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Abstract— The design of traveling-wave structures for high-
speed analog and digital circuits requires accurate modeling
to deal with arbitrary cross-sections, metallic regions with fi-
nite conductivity, and semiconductor layers. The presence of
such high-conductivity layers can strongly affect the microwave
propagation characteristics of quasi-TEM transmission lines;
in fact, free carrier screening of the electric field in regions
penetrated by the magnetic field can lead to slow-wave behaviour.
In the present paper, we present a numerical technique which
combines a charge transport model with the quasi-static solution
of Maxwell’s equations, thus allowing an accurate and self-
consistent evaluation of the quasi-TEM line parameters. The
proposed approach is applied to the analysis of a Si-Ge p-i-n
traveling-wave photodetector.

I. INTRODUCTION

The design of microwave, millimeter-wave and optoelec-
tronic circuits on semiconductor substrates requires the accu-
rate characterization of complex waveguiding structures. The
presence of high-conductivity layers can strongly affect the
propagation characteristics of the microwave line. In the low
frequency range (often extending, in integrated structures, up
to mm-waves) the electric field is usually confined in low-
doping regions, whereas the magnetic field extends deep into
doped layers. The partial spatial separation of the fields leads
to a larger capacitance and a smaller inductance. As a result,
the structure exhibits a significant decrease in the microwave
phase velocity. Such a slow-wave propagation has been both
experimentally and theoretically analyzed in metal-insulator-
semiconductor (MIS) lines [1]. In the slow-wave propagation
regime the microwave effective index may be much larger than
the value expected from the relative dielectric constants of any
of the substrate layers. This may also lead to serious problems
in the design of optoelectronic traveling wave structures where
syncronous coupling with an optical signal is required.

In the present paper, we focus on the interaction mech-
anisms between the electromagnetic field and the charged
carriers in the semiconductor. In order to describe the field-
carriers interaction in semiconducting materials, a transport
model is included in the electromagnetic simulation.

In [2] a coupled physics-based electromagnetic model has
been proposed for the three-dimensional analysis of intercon-
net structures. In [3], a quasi-static integral spectral domain
analysis is proposed for the analysis of multistrips on layered
insulator-semiconductor substrates. Recently, a full-wave tech-
nique incorporating the semiconductor transport model and
Maxwell’s equations has been introduced [4].

In many applications, however (e.g. passive transmission
lines for high-speed digital or analog integrated circuits, dis-
tributed travelling-wave optoelectronic and electronic devices)
the size reduction of the device cross-section makes modal
dispersion virtually negligible for quasi-TEM propagation
on a wide frequency range; in such cases, the quasi-static
FEM model is a viable alternative to the full-wave analysis.
This suggests that a quasi-static, quasi-TEM transmission-
line approach can be conveniently exploited in coupling the
semiconductor transport model to Maxwell’s equations in a
consistent way, with obvious computational advantages and
little loss of accuracy.

Among the solution techniques to EM problems allowing
for anisotropic materials, conductor and dielectric losses,
and arbitrary (e.g. nonplanar) geometries, the finite-element
method (FEM) is probably the most flexible and powerful.
In the present paper, we extend the quasi-static finite-element
technique introduced in [5], [6] to combine the solution
of Maxwell’s equations with a charge transport model. The
proposed approach exploits existing techniques to obtain the
small-signal solution of the 2D transport problem in the device
cross-section, and compute self-consistently the small-signal
conduction current along the propagation direction according
to a magneto-quasi-static model [5]. The present formulation
leads to the definition of the per-unit-length (p.u.l.) series
impedance and parallel admittance, respectively, of the mi-
crowave line in small-signal operation. A nonlinear model of
the line is currently under investigation.

The present numerical technique is applied to the analysis
of a traveling-wave photodetector (TW-PD) with a Si-Ge
p-i-n structure. The results have been compared with full-
wave finite-element computations [7] obtained assuming fixed
carrier distributions and describing semiconductor layers with
a uniform conductivity model. The device-level simulation
shows that the electromagnetic analysis of traveling-wave
structures on semiconductor substrates indeed requires the
inclusion of carrier transport into the electromagnetic model.

II. SMALL-SIGNAL MODEL

Consider a microwave transmission line consisting of metal
conductors embedded in a lossy, non-homogeneous dielectric-
semiconductor medium characterized by the complex permit-
tivity constant ε. Dielectric losses in insulators are included
in the small-signal model through a frequency-dependent loss
angle. Let us assume that