [ Wl
yET1NVg yeT1NVg Ve

We now use the separation of D\ V& and V. The facts that A = supp (h) C
D\ Vg and B = 7; N Vg C Vg insure that (2.25) is satisfied. Hence we can use
Lemma 5 and the representation of ® in 2.10 to continue with

o) = [ 19() f |dA<C<Zh )(wa?),

KEA yEB

We also have from (2.1) and Corollary 5 that

<Z h (H)2> (Z b* (7)2> < CCap (B, F) |T3|*.

KEA yeB

Altogether we then have

(2.41) (3p) < CCap (E,F)|TH|”,

and thus also

(242 @l<e [ W@ +CITI* Cap (B.F).
Va

We begin our estimate of term (4) by

/D AV ()T (2D (2)° dA‘

\//D I (z)(I)(z)|2dA\//D AV () (=) dA

(2.43) 4] =

IN
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Now we claim the following estimate for (44) = || AV - (D)

(2.44) (44) = /D 1D (2) AV (2)]> dA
(2.45) < O (VE\ V) + CITIP Cap (., F)
< em (Vo) + C|ITy|* Cap (E, F).

Indeed, the second inequality follows from (2.20). From (2.32) we obtain

2
b (¢) (1 — ¢’
4 = D (2 —= " dA| dA
wy = [1o@) {/VB\VG /D\V,B} 1_&)%5
< C | 1® () MCIA dA
> /]D)l (Z)‘ </V£\VG |1—Zz’2+s
2
b (¢) (1 — gD’
C | |®(2)] 7 dA| dA
+ /D| (2) ~/]D>\VGB (1722)2“
= (4aa) + (4aB).
Corollary 8 shows that
2
b (I —1¢))°
4 —— = dA| dA
(an)] < /ﬂ)(/vg\vg M )
< C Y () dd = Cpy (VE\ Va)
VE\Va
We write the second integral as
2
= A
(4aB) {/vg+/m\vg}|¢’(Z| d

/ b (¢) (1 —[¢])” JA
g (1-C2)°7
= (4aBa) + (44BB);

where by Corollary 8 again,

[(4aBB)|

IA

CCap (E, F)? /D ¥ () dA

C|Ty||* Cap (B, F)?
C|Ty||? Cap (B, F).

IN A

Finally, with 8 < 81 < v < a < 1, Corollary 8 shows that the term (4d4p4)
satisfies the following estimate. Recall that Vg = UJ) and w] = 2 (J)]). We set
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Ay = {k: 2J)CJ, 1} and define £ (k) by the condition k € Ay(). Then

B OIA=1D° )\ g4
C/vg (/D\vg 11— ¢ ! ) !
2
V(O (1—[¢)°
CZ/ (H”prcm) dA
k
2
b (O = [¢))° )
= C i D dA | dA
Z f(lk) J;< 1wy

J’Y /
o3 Zeea Tl |/ﬂl </D\Vﬁ b ’< A= 1) dA) A

; )Jﬂl 1-C¢f

2
(v=F1) o' ()] (1 = I¢)°
—r > dA| dA
/Véil </D\v£ 11— ¢ )

|(4aB4)l

IN

Q

Q

< ‘Vc:l

L e(y—=F1) 2 9
< c|v 16l < C T3 Cap (. F).

This completes the proof of (2.44).
Now we can estimate term (4) by

(2.46) (@) =

Ab’( )0 (2)® (z)sz‘

\// ¥ (2) B (2)] dA\// A ()@ (=) dA
V(Ba)/eV/(44)

Vo (Ve) + CIIT | Cap (B, F)
x\Jem (Vo) + C | To|1? Cap (E, F)

Vi (Ve) + O/ Vel 1Ty Cap (B, F)
+C | Ty||* Cap (E, F),

IN

(2.47)

IN

IA

IA

using (2.44) and the estimate (2.40) for (34) already proved above. Finally, we
estimate Ty, (f, @2) =T, (fP,D)by

Ty (f@,@)| < [[To[l[|@llp [@fllp < CNTs|| VCap (B, F) [ @f]|p -

Now

les3 < 0/ B (=) f (=) dA + c/ 1B (2) /' (=) dA

C13a] + C [35] +C/|<I>(Z)Ab’ ()2 dA

IN

IN

Cuy (Vo) + C | Ty||* Cap (E, F),
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by (2.44) and the estimates (2.40) and (2.41) for (34) and (35). When we plug this
into the previous estimate we get

(248)[T (£,9%)| < C|Tll v/Tap (B, F)\/ s (Ver) + 1T Cap (E, F)
< VI Cap (B, F)(v/ (Ve) + [Ty Cap (B, F)}),

Using Proposition 3 and the estimates (2.42), (2.46) and (2.48) in (2.39) we
obtain

(Vo) < Vem (Vo) + C|T|)* Cap (E, F)
O Cap (B, F)v/im, (V)
< Ve (Vo) + C Tl Cap (E, F).
Absorbing the first term on the right side, and using (2.29), we finally obtain
w (Va) < C|Ty|* Cap (E, F) < C|Ty||* CapnG,
which is (2.28).
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