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Abstract

We consider estimation and testing in finite-order autoregressive models with a (near)
unit root and infinite-variance innovations. We study the asymptotic properties of esti-
mators obtained by dummying out “large” innovations, i.e., exceeding a given threshold.
These estimators reflect the common practice of dealing with large residuals by including
impulse dummies in the estimated regression. Iterative versions of the dummy-variable
estimator are also discussed. We provide conditions on the preliminary parameter estima-
tor and on the threshold which ensure that (i) the dummy-based estimator is consistent
at higher rates than the OLS estimator, (ii) an asymptotically normal test statistic for
the unit root hypothesis can be derived, and (iii) order of magnitude gains of local power
are obtained.

1 Introduction

In this paper we study the problem of estimation and unit root [UR] testing in a finite-order
autoregressions [AR] with infinite variance [IV] innovations.

Specifically, consider first the case where {y;} is the AR(1) process (the case of higher
order processes will be discussed later)

Ays ==yt —Ye1=dy—1 +ep, (t=1,...,T) (1.1)

initialized at some fixed value yg. The innovations ¢; are infinite-variance i.i.d. and belong
to the domain of attraction of an a-stable distribution, a € (0,2), and ¢ is either 0 (i.e., y;
is a random walk) or ‘close’ to 0 (i.e., y; has an AR root near unity).

Estimation and inference on ¢ have been widely studied in the statistical and econometric
literature, see Samarakoon and Knight (2009) and references therein. Typically, ¢ is estimated
either using ordinary least squares [OLS] or robust M-estimation. In the former case, which
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is considered, e.g., in Chan and Tran (1989), Knight (1989) and Phillips (1990), inference is
based on the estimator -
G%OLS = Zt:%y—t_;Ayt . (1.2)
> i=1Yi1
It is well known that under a unit root this estimator is consistent at the T rate for all
a € (0,2) and has a non-standard asymptotic distribution; see, among others, Phillips (1990).

In the latter case, see Knight (1989, 1991) and Samarakoon and Knight (2009), inference

is based on the estimator
T

6= argmin 3~ p (Ay: — dy1-1) (13)

t=1

for some convex function p, or on a solution ¢,, of the equation

T
Z Y19 (Ayy — dp-1) =0 (1.4)
t=1

for some function ¢ (typically, ¥ = p’). Knight (1989, 1991) and Samarakoon and Knight
(2009) provide a set of sufficient conditions on p, ¥ and e; ensuring that the M-estimators
b, & v are consistent at a rate faster than the OLS rate and inference on ¢ is asymptotically
Gaussian under the UR hypothesis.

In this paper, we take an alternative route by analysing estimators obtained by dummying
out residuals (say, &) which are ‘large’, i.e., exceed a given threshold (say, 9)1 That is,
after an initial estimator of the parameters is obtained, observations with large residuals are
discarded, and the model is re-estimated on the maintained observations only.? The approach
is commonly implemented in applied econometric works by including a set of impulse dummies
in the estimated equation.

Further, we study the iteration of the above procedure. Thus, given an initial estimator
of ¢, we analyse the iterative procedure consisting of (i) computing residuals, (ii) introducing
dummy variables for those of them which exceed some threshold and (iii) reestimating ¢
(and, optionally, the threshold), possibly until convergence. The iteration can be related to
the empirical strategy of re-examining the residuals and adjusting the set of dummy variables
until the estimates stabilize, or become "robust" (insensitive) to the exclusion of further
observations. In the paper we discuss the asymptotic properties of the iterated estimator,
which is closely related to M-estimation based on (1.4) with () chosen as Huber’s skip
function. However, this ¢ does not satisfy the smoothness hypotheses usually required for
M estimation, see Knight (1989, 1991) and Samarakoon and Knight (2009).

Rather surprisingly, little is known about the asymptotic properties of dummy-based
estimators, in spite of their rather simple computation and wide use in practice. In the
finite-variance case, they have been recently analysed by Johansen and Nielsen (2011). Their

!The definition of our estimators involves dummying out the large time-series innovations, although they
perfectly fit the maintained infinite-variance model and although their number is large. The idea of using
dummy variables in number proportional to the sample size, solely as a means to construct estimators or test
statistics, has been recently employed also by Hendry, Johansen and Santos (2008), and Johansen and Nielsen
(2009, 2010).

2The resulting estimator is called the one-step Huber-skip estimator.



set up covers both autoregressions with a unit (or local-to-unit) root and stationary autore-
gressions, and large-sample properties are obtained under the assumption of finite fourth
moments of the innovations. Near-UR autoregressions augmented with dummy variables
have also been analysed in Cavaliere and Georgiev (2009), where it is shown that when finite-
variance innovations are contaminated by infrequent, large outliers, the inclusion of dummy
variables increases the efficiency of the AR parameter estimator (leaving the consistency rate
unchanged) and gives rise to UR tests with significant power gains.

So far, no result is available for possibly non-stationary autoregressions with infinite-
variance innovations, where large realizations are more likely to occur. We find that, with
respect to the finite-variance case, dummy-based estimation under infinite-variance innova-
tions has some additional attractive features. Due to the link with M-estimation, the iterated
dummy-based estimator shares the two basic asymptotic properties of the M-estimators dis-
cussed by Knight (1989, 1991), though not belonging to their class. These are the properties
of a fast consistency rate and Gaussian asymptotic (null) distribution of UR test statistics.
As we will show, the iterated dummy-based estimator improves upon the consistency rate of
the initial estimator, as long as the latter is reasonable (for a > 1, the OLS rate suffices).
At the same time, the dummy-based estimator is rather straightforward to compute, with
its iterated version being no more demanding than a feasible GLS estimator. Hence, the de-
sirable features of both least squares (simplicity) and M-estimation (asymptotic properties)
are preserved.

A further, important feature of the dummy-based approach is that — as it will be shown
in this paper — its asymptotics can be derived under fairly transparent conditions. It is
mainly required that the innovations have symmetric density f and belong to the domain of
attraction of a stable distribution (with index o € (0,2)). This contrasts with the case of
general robust estimators discussed by Knight (1991) and Samarakoon and Knight (2009):
for instance, even in the case where p of (1.3) is convex and differentiable, further conditions
involving the derivatives p’ and p” and their relations to &; are required; see e.g. conditions
A2 and A3 in Samarakoon and Knight (2009).

Formally, under specification (1.1), our object of study is the estimator é of ¢ defined by

T
D Y i (1))

1.5
Zf,Tzl yf—lﬂ{\gt\gé} ’ )
where, with ¢ a preliminary estimator of ¢, & = Ay, — dyr_1 (t=1,...,T) are the residuals
based on this preliminary estimator and 0 is a scale statistic (e.g., a quantile of the empirical
distribution function of |¢;|). Further objects of study are the iterates of estimator (1.5),
possibly augmented with iteration over 0, as well as modifications of (}5 suitable for AR(p)
processes with p > 1. Notice that &(q]), 9) corresponds to the OLS estimator of ¢ from the
augmented regression

Ay =oye—1+¢'Di+e, t=1,...,T

where Dy is a vector of impulse dummies, one for each ¢ such that |&;| exceeds 0.

When the true ¢ is zero, a natural benchmark in terms of asymptotic properties is
&(0,0), with 6 a positive constant. Under the assumptions we make in the next section,
¢ (0,6) vanishes at the same rate as the M-estimators studied by Knight (1989, 1991), and
(ZtT:l y2 )Y/2¢ (0,6) has Gaussian limiting distribution like the UR test statistics of Knight



(1989, 1991) and the rank test of Hasan (2001). With respect to &5((25, 9), as opposed to ¢ (0, 6),
there are two issues to tackle: (i) § is, generally, random and, (i) {e;} are estimated by {&;}.
To clarify ideas, we discuss the two issues (estimation of the threshold and ¢) first separately,
and then, in a joint setup. The main mathematical tools employed are weak convergence of
weighted empirical processes and an implied asymptotic expansion of g?)(éﬁ, 9)

The paper is organized as follows. In section 2 we discuss the basic assumptions underlying
the reference model. In sections 3 and 4 we analyse two special cases of estimator (1.5),
respectively, with qAb fixed at 0 and with 6 fixed at some 6 > 0; iterates of estimator (1.5) with
fixed 0 are also studied. In section 5 the general iteration over both ¢ and 6 is considered.
In section 6 we generalize our results to the case of higher order autoregressions. Section 7
contains simulation evidence, whereas section 8 concludes.

2 Model and assumptions

In this section we introduce and discuss the basic assumptions on the reference AR(1) process
(1.1). Assumption &£ below summarizes the stochastic properties of the innovations &;, while
Assumption ) determines the dynamic properties of the autoregression for y;. The AR(1)
assumption is relaxed in section 6.

Assumption &. (i) {e:};o, is an i.i.d. sequence of random variables which have Ee? = oo
and belong to the domain of attraction of a stable distribution with index o € (0,2). (ii)
€1 has density f with respect to Lebesque measure and f is a continuous even function,
positive a.e., with sup,cp |zf (x)| < oo.

Some comments are due.

REMARK 2.1. Assumption £(i) and the symmetry part of Assumption £(ii) imply the exis-
tence of an a-stable process S in D[0,1] and a normalizing sequence ar = TV/*¢(T), with
((-) standing for a slowly varying function at oo, such that a;.' Zglj g = S in D[0,1] as
T — oo (Resnick and Greenwood, 1979).

REMARK 2.2. Under the assumption of a continuous f, symmetry of the distribution is
equivalent to E (51H{|51|§9}) =0 for all § > 0. With ¢ (z) := xl|_; ;) () this condition can be
written as E{¢ (9*151)} = 0, which (for a different 7)) is used in Knight (1989) in the analysis
of scale-parameter estimation. As long as estimated scale quantities satisfy P(@ >0 — 1,
the assumption can be relaxed to

E(€1H{|51\§0}) =0 for all § > 9 >0 (26)

without affecting the results. For a continuous f, the latter is equivalent to E(e1ly. <) =0
and symmetry of the tails: f(0) = f (—0) for § > ¢'. Although (2.6) is more general, there is
a trade-off between higher generality (larger 6 increases the class of admissible distributions)
and the need to determine ¢’ in practice (larger 6 are more difficult to determine empirically).
REMARK 2.3. The i.i.d. assumption and smoothness assumptions on f are common in the
literature on empirical processes (see, e.g., Koul, 2002, and Engler and Nielsen, 2009). ]

Assumption Y. The process {y;}l_, satisfies Ay = ¢yi—1 +¢& (t = 1,...,T), where ¢ =
—d}lc with dr = TY?ar and ¢ € R, and yo fized.

4



REMARK 2.4. For ¢ = 0, {y:}/_, is a random walk with infinite-variance innovations. For
¢ # 0 the process has a root near unity, in the sense that ¢ — 0 as T — oco. However, in
contrast to the finite-variance case, where the choice ¢ = —¢/T yields a non-trivial local power
function of UR tests (see, e.g., Phillips, 1987), for our tests such a function is obtained under
the faster shrinkage rate of d;l, as postulated in Assumption ). Under infinite variance,
the choice ¢ = —c/T defines a so-called moderate deviation from a UR (parametrized in the
finite-variance case by ¢ = O(T~?) for § € (0, 1); see Phillips and Magdalinos, 2007a,b, and
references therein); it is considered in Remarks 3.3 and 4.4. g

Throughout the paper, we use also the following notation related to the distribution of

{ed}:
(&) = E (U i) . 10 (0) = E (el i) V (0)i= B e

and F' for the cumulative distribution function of €;. Under assumption &, V () is strictly
increasing on [0, 00).

Finally, the quantity hg := 20f (0) /pe(0) for 6 > 0 and hg := 1 (so that h(, is right-
continuous at zero) will play a special role in the analysis of the iterative estimators.

REMARK 2.5. It will turn out important whether hy is below or above unity. Under As-
sumption £(ii) there exists a 6" € (0, 6] such that hy = f(0) /f(#"). If f is unimodal, then
0" € (0,0) and f(0) < f(#'); hence, hy < 1 for every § > 0. This will be the case if, for
instance, {g;} are a-stable, since symmetric a-stable densities are known to be unimodal (see,
e.g., Yamazoto, 1978). Moreover, even if f is plurimodal, for large 6 it will necessarily hold
that hy < 1, because hy — 0 as 6 — oco. Nevertheless, distributions satisfying Assumption &£
and having hy > 1 for some 6 > 0 do exist, see the example in section 7. O

3 A simple, benchmark estimator

In this section we consider a benchmark estimator of ¢ which is obtained by dummying out
observations where |Ay;| exceeds an estimated threshold #. Formally, this corresponds to the
choice ¢ = 0 in (1.5)3:

R O WD D) L G PO

$(0,0) = (3.7)

2 Yi1Lay <y 2 Yiayag<oy

The results for this estimator, besides their independent interest, are needed in the case where
the preliminary estimator qAﬁ depends on the data, since in that case we rely on an expansion
of ¢(-,0) with leading term (0, 0).

To formulate our first proposition, we make use of two limits implied by Assumptions £
and Y as T — o0o.* First, it holds that a;lyLT,J % Sin D[0,1] (cf. Remark 2.1). Second,

O vt )™ waede <)y = BV (4) (3.8)

3Throughout the paper, summations are for ¢ running from 1 to T and integrals are over the interval [0, 1],
unless otherwise specified.
4Due to the fast convergence of ¢ = fcd;l to zero, the parameter ¢ appears in none of the limits.




in D[0,00), where B is a standard Brownian motion independent of S (see Lemma A.1(a)
in the Appendix). It remains to specify how these convergences and the behaviour of 6 are
related to each other.

Proposition 1 Let A5§umptz'0ns E and Y hold. If for some random variable ©, a.s. positive,
it holds that (a;lyLT,J,H) % (S,0) as random elements of the product space D[0,1] x R as
T — 0o, and if B of (3.8) is independent of (S, ©), then, for dr == T ?ar,

{V.(©)}'* N(0,1)
pe(0) ([ SV

dr($(0,0) = ¢) * che +

Further, for any C satisfying (a;lyLT.J,é,g) % (S,0,{V (0)}/2/pg(0)) it holds that

(Zyt )" ,é)_gb)ﬂcm (/52)1/2+N(0,1). (3.9)

The standard Gaussian variable in both limits is independent of (S, ©).

Some remarks are due.

REMARK 3.1. For B and (5, ©) to be independent, it is sufficient that © be o (S)-measurable.
A 6 that converges (in probability) to a constant, like a quantile of the sample distribution
of |Ayl, is the simplest example. An example of a random © is obtained, e.g., for 6 =
(maxy<r |ye) 7 [ (Aye) 22, In this case (a7 y 7, 0) 2 (S, 0) with © = (supg 1 |S])[S]1%,
[S]1 being the quadratic variation of S at unity.

REMARK 3.2. From (3.9) it can be seen that

& (Zyt 1)1/2 0,6) = —CW /52 W21 N(0,1).  (3.10)

In particular, under the UR null hypothesis ¢ = 0 the statistic §T(0,@) is asymptotically
N (0,1). In the limit, the power properties of UR tests based on &4(0,6) against the (local)
alternative ¢ = —d;lc (¢ > 0) depend on hg. In the typical case with hg < 1 a.s., one-sided
tests have non-trivial asymptotic power, whereas OLS-based UR tests are known to have
asymptotic power equal to size. If hg > 1 a.s., asymptotic power does not exceed size also
for tests based on &4(0,0).

REMARK 3.3. From the argument in section A.1 of the appendix, it follows that, for « € (1, 2)
and hg < 1 a.s., a UR test based on ET(O,é) is consistent against any local alternative
¢ = —c/T (c #0). This is in contrast with OLS based UR tests, which are never consistent
against these alternatives. For a € (0, 1], consistency against ¢ = —c/T" (¢ # 0) can also be
conjectured to hold and the simulation evidence in section 7 confirms the conjecture.
REMARK 3.4. The assumption that 6 has a weak limit implies, amongst other things, that
it is stochastically bounded. This is crucial in order to obtain the dr_?l convergence rate of
$(0,0). If we let the threshold grow at the rate of T" (r € (0,1/a)), the convergence in (3.8)
does not hold even pointwise. Instead, it could be shown that

T" (a/2— 1) Zy 3 —1/2 Zyt—lgt]l{\st\§9T7'} o, B(92fa) (311)
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for some slowly varying sequence pp and for every fixed ¢ > 0. This leads to the 1nefﬁ01ent
estimator d)(O 0T"), whose convergence rate under the UR null is d, Lpr(=a/2), -1 slower
than d}l. Similarly, also the practice of dummying out residuals exceedlng a ﬁxed multlple of
the residual standard deviation is likely to compromise the d;l rate, since 6% = T~ (Ay;)?
is not stochastically bounded.

REMARK 3.5. Two examples of eligible estimators ¢ in (3.9) are

[Z(Ayt)%{mytlﬁé}]lﬂ’ 62 12 > yt2][Z(Ayt)2]1{myt|§é}]l/2

~

¢y =12

. 2 .
2 Ly <ay 2 Yl Ay <ty

This follows from the fact that the pointwise convergences 7! E(Ayt)QHﬂ Ayt | <6} Zy (0)

and T—! > Ay <6y il pp(0) are uniform on compacts, because the involved functions are
non-decreasing in 6 and the limits are continuous, whereas (3 y7) ™" > 471{jay, <0y = Po(0)+
op(1) again uniformly on compacts (see the proof of Lemma A.1(c)).

4 An iterative estimator with a fixed threshold

In the previous section we analysed a benchmark estimator of ¢ where impulse dummy
variables based on Ay; are used. We now turn to the case where dummy variables are

~ (0 ~ (0
based on general residuals of the form & := Ay — (b( )yt,l instead of Awyy; here ¢( )
a preliminary estimator of ¢, e.g., its OLS estimator. Thus, in this section we study the

procedure consisting of (i) calculating residuals, given the estimator &5(0), (ii) introducing
dummy variables for those of them which exceed a fixed threshold 6 and (iii) reestimating ¢.
We are particularly interested in the iteration of these three steps. The condition that 6 is
fixed will be relaxed in section 5.

By letting, for every u € R,

2 Y18y Ay, —uy, 1\<9}

by(u) = ¢ (u,0) = : (4.12)
2 Yi-1l{ay—uy11<0)
the estimator produced by steps (i)-(iii) can be written as &59((%(0)), and its iterates as
~ (i—1) .
d) _¢9(¢ ) y U= 1,2"" (413)

We discuss under what conditions does the iteration conduct to the asymptotics found for the
benchmark estimator of the previous section. To deal with the discontinuous sample paths
of ¢y, we replace the standard fixed-point property with an asymptotic approximation.

4.1 Near fixed points
The asymptotic properties of the iteration are formulated using the following concept.
Definition 1 (near fixed point) Let {vr} and {®r} be sequences of random variables and

random maps R — R, respectively. We call {vr} a sequence of non-zero near fized points of
{®r} if Or(vr) = vr + op(vr), with vy = Op (1) and P(up #0) — 1 as T — oo.



In this section the relevant choice of ®7 will be ®p = ¢y, see (4.12). The fixed points
of ¢y, if they exist, are solutions of 3y 19(Ay; — ()yi—1) = 0, where ¢ (z) := wl_gq (7),
z € R, is Huber’s skip function. Thus, they are M-estimators, cf. (1.4). Given that ¢y has
discontinuous sample paths, which makes the existence of fixed points problematic, we will
discuss estimators that are near fixed points.

The near-fixed point property is closely related to the numerical convergence (i.e., con-
vergence declared by a computational algorithm) of the iterates of ®p, as well as to the
numerical solution of the fixed-point equation ®7(v) = v. Specifically, for a non-zero near
fixed point sequence vy and for every e > 0, it holds that P (|®r(vr) — vp|/|ur| <€) — 1
as T — oo. Therefore, for any desired precision and with probability approaching one as T
grows, numerical algorithms aiming at solving the equation ®7(v) = v will regard vr as a
fixed point of &7 with respect to the relative-error criterion.” More generally, for any normal-
ization sequence nr = Op(U:Fl) and any € > 0 it holds that P (np|®r(vr) —vr| <e) — 1
as T — oo, so numerically npvpr will be regarded as a fixed point of np®7 with respect to
the absolute-error criterion with precision e. Whenever nrvur is bounded away from zero in
probability, this criterion is meaningful.

4.2 Uniform approximations

The next proposition establishes two approximations of the map &59. Both are related to the
behavior of ¢, in neighborhoods of zero shrinking at some rate by, with by a deterministic,
positive sequence. In section 4.3, the magnitude order of the sequence by will match that of
the estimator (Ab(o) used to initialize iteration (4.13).

Recall that for a given (ES(O), residuals are constructed as & := Ay; — éﬁ(o)yt,l = & —
(qAb(O) — @)yi—1. Since ¢ = fd;lc and maxy—1 7 |y is of magnitude order ar = T-124,,
the difference between &; and ¢, is asymptotically negligible (uniformly in ¢t = 1,...,T) if and
only if gAb(O) convergences to zero at a rate faster than 7/ Qd;l (all in probability). Hence, in
the following we separate two cases.

(a) First, we let TV/2d' /by — oo, which is useful in the analysis of situations where the
convergence rate of the preliminary estimator <2>0 makes residuals and true innovations as-

ymptotically indistinguishable. This happens, for instance, if (i) g%(o)

~(0
and ¢( ) is the OLS estimator (so by =T71).
~(0
(b) The second case is by = Tl/Qd}l. A convergence rate of a}l = Tl/Qd:F1 for d>( ) is the
bridge towards less satisfactory preliminary estimators, since it implies that the difference
between residuals and true innovations, though uniformly bounded in probability, is not

is set to 0, or (ii) a > 1

asymptotically negligible. This is the case, e.g., if <}5(0) is the OLS estimator (so by = T~ 1)
and {g;} are Cauchy distributed.’ 5
The following proposition contains the approximations of ¢, under (a) and (b).

’The requirement P(vr # 0) — 1 is included to ensure the good definition of the relative error; it is not
restrictive if one thinks of vr as a statistic with a non-degenerate limiting distribution.

e — . ~ (0 -
SWe focus away from the possibility T1/2dT1/bT — 0, since for ng( ) vanishing at such slow bp-rates the
uniform distance between residuals and true innovations becomes unbounded and too many periods with large
y¢+—1 are dummied out, compromising the desired d;l convergence rate of the iterated estimator.



Proposition 2 Let Assumptions £ and Y hold, and let by be a positive real sequence. For
every fized A,0 > 0 it holds that:
a. If Tl/Qd}l/bT — 00, then

op(d;Y), if drbr = O(1)

op(dy ' *b8?), if dpbp — oo

do(u) = ¢ (0,0) + u(hg + op(1)) + {

uniformly over |u| < brA.
b. If by = TY2d;", then

p(w) = —d' e+ Qro(u) + op (T d;")
uniformly over |u| < bpA, where Qr is a random process such that, as T — oo,

b7 Qro(br()) = m

in D[—A, A]. If f is strictly decreasing on (0,00), then there exist random variables Hr g €
[0,1) a.s. such that sup|u|§bTA\H{u;,go}u_lQT’g(uﬂ < Hryg and Hrgy converges weakly as
T — oo to a random vartable Hy < 1 a.s.

An immediate corollary of Propositions 1 and 2 is the existence of near fixed points of &59.

Corollary 3 Let Assumptions & and Y hold, and 6 > 0 be such that hg # 1. Then vy =
(1 —hg) 19 (0,0) defines a sequence of non-zero near fized points of {¢p}.

In the next subsection we shall study the proximity of the iterates g?)(l) to (1— hg)_% (0,0)
using the two approximations in Proposition 2. The approximation in part (a) (which is
formally similar to the one obtained by Johansen and Nielsen, 2009, for by = T—1/2 and

{et} with finite fourth moment) allows us to discuss the sequence of iterates {qAb(Z)} as the
solution of a first-order stochastic linear difference equation with a random but well-behaved
autoregressive coefficient. The non-linear approximation in part (b) is less tractable and our
study of this borderline case will be less complete.

4.3 Asymptotic properties

We are now able to discuss the asymptotic properties of the iterative estimator (4.12)-(4.13).
To this aim, two kinds of limits for ¢, T are considered. The first is a sequential limit, where
1 — oo followed by T" — oco. The second is a path-wise limit where T',7 — oo simultaneously
and i is given as a function of T’; we consider the path i = ¢(T) := |T"] for some v > 0.” The
difference turns out to be that, in the sequential case, the number of iterations until numerical
convergence can be chosen independently of T, whereas in the path-wise case, which provides
results for a wider class of preliminary estimators, it increases with 7. This is of limited
relevance from practical point of view.

Let the preliminary estimator gAb(O) of ¢ satisfy b;lé(o) = Op(1). Moreover, let us initially
assume that 7/ Qd;l /by — oo, such that the uniform distance between residuals and true

TOur conclusions hold for any natural-valued v such that (hg + w){w(T)}l/Q = o(dyp") for some w > 0.



innovations shrinks as T increases; see section 4.2. Proposition 2(a) suggests that in this

case the behaviour of the sequence of iterates éS(Z) depends on the quantity hg. If hy < 1,
iterations improve upon the preliminary estimator, leading to the concentration of probability
mass around the near fixed point ¢(0,0)/(1— hg), whose asymptotics follow from Proposition
1. In contrast, for hg > 1 the iteration is unstable and deteriorates the properties of the
preliminary estimator.®

The following theorem makes these observations more precise.

Theorem 4 Let hy < 1 and by be a real sequence such that b}lgb(o) =O0p(1) and TV?2d;* [bor —
oco. Let also <2>(i) = ng(,((E)(iil)), 1 € N. Under Assumptions & and Y, as T — oo:

a. If dgby = O(1), then limsup; . |3 — (1 — hg)~1(0,0) | = op(d7L).

b. If(T) = |T"| with v >0, then 67 — (1 = hg)"15(0,0) = op(d7?).

The conclusion in part (a) is established for preliminary estimators which are of magnitude

~(0
order at least d}l. The iteration initialized at qb( ) = 0 is an example. In part (b) any initial
magnitude order lower than 71/ 2d}1 is covered. For instance, the 7! magnitude order of

the OLS estimator under a (near) unit root makes it an admissible <2>(0) in part (b) for any
a e (1,2).
Some further remarks are due, all assuming that the conditions of Theorem 4 hold.

REMARK 4.1. Typical numerical criteria would declare qAb(l) to converge if, given some & > 0,
they find that ]qb(z_l) —ng(’)\ <egor |¢(’_1) — ¢ |/|¢)(’_1)\ < ¢ for some ¢. Under the hypotheses
of Theorem 4, the iteration will be declared to converge with probability approaching one,
with respect to both criteria.

REMARK 4.2. Theorem 4 justifies asymptotically Gaussian inference based on the iterated
estimator qAb(Z) due to its proximity to the near fixed point (1 — hg)_% (0,0) of ¢y. If, as in
the previous remark, a numerical convergence criterion is used, let the iteration be halted at
step N. Then, for large T, the ‘¢’-statistics

), —h /2 (z
66" 0) = = (L) 6 we v v,

are approximately standard Gaussian under the UR null, if fzg and & are consistent estimators

of hg and {V (6)}/?pg (0)71, respectively. To estimate hyg, we can compute residuals &; using

~(N ~ (T
¢( ) (zesp. ¢( ( ))>

estimate of f(6):

, and use them to obtain an empirical distribution function and a kernel

> K(wr'(f — &)
> Tged<oy
for some bandwidth sequence wy and positive kernel K integrating to unity (see Ling, 2005,

eq. (2.1) for a similar approach). If K is chosen as the standard Gaussian or the logis-
tic kernel, this estimator can be seen to be consistent if (i) wp — 0, Twp — oo and

1
ho == 20T (4.14)

8 A similar phenomenon occurs if by = Tl/zd;l, though in this case it is not possible to determine the
outcome of the iteration by looking at a one-dimensional quantity like hg only.
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(i) w;zaTg?)(NH) = op(1) (resp. w;2aTg?)(w(T)) = op(1)). While conditions (i) are stan-
dard consistency requirement for i.i.d. data, see e.g. Theorem 2.6 of Pagan and Ullah (1999),
condition (ii) is needed in order to control the order of magnitude of & — ;. Eligible choices
of wp are wr = a1l with a > 0 and v € ( ) 9 Similarly to Remark 3.5,

C T1/2 [th]l{\ft\<9}] 1/2 1/2 [Zyt][zgtﬂ{\atKG}] 1/2
2 e<oy AN

can be used to estimate {V (6)}/2pg (0)~"

REMARK 4.3. Non-trivial local power against the UR null is obtained for alternatives of the
form ¢ = —d;'c (c # 0), under which as T — oo

A ((T)) {V (o >}1/2 N(O 1)

>

(4.15)

consistently.

and (1 — hg)
~0 w -
&g, 0) = —CW /52 )24+ N(0,1), (4.17)

with hg and é as in Remark 4.2, and the Gaussian variable independent of S. From the
argument in section A.3 of the Appendix it follows further that pathwise consistency holds

(dT&b(w(T)) £ —00) against the usual local alternatives ¢ = —c/T" (¢ # 0), and if additionally
drbp = O(1), then P(dpliminfie 3 < —K) — 1 as T — oo, for every K > 0. 0

Let us now consider the borderline case where by = T/ Qd}l. The following proposition
shows that a result similar to Theorem 4(b) holds if f is unimodal. It covers, in particular,

~ (0
the case of Cauchy errors and <Z>( ) chosen equal to the OLS estimator.

Proposition 5 Let dTT*1/2<Ab(O) = Op(1) and the density f be strictly monotone on (—o0,0)

and (0,00). Under Assumptions € and ), (b(w(T)) (1—hg) 24 (0,0) = op(dzt), with (T)
defined as in Theorem 4(b).

We conclude this section by stating how an inappropriate choice of 6 can deteriorate the
properties of a good preliminary estimator, even if it is the true value of ¢. Due to the
counter-exemplary function of the result, we consider the case ¢ = 0 only.

Proposition 6 Let hy > 1, and br be a real sequence such that b}lfﬁ(o) = Op(1) and
T1/2d;1/bT — 00 as T — oo. Under Assumptions £,Y with ¢ = 0:
a. If drbr — 0, then for every A>0

(]d ]<Af07"allz€N>H0 as T — oo,

i.e., the sequence {dTéS(i)}fio is unbounded with probability approaching one.

b. If either (i) drbp — oo and b;lqAﬁ(O) is bounded away from zero in probability or (ii),
br = d;l and dT{gEB(O) — (1= hy)"19(0,0)} is bounded away from zero in probability, then for
every A >0

P (|b;l¢(i)| < A for allie N) —0 asT — oo.

Tn applications it could be useful to check if he < 1, and otherwise, consider a larger threshold.
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5 An iterative estimator with estimated threshold

In this section we combine the results of sections 3 and 4.3 in a joint estimation setup. In
particular, we study the following iterative procedure: (i) given an initial estimate of ¢ and
the associated residuals, determine a threshold  as a function of the residuals; (ii) fix the
threshold # and reestimate ¢; considering the updated estimate of ¢ as a new initial estimate,
repeat steps (i) and (ii) until possible convergence. In what follows we provide conditions
for this iterative procedure to produce a dp-consistent estimator which is asymptotically
standard Gaussian under the UR null hypothesis.

To formalize the iteration, for every T' € N let oy : R — R be a (possibly random)
(0)

~(0
nonnegative function; e.g., o (u) = a;z S (Ays—uy;—1)%. If, given an initial estimate ¢, we
~(0 A
use a(¢( )) as the threshold € in the reestimation of ¢ (suppressing the dependence of o on T'),
o (i1 (i1
and then iterate this procedure, we obtain a sequence of iterates ¢(Z) = qﬁ(qb(Z ), J(qﬁ(l ))),
1 € N, as estimates of ¢. The next proposition relates this sequence to a non-zero near fixed

point of ¢(-,0(-)).

Theorem 7 Let Assumptions £ and Y hold. If
(i) o(u) = o(0) + op(1) uniformly on compacts |u| < d;'C (C > 0),
(ii) o(0) is bounded and bounded away from zero in probability, and
(iii) h(c(0)) # 1 a.s.,

then

o $(0,0(0))
T 1= h(0(0))

defines a sequence of non-zero near fized points of {¢(-,0(:))}. If further
(iv) limsupy h(o(0)) < 1 a.s.,
~(0) _
() 8 = Op(dz),
then limsup,_, @(l) —vr| = op(dy'), so for every & > 0 there exists an N € N such that,

as T — oo, P(drsup;s y |g§5(z) —vp| <e)— 1.

~(0
Note that the near-fixed point vp is computable. The choice <z5( ) = 0 can be used as a

~ (0
trivial preliminary estimator satisfying gi)( ) Op(d;l). Alternatively, under the conditions

of Theorem 4, for o € (1,2) another preliminary estimator with magnitude order d;l is

éﬁ(w(T)), obtained by iterating &g, for fixed 6, starting from the OLS estimator. Any of these

preliminary estimators can be used to initialize the iteration in Theorem 7.
Some remarks follow.

REMARK 5.1. Possible choices of ¢ include the empirical quantile

o(u) =inf{z > 0: 71 ZH{Iat—uyz_ﬂgw} > T} (5.18)

for fixed 7 € (0,1). It is shown in the Appendix that it satisfies hypothesis (i), and since

it holds that o (0) il ¢r, where the 7th quantile ¢, of the distribution of |e1] is positive
under Assumption £(ii), it satisfies hypothesis (ii) as well. In this case, if h(q;) # 1, also
(1 - h(g:))"1(0, ¢r) is a near-fixed point of ¢(-,o(-)) and is op(dy')-close to vr.
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An eligible choice of ¢ which remains random in the limit is

_ 211/2 211/2 1/2
oAy —uy—1)7} with o (0) = {2_(Ay)7} w 1Sy (5.19)
maxi—1,...7 | Ays — uy—1] maxi=1,..T [Ay|  supp,y[AS]

o(u) =

as T' — oo, under Assumptions £,) (here, for any v € (0,1], AS (u) := S (u) — S (u—) and
AS (0) = 0). The verification of hypothesis (i) is straightforward.!?

The condition limsupy h(o(0)) < 1 a.s. is trivially satisfied when f is unimodal, and in
particular, when ¢; are a-stable.

REMARK 5.2. The last convergence in Theorem 7 implies that Remark 4.1 applies to the
iterated estimator ¢ . Asymptotic Gaussian inference under the UR null holds as in Re-

mark 4.2, with 6 replaced by a(g%(N)) or O'(Q%(w(T))) in (4.14) and (4.15), assuming additionally
that Tw2 — 0o as T — oo and the density function of £; is uniformly continuous on R (cf.
Theorem 2.8 of Pagan and Ullah, 1999). Asymptotically non-trivial power against the local
alternatives ¢ = —cd;' (c # 0) is obtained like in Remark 4.3. However, in order to write an
analogue of (4.17), we need o (0) to have a limit as ' — oco. Namely, if together with the hy-
potheses of Theorem 7 it holds that (a;lyLT.J ,0(0),¢, hg) > (5,0,{v (0)}/2 /pe(0), b (©))
with (S, ©) independent of the Brownian motion B from Proposition 1, then

AoA 1—h /2 o ((T)) w 1—he)p
0 = T () o 8 Lt [ v o),

a hybrid version of (3.10) and (4.17). All the choices of o suggested above satisfy the extra

assumption, with © = ¢, for the empirical quantile functions and © = (sup[(m] |AS ])_1[5]1/ 2
for o in (5.19). O

6 Extension to higher-order autoregressions

The goal of this section is to show that the preceding results are not specific to first-order
autoregressions but can be extended to higher-order processes. Specifically, instead of As-
sumption ), consider the following one.

Assumption Y(k). The process {y;}i_, satisfies Ay; = dyp—1+ 0 Ayr1+e (t=1,..,T),
where Ay—1 = (Ay—1, ..., Ayi_x), ¢ = —d}lc with ¢ € R, 0 := (01,...,0) € R¥ is
such that 1 — Zle 0;2" # 0 on the closed unit complex disk, and yo and Ay are fized.

We discuss two solutions of the problem of inference on ¢ under Assumptions £ and Y(k).
First, we show that a dummy-based estimator of ¢ with asymptotics as in Theorem 7 can be
obtained by using a preliminary estimator of 0 and iteration over the estimators of ¢ and 6
alone. Second, we discuss how iteration over the estimators of all ¢, 0 and 6 can be analysed.

Let an estimator d of @ be available. It can be used to ‘de-lag’ Ay, (i.e., to replace Ay,
by Ag: = Ay — 4 Ay;—1) and then apply the estimation methods of sections 3 and 5 to Ay,

'"Notice that for this choice of o, if Ee? < oo, then o (u) RS uniformly on compacts |u| < T~'C. Hence,
a large estimated o could indicate a failure of Assumption £, with consequent inapplicability of our theory.
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and y;—1 instead of Ay, and y;—1. Accordingly, instead of (4.12), this requires us to consider
its modification

2 Y1 AU A —uy, 1 |<6}
® (u,0) = 5 .
2 Y1 l{ Agi—uyi_11<0}
We prove in the Appendix, Section A.5, that Theorem 7 remains valid for ®(-,0()) in
place of ¢(-, 0 (-)) if d — 0 = Op(by') for a real sequence by such that T71/2bp — oo and
TY 4a;1bT — 00. Specifically, the near-fixed point and its asymptotics are as in the first-order
autoregressive case, except for a standard long-run impact coefficient which now appears in
the limits. As to the choice of d, it could be the OLS estimator from a regression of Ay,
on Ay;_1 and a constant (then d has the required consistency rate for all @ under the unit
root null, and for @ > 2/3 also under local alternatives), or from a regression of Ay, on y;_1,
Ay;_1 and a constant (then the consistency rate of d is sufficiently fast for @ > 4/5, under
the null and under local alternatives); in both cases, for a > 1 the constant can be dispensed
with. This follows from the asymptotics for correlations in Davis and Resnick (1985).

In spite of the formal and computational similarity with the AR(1) case, the study of
®(-,0(-)) requires the development of some mathematics under new conditions. Results
in the previous section were based on the properties of weighted empirical processes con-
structed from residuals whose distance from the true innovations is infinitesimal uniformly
in ¢, in probability. This is analogous to the setup of Koul and Ossiander (1994). Here, how-
ever, under our hypotheses on o — 0, it need not hold that max;—1 7 |Ay;—1] = o(br), so
maxy—1,..7 |AyYs — uy;—1 — €¢| need not be op (1) even if the true value u = —d;lc is inserted

(6.20)

(in fact, it is not op(1) if & is the OLS estimator). Thus, we extend the empirical processes
results to cover this situation too. Formulations are in the Appendix (Propositions A.1 and
A.2), and proofs in the supplement Cavaliere and Georgiev (2012).

We finally turn to the possibility of iterating over the estimator of J, besides those of
¢ and 6. In particular, iteration of the OLS estimator of 0 from the dummy-augmented
regression would require to redefine ® as (using partial regression format):

P (u S 9) = Zytil(Ayt _ x(u, 55 H)IAYt*I)H{|Ayt—uyt71—s’Ay1s71|§0}
) Sy Y1 (ye—1 — w(u, s, e)lAyt_l)H{‘Aytfuyt—lfslAyt_l‘S@} )

where z and w are the estimators from the dummy-augmented regressions of, respectively,
Ay, and y;—q1, on Ay,_1; that is, z(u,s,0) = SEIASAO and w(u,s,0) = S;lASAl, with
San = YAy 1AY, 1 Ay—uyi 1 —s'Ayi_1|<0}> Sn0 = DAY 1Y Ay —uy, 1 —s' Ayi_1| <6}
and Sa1 = > Ayi-1Yt-11{|aAy,—uy,_1—s'Ay,_|<6}- Given initial estimators @(0)73(0))’ the
iteration could be formalized as

~ (2 ~ (7 NG ~(i+1 ~(2 A ~ (i
5 = (07,00, 0" = a3, 00,50+,

I R R L AR CR

For the iterates <Aﬁ(z+1) to have the same asymptotics as with ‘de-lagging’ (3 independent of
i), we need to bound AUt for all i to a neighbourhood of 0 shrinking at the rate of b;l,
with by as before. As can be seen from the expression for ®, this can be achieved relying
on results for two kinds of weighted empirical processes: (i) results uniform over (u,s,#)
for processes with weights 11 and y? ; (these are provided in Proposition A.2); (ii) for
the discussion of z and w, results for processes with weights depending on {Ay;_1}. Such
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processes differ substantially from the class we study as their weights are not uniformly
asymptotically negligible (maxj<i<7 [|Ay;—1]| and Y Ay;_; are of the same magnitude order
under IV), contrary to one of the main hypotheses in Propositions A.1 and A.2. Thus, we do
not undertake the generalization here.

7 Simulation evidence

The asymptotic results in the previous sections show that the large-sample properties of the
iterated dummy-variable estimator have two main determinants: the convergence rate of the

preliminary estimator g?>(0) and the threshold # beyond which observations are dummied out,
the influence of 6 being summarized by the function hy (see Remarks 2.5 and 3.2). Our first
goal in this section is to illustrate the importance of these two determinants numerically. The
second goal is to investigate the finite-sample precision of the Gaussian approximation to the
null distribution of the studied test statistics, as well as the finite-sample relevance of the
theoretically predicted asymptotic power gains.

We generate data according to the autoregression (1.1), initialized at yo = 0. Four
distributions for the innovations e; are considered. In the first three cases, ¢; are drawn
from a symmetric stable distribution with tail index «, for & = 1/2, 1 (Cauchy distribution)
and 3/2. In all the three cases, the condition hy < 1 holds for all # > 0. The fourth case
is a bimodal distribution. This distribution is in the domain of attraction of the Cauchy
distribution (v = 1) but for some 6 > 0 it violates the condition hy < 1; specifically, for
6 € (0,1] it holds that hy = 3 .1

The autoregressive parameter ¢ is set either to 0 (y; has a unit root) or to —7/dr (lo-
cal alternative), where dp = T2t/ is determined according to the distribution of the
innovations.

For the size analysis, samples of size T' = 100 and 500 are considered. For the local power
analysis, we also report results for 7' = 10,000 and, in addition, we report asymptotic power
(T = o0) based on a simulation of the limiting distributions in (3.10) and (4.17), with S
discretised over a grid of 500, 000 points.

We consider several (left-sided) dummy-based tests for the UR null hypothesis ¢ = 0, all
of them run at the 5% nominal asymptotic significance level. First, we consider tests based
on a fixed threshold 6. Specifically, we consider the benchmark statistics based on g~b6,(0) of
section 3, denoted by &1(0,60) in the following. Moreover, we consider the statistics based

on the iterated estimator of section 4, initialized at qAﬁ(O) = 0 and at the OLS estimator of
¢. These statistics are denoted by §(TN) (0,0) and &Epﬁ)({bo Ls,0), respectively. The iteration
initialized at zero is halted at the smallest iterate IV such that the difference between the Nth
and the (N — 1)th iterate of the test statistics is smaller than 10~%; under the conditions of
Theorem 4(a), such an N exists with probability tending to one.!? The iteration initialized
at the OLS estimator is halted at the |/T|th iterate, in agreement with Theorem 4(b). We

Tts density f is given, for every z € R and with f denoting the standard Cauchy density, as

5 3

f(2) ) {f @+ 1) o1y (@) + [ (0) 2T 10 (@) + (2 — D) 100) ()} -

T 3+2f

12Tn fact, for T = 500 our convergence criterion failed to be satisfied in at most 2 out of 50, 000 replications.
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set = F~1(0.875) in what follows, corresponding to the 75th percentile of the distribution
of |e1| (apart from the case a = 1, the values of 6 and the associated pg (0) and V (0) were
found by simulation in advance). Results are reported for normalization with the statistics
& ; from Remarks 3.5 and 4.2 (results for &2 are similar and omitted for brevity), using a
Gaussian kernel and the bandwidth wyp = T9/40,

Second, we consider the tests of section 5, where also the threshold is determined iter-

57 = 3™ (0) and

atively. We work with three different initial estimators of ¢: &)(0) =0, ¢
<}5(0) = a)éﬁ)(éo rs)- The function o from (5.19) is employed, and the convergence criterion is

as for §(TN) (0,0), following Theorem 7. As for the tests with a fixed threshold, normalization
by 8 1 is employed.

Third, we also present some results for the well-known Dickey-Fuller UR test based on the
t-statistics. The asymptotic critical value employed is the 5th percentile of the Dickey-Fuller
distribution. Although under infinite-variance innovations this critical value is not justified,
it can be used to provide a clear illustration of the fact that, asymptotically, the Dickey-Fuller
test cannot distinguish between the null and the postulated local alternative.

TABLE 1 ABOUT HERE

Let us discuss the cases @ = 3/2 and a = 1 (Cauchy distribution) first. According to
Theorems 4 and 7, all the dummy-based test statistics should be asymptotically N (0,1)
distributed under the UR null hypothesis. The Monte Carlo results support this result.
Specifically, tests performed using a fixed threshold are seen to be only slightly oversized,
with the distortions decreasing slowly as T' grows. Size distortions of similar magnitude are
observed, now in both directions, for tests with iteration over the threshold.

Local power for the dummy-based tests is high, though convergence to the asymptotic
power is slow. Nevertheless, even for small T the superiority of dummy-based tests over
the standard OLS t¢-based UR test is obvious, with the local power of the latter decreasing
towards its size as T grows. We have also simulated power against ¢ = —7/T (not reported),
where the asymptotic power of the OLS t-based UR test is non-trivial but bounded away
from one, and dummy-based tests are again superior, as their power approaches one.

Results for the case a = 1/2 clearly show that the choice of a preliminary estimator is

indeed crucial, and suggest that the conditions on <}5(0) in Theorems 4 and 7 are not only
sufficient, but also necessary. For o = 1/2 the OLS preliminary estimator (which converges
at the 7! rate) does not have the convergence rate required by Theorem 4 and Proposition 5
(i.e., no slower than 7'~2) for the iteration with a fixed threshold. The consequences are (i) the

severe size distortions of the f(T\/T)(cfﬁo s, 0) test, indicating that a Gaussian approximation
to its null distribution is inappropriate, and (ii) similar distortions of the corresponding full-

. . TS ~(VT) 4 . . .
estimation test, indicating that éf)(gbo 1g) 18 not dp-consistent as required by Theorem

7(v).
For the stable distributions with a = 1/2,1 (Cauchy) and 3/2 considered so far, the condi-
tion hg < 1is satisfied in the experiments with fixed 6, and hy evaluated at (suppo,1] |AS])! [8]1/2

is (almost surely) smaller than 1 in the experiments with iterated . While the former fact
holds also for the bimodal density, the latter one does not, implying a violation of hypothesis
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(iv) in Theorem 7. This allows us to see the importance of the threshold and the related
quantity hy by examining the results in Table 1 for the bimodal distribution. Contrary to the
tests with fixed 6, which follow the pattern observed for « = 3/2 and 1, for all tests where
the threshold is determined iteratively rejection frequencies under the alternative are very
close to those under the null, indicating an inability of the latter tests to distinguish between
the examined hypotheses.

8 Concluding remarks

In this paper we considered estimation and testing in autoregressive models characterized
by infinite-variance innovations and a unit or near-to-unit AR root. We analysed the large-
sample properties of robust estimators (one-step and iterated), obtained by following the
much used practice of dummying out ‘large’ residuals, i.e. exceeding some (given or estimated)
threshold. Our results provide a statistical justification for this approach: specifically, we
proved that it guarantees (i) a convergence rate faster than the 7' rate of standard OLS
estimators of the (near) unit root, (ii) asymptotically Gaussian UR test statistics under the
UR (null) hypothesis and (iii) massive local power improvements, together with (iv) easy
computability.

Our asymptotic and finite sample results show that the choice of an initial estimator
for the iteration plays a key role. Specifically, a fast consistency rate of the dummy-based
estimator is achieved only for initial estimators sufficiently close to the true value of the
autoregressive parameters. This conclusion is likely to extend to the iterative computation
of the generic M-estimator defined by (1.4), when it is not simultaneously a minimizer in
(1.3). We provide sufficient conditions on the consistency rate of the initial estimator, easy
to satisfy, given that it is chosen at the discretion of the econometrician. In the empirically
most relevant case of a > 1, a corollary of our results is that the OLS initial estimator works
if the threshold is fixed (at least in a first round of iterations), thus supporting the practice
of dummying out large OLS residuals.

The focus in the paper was on iterative estimation of the AR parameter ¢, resulting in
efficiency gains and associated local power gains of UR tests. A further, related issue is to
assess whether iterative estimation of the threshold enhances, diminishes or does not affect
these gains. Unreported simulations (available in Section S3 of the supplement, Cavaliere
and Georgiev, 2012) show that for av > 1 iterations of the threshold seem to make little
practical difference. Moreover, among the two thresholds we consider, a self-normalized
residual standard deviation and a residual quantile, the quantile appears to have a slight
advantage in terms of both size and power.

Although we have not discussed the case of deterministic terms in the autoregressive
equation, the theory of the Appendix suffices to work out an extension along the lines of
section 6. The effect of deterministic components could be removed by ‘demeaning’ and/or
‘detrending’, given a preliminary estimator of the associated parameters that makes the
contribution of the deterministics to the detrended Ay; asymptotically negligible, uniformly
in t. Under infinite innovation variance, this estimator may need to be a robust one.

Two extensions, both related to the presence of stationary regressors, are left to further re-
search. One concerns the properties of dummy-variable iteration for stationary AR processes,
and the other one, iteration over the estimator of the short-run parameters in autoregressions
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with a (near) unit root. In the stationary case, the literature has only studied M-estimators
of the type 1.3; see Davis, Knight and Liu (1992). The analysis of Huber’s skip-estimator
would require the consideration of empirical processes with weights which are not uniformly
asymptotically infinitesimal, calling for a novel treatment.

A Appendix

Uniform asymptotic approximations of the map ¢ are our main tools in the Appendix. A
joint approximation in (u, #) follows via the approach of Koul and Ossiander (1994) and Koul
(2002). However, it requires that u be restricted to a compact around zero which shrinks
at two fast a rate, not permitting the study of dummy-variable iteration initialized at an
estimator whose consistency rate is slower than 7%2a7. As improving on the rate of the
initial estimator is the rationale of dummy-variable iteration, we derive also an alternative
approximation which allows for slower shrinkage rates, the price being that it is univariate,
with € hold fixed.

In order to cover also the local alternatives ¢ = —c/T (¢ # 0), we derive some results
under the following generalization of Assumption ).

Assumption )’. The process {y;}1_; satisfies Ay; = —cd}lyt_1+€t (t=1,...,T), where dyr =
TH(TY2ar)' =" with x € [0,1] such that az/dy — 0 as T — oo, and ¥ is fixed.

For k = 0 this is Assumption ), whereas for £ > 0 and ¢ # 0 moderate deviations from
UR are obtained; see Remark 2.4. For k = 1 (and a € (1,2) to ensure ar/dr — 0) these are
the alternatives ¢ = —¢/T (¢ # 0). In the Appendix the meaning of dr is as in Assumption
V'; in the special case k = 0 we write explicitly 7%/2ar instead of dp. Under Assumptions £
and ), a;lyLT.J % 8% in DI0, 1], where S} = f(') e=(=9)dS(s) and S = S for k € [0,1).

A.1 The benchmark estimator with estimated scale

We need first a result on weighted empirical processes. Let 6?_ =g V0and g, 1= (—¢&) VO,
with V denoting binary maximum, and similarly for other r.v.’s. Let Fpry (T' € N;1 < ¢ <
T) be the o-algebra generated by {y1,...,4:} (yo, and Ayg of section 6, are assumed fixed
constants). Consider an array {n;, &7, e, Y14 ey Of 1.v.7s such that 0, € {1,e4, 6,6, } (the
same choice for all ¢,T), and ({74, Yy, Y1y) 1S Fi—1-measurable and a.s. finite for all ¢,7.
Define m (0, z) := E(n11f|c,—z<0})

Ur(0) =T~ /? Z Y1t [ntﬂ{|€t—§Tt—¢Tt|§6} —m(0,Ery + Vpy)]

Ur(0) =T 2> vy (0o <oy — m(6,0)] .
Proposition A.1 In addition to Assumptions £, and Y' or Y(k), let the following hold:
7! Zv%t Ly <o as.,

T2 (el + 930 (el + 34) = Op(1),

—1/2 _
fgtag%{’fn’ +T [Yrel (1 + [Yre])} = op(1).
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Then the processes {Ur} and {UL} are tight in the uniform metric of C[0, A] for all A > 0,

and
sup |Ur(0) — Uz(0)] = op(1).
0€[0,A4]

PRrOOF. The proof mimics that of Theorem 1.1 in Koul and Ossiander (1994), and is given
in the supplement Cavaliere and Georgiev (2012) [hereafter CG12]. B

Let next Wy () := pg(0){cd;' + $(0,0)} for & > 0 and let it be written as Ur () =
{\I/TJ (9) + \IJT72 (9)}\1’7“,3 (0), where

U (0) = (Z yt2—1> Z Yi—1€tlfje, <0}
U (0) := (Z yt2—1> Z yt*lgt(H{\st—d;lcyt,ﬂge} — Leui<oy),

U3 (0) :=pa( (Z Yi1lye,—a cyt_l\ga})_l (Z yf_l) 1/2.

We establish some asymptotic properties of Ur; as processes in 6.

—-1/2

—-1/2

Lemma A.1 Under Assumptions £, Y’, as T — oo it holds that:
a. Up1 = B(V) in D[O 00), where B is a standard Brownian motion independent of S¥.
b. dpap ' T=YV2Wrs 2 2¢ () F{[(S5)21/2 in D0, 00), where (-) is the identity function

of [0,00).
c. TY2apWUps % {[(S%)2}~1/2 in Da,00) for all a > 0.

PRrOOF. We start the proof of part (a) by noting that W ; is tight in D[0, A] for every A > 0.
This follows from Proposition A.1 with vy, = a;lyt,l, 1 = €t, 1y, Yre = 0, and from the
weak convergence of T+ Y42, = T71 3" (ap y—1)? to [(S5)? € (0,00) as.

Next we turn to convergence of the finite-dimensional distributions, and for notational
ease we discuss the bivariate ones, the generalization being straightforward. For given 61 < 6,
etlf|e,1<0,y and ellfp, <|c,|<p,) are uncorrelated under the assumption that the distribution of
gt is symmetric. Thus, using also the continuity of the distribution of {e;}, from Donsker’s
invariance principle it is seen that

|T(-
I I
B B _T—1/2 {|€t|<01} {91<|5t|S02} > w B B
B Bra): th({vwl)}lﬂ’{vw vieyy) (BB

where B; and Bs are independent standard Brownian motions. Furthermore, By and By are
independent of the weak limit S of a;lyLT(.) | (Resnick and Greenwood, 1979). Therefore,

(VO Y2 Bra AV (02) = V(00 Y 2 Bra,az'yirey ) = (V00 }/2B1 AV (02) = V (01)}/2 B2, 57

on D3 [0, 00). From the Continuous Mapping Theorem [CMT] and Lemma 1 of Knight (1989)
it follows that

(Wr,1(61), Ur,1(02) — W1 (61)) = ({}/(ém }1/2/S”dBlv{W}l/2/5”de)

L (B(V (61)),B(V (62)) — B(V (61)))
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with B independent of S¥, the distributional equality by the independence of By, By and S,
and by the independence of the increments of a Brownian motion. Hence, (¥ 1(61), Ur1(62))
(B(V (81)), B(V (62))).

For part (b), from Proposition A.1 with vy, = a;lyt_l, N = €t, Erp = cd;lyt_l and
Y, = 0 we have, for any fixed ¢ and A > 0,

ar' TN yae [H{\st—d;lcyt,ﬂfﬁ} - H{\st\SG}}
= a;lel/Q Zyt_l [m(@, d;lcyt_l) —m (6, 0)] +op(1)
= (d;laTTl/Q)Qcﬁf (0)a;*T! Z y2 o+ 0p(d;1aTT1/2)

uniformly over 6 € [0, A], the last equality by the Mean Value Theorem [MVT] and the
uniform continuity of the partial derivative m4(0,-) = (- +0)f(-+0) — (- —0)f(- — ) on
compacts. As a;?T~1 Y y2 | % [(S%)? > 0 a.s., we obtain part (b).

Let next Ta7.Wr4(0) := Zygfl(]l{‘gt—d;lcyt_ﬂga} —py(0)) = Zytzfl(]lﬂgﬁd;lcyt_ﬂga} -
po(drtcyi—1))+> y? 1 (po(dy' cyr—1)—pe (0)). The first of the latter summations is O p(T1/2a2.)
uniformly over 6 € [0, A] for any A > 0, by Proposition A.1 with vy = a;ng_l, N =
1, épy = cdp'yi—1, Yy = 0 and v = [(S¥)*. The second summation is bounded by
A7 2lc||| flloo 3 |2 1] = Op(d7 a3 T) = op(a2T) by the MVT and the CMT (with | f|lso =
supg | f| < oo under Assumption £(ii)), so supgep a) Y4 (0)] = op(1). As further ¢r :=
ap' T Y2(y2 Y2 5 {[(S5)?}/2 > 0 as., and for any A > a it holds that p, (0) > 0
by Assumption £(ii), it follows that p, (0) s% — supgeo,4] |¥r,4 (0)] > 0 with probability ap-
proaching one. With the same probability

—1
_ Sy W4 ()
sup ’T1/2GT‘I’T,3 0)—¢ 1‘ = sup ’
0c[a,A] T oca,A] |Po (0) & — U4 (0)]

7 suppeio a1 ¥4 (6)]
Pa (0) 7 — supgeqo, a1 P74 (0))

= op(1),

using the fact that pg (0) is increasing in 6. Therefore, T'/2ar Uz 3 % { [(S£)2}71/2 in D|a, A],
and by the arbitrariness of A, in D [a,00). B

PROOF OF PROPOSITION 1. The proof is given under Assumptions £ and )’. Lemma A.1
implies, in view of the continuity of p(.)(0) and h(.), that in D [a, o), for any a > 0,

17 Ur() w BV ()
dr{cd:t + ¢(0,)} = dr 2 chey + Ity Al
{edry (0,-)} p(,)(O) Q) p(.)(O)(f 52)1/2 {k=0} (A1)
Let now (a;lyLT,J ,0) % (5%,0) hold in D[0, 00) xR. From the CMT and the independence

w

of (S%,0) and B, (¥r,1,a7yr.0,0 Va) > (B(V),S5,6,0 Va) in D2[0,00) x Rx [a,c0)
for any a > 0. Using (A.1) and the continuity of V', B, p()(0) and h(.), we can conclude that

dT{Cd;l ’ qg(o,é vl - hovat p@éi‘(/(;()?f\;g;iﬂ H{F»:O} (as T — o0)
a.s. B(V(©
— chg + 1)@)(()§(f(53;1/2]1{”:0} (asa ] 0) (A.2)
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because © > 0 a.s. At the same time, for any a > 0 there is a b € [1,2] such that the
distribution function of © is continuous at ab, so for every € > 0,

P (dﬂ{b(o,@) — 30,0V a)| > e) < P <a)< P <ab)— PO <ab) (as T — )
— PO<0)=0(asal0),

by hypothesis, so
hm limsup P (dT|¢(0 0) — $(0,0 V a)| > 6) =0.

a—0 750

Jointly with (A.2), this implies that

dT{Cd:Fl +6(0,0)} > che + pe(B;gE/(S) 72 [{x—0y (as T — o0) (A.3)
{(v(e)3'? B

d
= che + po(0) ([ S2)1/2 Li=oy>

the convergence according to Billingsley (1968, Th. 4.2), and the equality in distribution by
the independence of B and (S,0). Hence, for k = 0, the proposition. B

Notice that from the preceding display with dp = T (i.e., Kk = 1) and « € (1,2), the
consistency statement of Remark 3.3 regarding the local alternatives ¢ = —c¢/T follows.

A.2 Univariate approximations of &59

Let in this section &7, (u) := (u + dy'¢)y;—1. Introduce

(u) = H{m}l [ v fmo(€ru() — mo(Er:(0))) —uhezyf_lpe)(&ﬂ(u» ,

ro(u) =3 w1 [Eelfje gy, ()] <0} — me(th( =Yy 1ma(Ery(u)),
T5 Z i1 [Lfje—ep (wy)<0y — Po(Eqy(w) Z Yi_1P0 (& (u
suppressing the dependence on # which is fixed. Then
0o (u) = —dpte+ {dr'c+ 6(0,0) )y (u) + &5 (u) + b3 (u), (A4)
with
¢1 (u) = 1— {rs(u) +rs(u)} " {rs(u) — r5(0) + r3(u) — r3(0)},
g (u) = uhg[l + {r3(u) +r5(u)}~'ri(w)],
3 (u) = {ra(u) +r5(u)} " {ra(w) — r2(0) — uhgrs(u)},
and also

g (1) = —dr'c+ Qro(u) + ¢y, (A.5)
with Qrg(u) := ra(u)/r3(u) and
ro (u) B r4(u) r5(u)
ra(u) +r5(u)  r3(u) r3(u) +rs(u)’

To prove Proposition 2, we use the identities (A.4) and (A.5), respectively for parts (a) and
(b). The stochastic magnitude orders of 7; (u) are studied first.

by (u) ==
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Lemma A.2 Let {br} be a positive real sequence. Under Assumptions € and Y’ it holds
that:

a. supjy<a |r1(bru)| = op(Ta2) and supjy<a [r3(bru) — r3(0)] = op(Ta2) if arbr =

b. supp,<alrs(bru)| = OP(T3/4CL21/2b;/2) if arby = O(1) and TY?arby — oo, whereas
Sup|y|<a |rs(bru)| = Op(T"2a2.) if TY?arby = O(1).
c. Suppy|<a |r2(bru) —ra(0)] = 0p(T3/4a3:}/2b¥2) if arbr = O(1).

PRrROOF. First, from the MVT,

r1(u) = Loy D yi-1{mp(Ers(weu)) — hopo(Eri(u))}

for some wy € [0, 1]. Hence,

sup [ri(bru)] < sup max [mp(Eqy (win)) — hopo (g (w)] Y yis- (A.6)
lu|<A lul<bpA t<T
For a given ¢ € (0,1), let M, be such that P(max;<r|ap'y—1] < M) > 1 — e (M, ex-
ists since max;<7 |a; yi—1] — maxi 1) |Sr]). Let kr = br Vv d;'. For outcomes such that
max<r |a;1yt,1| < M., it holds that
Sup 1ax |m/9(§Tt(wtu)) - hepe(th(U))‘
lu|<bpA ST
< sup (|l (u) — miy 0)] + i [po(u) — pp(0)]) — 0 as T — o,
u|<arks (A+|c]) Me

the inequality since mj, (0) = hgpg(0) and the convergence since (i) mj, and pg are continuous
at 0 under Assumption £(ii) and (ii) arkr = o(1). By the arbitrariness of € and using (A.6),
where Y92 | = Op(Ta%), the first relation in part (a) is obtained.

For the second relation in (a), again by the MVT,

[r3(w) = r3(0)] < ul Y lyiapp(Ere(zeu)] < 2 [ul | fllo D Iyl

for some 2z € [0,1]. Since T raz® 3" |y2 1| = []S%]3, the asserted relation follows.
To prove part (b), for M > 0 define

raf () = yf_ﬂﬂa;yt,ﬂgm Lfjer—es (w) <0y — Po(Epe(w))] -

Then, for any M, K > 0,

P( sup |r5(bpu)| > K> < P( sup |rif (bpu)| > K) +P(max|a;1yt| > M)
u|<A lul<A t<T

As maxy<r lagpye = max|q 1] |S¢| < 0o a.s., M can be chosen such that P(max;<r laztye| >
M) be as small as desired. So the sought relations for r5 will follow once we show that they
hold for . To this aim we check, in the supplement CG12, first, that for ¢z := T3/4(a5TbT)1/2
and for every fixed u,

E{ry! (bru) — r5"(0)}? < T72GM6 ||f || ul < oo
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so e {rM (bru) —rd(0)} = op(1). Second, we check that ' {r} (b (-)) —r(0)} is tight by
applying a criterion in D [—A, A]. This is not directly possible, given that the sample paths
of ré\/[ are not cadlag due to the terms Iy, _(.yy,_,|<g}, Which are not cadlag. If we substitute
them by

Yt—1

Hee—(ype-al<0y = L—o<e—(pye1<0}liyi-1>0}
F Lo<ei—(Om-1<orliye1<0p + Ijeri<or Iy -1=0}>
a cadlag modified process, say Fé\/l , will be obtained. The set of points at which the sample
paths of 73 and 7 differ is {(6 —&¢)/yr—1: -1 > 05t = 1,.., T}U{—=(0 + &) /yt—1 : Y1 <
0;t = 1,...,T}. Since the distribution of ¢; is absolutely continuous, a.s. at each of these
points only one indicator is affected, so a.s.

sup |5’ (br()) — 73" (br(-))| < maxy? = Op(a?) = op(cr). (A7)
lul<A =T

It is enough, therefore, to establish the tightness of ¢ {7} (br(-)) — #(0)} in D[—A, A].

We show in the supplement CG12 that for a fixed M and ugy > uy, > u; > 0,

E ({75" (bruz) — 78" (brum) {7 (brum) — 73 (brur)}?) (A.8)
< (T3040 [16 | f] 0 (26) 1 + 911 FIZ] (o — wr)?

Since additionally, for fixed u, e {# (bru) — #1(0)} = e {rM (bru) — r}(0)} + op(1) =
op(1) by (A.7) and the earlier argument, from (A.8) and Theorem 15.6 of Billingsley (1968) it
follows that c;* SUP|y|<A [#M (bru)—741(0)| = op(1). This and (A.7) yield ¢! sup|u‘§A{ré\4(bT(-))—
r#1(0)} = op(1). The proof is completed by noting that T~/2a;'r} (0) = Op(1) since it
equals T~1/2q¢ Zytz—l]l{\aglyt,ﬂgM} [Lfjc, <61 — Po(0)] 4+ op(1) (by Proposition A.1), where

the normalized summation converges weakly to an a.s. finite random variable (see Lemma 1

of Knight, 1989).

For part (c), we first derive an inequality analogous to (A.8). Introducing

Téw(u) = Zyt*lﬂ{m;lyt,l\SM} [5t]1{\€t—§Tt(U)|§9} - m@(th(u))] )

it follows by an argument like for the process fé‘/f that for some L > 0
E ({r3! (bruz) — r3" (brum) {rd! (brum) — 3! (brun)}?) < (T°af07) L(uz — w)*.

By Theorem 15.6 of Billingsley (1968), T—3/4(a3.by)~/2{r} (br(-)) — r}(0)} is tight in
D [—A, A] for every fixed M (more precisely, the process can be modified like ré\/l earlier so
that a tight cadlag sequence is obtained). Since T73/4(a3.bp)~V2{r}! (byu) —r31(0)} = op(1)
for every fixed u (as E{r}! (bru) —r31(0)} = 0 and E{r}! (bru) —r31(0)}? < Tadbr M2C|u| for
some C' > 0, see the supplement CG12), by tightness the convergence is uniform on [—A, A],
as asserted in part (c). W

PROOF OF PROPOSITION 2. For part (a) we employ equality (A.4). Using the proof of
Lemma A.1(c) and Lemma A.2(a,b), we find that

ra(w) +75(u) = po(0) Y i1+ Ura+{rs(u) —r5(0)} + {rs(u) — r3(0)}
= po(0)> i1 +op(Taf)
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uniformly over |bru| < A. Thus, T~ *a;*{rs(u) + r5(u)} is uniformly bounded away from
zero, since T~ 'ay? 3" y? | is such and pg(0) > 0. Together with Lemma A.2(b,c) this implies
that

b1 =1+ 0p(1), by = ulhy + 0p(1)), &3 = op(T/*az"7/?)

uniformly over [bru| < A. Plugging these into (A.4) and using dy'c + $(0,0) = Op(dy'), see
(A.3), proves part (a).

For part (b), consider eq. (A.5). The CMT yields that T~ a;*r3(a;'(-) = [ S%pe ((+)S)
and T~ tar ra(az (1) = [ Sme ((-)S) jointly on D [—A, Al, from where the convergence of
aTQTﬂ(aTl( ) follows It also follows that inf), <4 ’rg(a;luﬂ o T'a? in probability (so, by
Lemma A.2(b), inf|, <4 ‘rg(a}lu) — r5(a;1u){ o Ta? in probability) and SUP|y|<A Ira(aztu)| =
Op(Tar). Jointly with Lemma A.2(b) and the weak convergence of T~/2a,'r5(0) these give

[72(0)] + sup |ra (u) — r2(0)| | sup [ra(u)] sup ra(u)| sup [rs(u)|
inf |rs(u) — r5(u)| inf |rg(uw)| inf|rs(u) — r5(u)]

— 01:)({177]./40”1—_'1)7

sup |¢q(u)| <

with sup and inf taken over |u| < a;'A.
Further, define

Xo (1) := {upp(u)} ™ mp(u) for u € R\ {0} and xy(0) = hy = lim xo(u).

If the density f is strictly increasing (resp. decreasing) on (—o0,0) (resp. (0,00)), then
Ixg(u)| < 1 for every u € R. Indeed, for u > 0 it holds that

u+6
me(u)—upe(u)Z/ (2 — w{f (2) - fQu—2)}de <0

by the strict piece-wise monotonicity and symmetry of f, whereas for u < 0 the opposite
inequality holds (the case u = 0 was discussed in Remark 2.5). Using also the continuity of
Xg> We can conclude that H(U) = max), <y [xg(u)| < 1 for every U > 0 and H is continuous
on [0,00). Since

2 u (u
H{u#O}uilQT,G(u) = H{u;ﬁﬂ}Eyt_g;;ff;i(é?:?iﬁ; | ))7

where &7, (u) = (u + dp'¢)yi—1, we obtain that

‘slup Lguzoyu ' Qrolar )| < Hrg = H(Alggajzilﬁn(a%lum = H(A?OHEISEI) =: Hy,

the convergence using the CMT and the assumption dp = o(ar). The proof is completed by
observing that Hy <1 a.s. because supy |SE] < o0 a.s. B
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A.3 The iterated estimator with ﬁxed scale

PRrROOF OF THEOREM 4. For hy < 1 and bT gb = Op(1), it follows from Proposition 2(a), by

recursive substitution, that sup;cy ]nTng) | = Op(1), where ny' := min{b}l, T 2ap, |c|Ydr}
with 07! := co. Therefore, again from Proposition 2(a),

3 = 50,0+ 3" (hg + BY) + RY,

where sup;cy | R3 )\ = op(1) and sup;cy |Réi)| = op(67') with 87 := min{T"2ar, (T 2arb;')'/?,
lc|~*dr}. Solving for 30 gives (Ab(z) = éﬁgz) + g})g), where

3 = Hh9+R ) + 6(0,0)p ZR I o+ R
e

k=j+1

and p() := Z;Zl H?c:jﬂ(hg + ng)). For the terms in &Sgl) we find that

( ()Hh +R())—>Oasz—>oo) >P(Sup|Rl)|< 5(1— hg)) —

j=1 ieN

as T — oo, and for every n € (0,1 — hy),

P (EI lim p® e [(1—hog+mn)"" (1 —hyg— 77)_1]> >P (sup \Rgi)\ < 77) —1

1—00 €N
as T — o0o. So if we define p(®) := {3 lim; 00 p(i)} lim; o0 p() — (1 — hy)~L, it holds that
p{>) = op(1) as T — oo, and
7.0) — he)d (00) g ;
P ¢1 - (1 h@) ¢(070) +p ¢(0,9) ast—00) — 1
as T' — oo. From here

P (timsup; 16" = (1= ho)6(0,0)] < [616(0,0)| + supyexldy|) — 1.

As $(0,0) = Op(T~Y2a;' V |c|d7') and, in view of the magnitude orders of Rgi)and R;i),

SUp;en |¢E§)| = op(671), it follows that lim sup, |g}5(l) —(1—hg)16(0,0)| = op(67") as T — o0,
which implies the conclusions in part (a) about iterated limits (for x = 0) and, jointly with
(A.3), those of Remark 4.4 about consistency against traditional local alternatives (for k = 1).

Consider next limits along a path i = ¢(T") and define vy = |{¢(T)}*/?]. Note that
vp — 00 as T — oo. Similarly to the previous argument, by the hypothesis on ¢ (T") and

since sup;cy \Rgi)\ = op(1) it holds that

NONS! ; (0 i o
W’( )‘ H(he +R§)) < |<;5( )|(h9 +su£’Rg)’)uT = op(T™Y%azY)
Jj=1 i€

and p7) Lt (1 —hg)tasT — oo So gzblyT) = (1 — hg)~'$(0,0) + op(T~'2az) =

Op(T~Y2a;! V |c|ld!), and as ¢2 = 0p(5gp)) with 5(Tl) = 6,7, we find that g?)(VT) =
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@) p(égp1 )). We can treat &(QVT) as obtained by iteration with initial value {bﬁ”T) and with initial

(1)
T

magnitude order .’ instead of by. By the same argument as for (}(VT), we can conclude that

0 = (1= he)19(0.0) + 0p(T2a7"), 5" = 0p(6) and 677 = Op (o)), 6 =
max{T Y24, [(T~Y2a;:")3b7])' /4, |¢|d;'}. Further, by induction, @gy%) = (1—hg)~1(0,60)+
op(T~2a-) and 37 = 0p (8%, 6¢7) .= max{T~2a7Y, [(T-12a71)2 716277 ||,
For the br considered in part (b), (5EFVT) = O(T~'2a;' v |c|ld;!) and thus, &ﬁ(y%) = (1-
he)~19(0,0) + 0p(5§i’T)). Finally, iterating from éS(VQT) to g})(w(T)) (if 24 < (T)) maintains

(}(d)(T)) = (1 — he)"'9(0,0) + 0p((5§1fT)), from where part (b) and the consistency part of

Remark 4.4 are obtained. B

PrROOF OF PROPOSITION 5. The proof is similar to that of Theorem 4(b). In view of
Proposition 2(b) we can write

~(1Tv/2]) v/21 ~(0) 4 _ _ _ _ _
6 < B8V (1 - Hrg) Ndg el + op(T agt) = Op(TVaz v Jeld7 ),
v/
since H:% LIS 0 exponentially fast. Then the desired convergences follow by applying
Proposition 4(b) with by = (T~Y4a;) v (Je|d;t) and (T) = [TV | — [T¥/?] to the iteration
N v/2
started at ¢(LT J). |

PROOF OF PROPOSITION 6. The proof is, in a sense, reciprocal to that of Theorem 4, and is
relegated to the supplement CG12.1

A.4 The iterated estimator with iteration over the scale

Here and in the next section, let &py(u) := (u+ ap'T~2¢)y,—1 and Ypy(s) := s'Ay;_1 for
s € R¥ and Ay,_; := (Ay¢—1, ..., Ays_). For the proof of Theorem 7 we need a version of
Proposition A.1 with this {4 (u), 1¥p, (0) for arbitrary & and uniformity over (u, #), whereas for
section 6 we need &gy (u), Yy (s) with k as in Assumption Y(k) and uniformity over (u, s, 6).
Dimensions other than k£ could be considered if interest is in estimated autoregressions with
order possibly different from the true one. Let finally

Ur(u,5,0) := TV " vy [0,y u)—iopy ()] <07 — M0, Ey () + ()]
the rest of the notation being as in Proposition A.1.

Proposition A.2 Under Assumptions £, and ) or Y(k), and under the hypotheses that

=0p(1), T} 2, Sy < 8.
ax bz = O0p (1), T} 9% 57 < o0 as.,

it holds as T — oo that

sup  |Ur(u,s,0) —Ur(0,0,0)| = op(1) (A.9)
(u,8,0)EKT

with Kr = {(u,s,0) : |u| < ap'T~V2C, ||s| < b3'C,0 € [0, A]} for a real sequence by with
T-Y2bp — 00 and T1/4bT/aT — 00. Furthermore,

sup
(U,S,Q)GKT

>~ vr el vr01<0) — Lo i<0)] = 2085 O)e-1}| = op(T"?).
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PrROOF. The assertions follow from Proposition A.1 by adapting the compactness and
monotonicity arguments of Koul (2002) for his Theorem 7.2.1. In the supplement CG12
we discuss the necessary modifications. H

PrROOF OF THEOREM 7. From Proposition A.2 under Assumptions £ and Y it follows that

D o bi18 e l<oy = D Yi-18r Ljer—er, <0y + 26> F(0) > yit1 + op(T"?a7)
(A.10)

for i = 1,2, uniformly on K7p. Since, in view of the CMT, > v3 | = Op(Ta3.), and, from
the proof of Lemma A.1(c), ny_l]l{‘gt_gﬂ(oﬂgg} =py (0) Y92 1 + op(Ta?) uniformly over
0 € [0, A], where pg (0) T'a;?> Y y?2 ; is uniformly bounded away from zero in probability
over 6 € [a, A] (0 <a < A), we find that

712010 4 2V e wisor

u.0) = 2 Y1 L () <0}
- TV 2 ypl;tﬂ{m—sm(ons&} T 20“"0(01) 22y§_1 +op(T~2azt)
> 971 Ljer—er,(0)1<0y + Op(T/?a3)
_ T*1/2a;1c + (}(0’9) + uhg(1+op(1)) + 0p(T*1/2a;1)7
uniformly over 0 € [a, A], u € K7, (C) := [—T‘1/2a;10, T—1/2a;10].

By hypotheses (i) and (ii), o(u) = Op(1) and o(u)~t = Op(1) uniformly over K, (C)
for all C > 0. Thus, from the previous results,

d(u, o0 (u)) = ¢(0,0(u)) + uh(o(u)) + op(T~2azl)

uniformly on such compacts Still uniformly, o(u) = o(0)+op(1) by hypothesis (i), $(0, o (u))—
$(0,0(0)) = op(T~2az") by the tightness of #(0,-) in the uniform metric (see (A.1), where
the limiting process is contlnuous), and h(o(u)) = h(o(0)) + op(1) by uniform continuity of
h on compacts. Hence,

d(u, 0 (u) = ¢(0,0(0)) + uh(c(0)) + op(T~2azh) (A.11)

uniformly on compacts K7, (C).

By Proposition 1, vy = OP<T71/2CL;1), so (A.11) is valid for vy in place of u, and since
by the same proposition TV/2apvr is bounded away from zero in probability, vy is a non-zero
near-fixed point of ¢(-,0(-)). Numerical convergence of the iterates of ¢(-,o(+)) follows from
(A.11) as in the proof of Theorem 4. B

Finally, we show that the quantile functions (5.18) satisfy hypothesis (i) of Theorem 7.
Since o (0) — ¢r = op(1), it is enough to show that sup,cr,., () lo (u) — ¢-| = op(1). In
fact, in the sense of inclusion of events, {o(u) < a} C {Fr(u,a) > 7} and {o(u) > a} C
{Fr (u,a) < 7}, where Fr (u,a) := T3 I, ~uy,_1|<a}- Thus, for every ¢ > 0,

{lo(w) —qr| >e} < {Fr(u,qgr —¢)>7}N{Fr(u,qgr+e) <7}
C {FT(07QT_€>+’FT(%‘JT_E)_FT(O:(]T_E)‘ZT}
N{Fr(0,q +¢) — |Fr (u,q +¢) — Fr (0,¢; +¢)| <7}
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m{FT(O7QT+€>_ Sup ’FT<'U'7QT+€)_FT(O7QT+€)‘<T}'
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The two suprema on the right-hand side are op(1) by Proposition A.2, whereas Fr (0, ¢, F €) Lt
F(qr F¢) s 7 under Assumption £(ii), 50 sup,c g, (o) |0 (v) — ¢-| = op(1).

A.5 Higher-order autoregressions

Asymptotics for the iterates of ® defined in (6.20) follow as in the proof of Theorem 7.

We note first that under Assumption Y(k), y; has the decomposition y; = QZE:l g +
Zz;é qigt—i + Op(TY?) uniformly in t = 1,...,T, where Q = 1 — Zle 0; # 0 and {¢;}32,
decrease exponentially. It can be used to show that aEQiT_1 Sy, 5% [ 5% € (0,00)
a.s. (i = 1,2). Thus, by Proposition A.2 for v, = a;lyt,l and yp, = a}2yt2_1, a version
of (A.10) holds with Iyje, ¢, (u)|<0} replaced by Lijag, —uy;—1|<0} = Lijer—gryw)—wril<0}> ¥ =
(0 — 9)'Ayi—1. As in the proof of Theorem 7, this implies for ®(u,o(u)) = —cT~2a;' +
(Z yg—lﬂ{\Aﬁt*uyt_l|§0(u)})71 Z Z/t—l&ﬂ{mgt,uyt_l\ga(u)} the expansion

D (u,0(u)) = ¢(0,0(0)) + uh(c(0)) + op(T~2az") (A.12)

similar to (A.11) and uniform on 0 € [0, A], u € K7, (C). As further

‘(I) (uv U(u)) - é(“? U(U’))’ < (Z ytzleﬂAﬁt*uyt_ﬂSG})ilHé - 8” H Zyt—lAyt—lﬂﬂAZ:lt*Uyt—l|§9}H

< Op(Tazbpt) max Jazly 1| Y Ay

by the updated version of (A.10), and »_ ||Ayi—1]| = Op(max{T, arT*}) with £ > 0 arbitrar-
ily small by Markov’s inequality:

E(Y Ay )07 < 3 B Ay e = 0(T)
for T=Y/2br — oo and TV*by /ar — oo it holds that |® (u, o'(u))—®(u, o(u))| = op(T~2at).
Hence, also ® (u,o(u)) has expansion (A.12), from where the properties of its iterates follow
as in the proof of Theorem 4. B
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TABLE 1. EMPIRICAL SIZE AND POWER OF THE DUMMY-BASED TESTS

Estimation with fixed 6 Full estimation initialized at
T og(0,0) V0,0 YV orst) 0 30 87Ls)  tows
Empirical Size

a=3/2
100 6.1 5.2 6.4 5.4 6.2 6.6 3.9
500 6.0 5.2 5.8 5.4 5.7 5.8 3.9

a =1 (Cauchy)
100 5.4 5.2 6.8 3.8 4.6 5.4 2.9
500 5.3 5.1 5.8 4.1 4.4 4.7 2.9

a =1 (Bimodal)
100 5.6 5.3 7.8 23.1 26.1 27.0 2.9
500 5.3 4.7 5.7 34.0  35.8 36.0 2.9

a=1/2
100 5.3 5.4 28 .4 3.3 4.8 26.1 1.9
500 5.1 5.2 38.0 4.1 4.8 36.4 1.7

Empirical rejection frequencies for ¢ = —7/dp

a=3/2
100 49.8 44.2 49.9 37.6 43.9 46.1 15.4
500 55.1 51.6 54.8 479 51.2 51.7 11.1
10* 61.9 60.5 61.2 59.1 59.7 59.8 7.6
00 67.1 67.1 67.1 70.0 70.0 70.0

a =1 (Cauchy)
100 66.8 65.4 69.4 52.3 62.1 64.2 10.7
500 71.0 69.9 71.5 64.2 67.7 68.3 7.7
10* 72.9 72.6 72.9 70.4 70.9 70.9 5.2
00 74.2 74.2 74.2 74.8 74.8 74.8

a =1 (Bimodal)
100 39.6 38.9 43.9 11.5 25.4 27.1 11.2
500 45.2 43.7 45.5 23.2  33.8 34.8 8.0
10 479 47.1 47.5 35.4  43.1 43.2 5.5
00 48.9 48.9 48.9 n.a. n.a. n.a.

a=1/2
100 51.8 51.6 47.1 54.6 68.3 56.0 5.7
500 54.4 54.4 49.1 64.0 71.5 54.9 4.0
10* 57.6 57.0 52.0 1.7 73.9 53.2 3.0
00 63.0 63.0 n.a. 78.3 78.3 n.a.

Notes. Monte Carlo results based on 50,000 replications. Experiments where the conditions of
Theorem 4 or 7 are not satisfied are in italics.
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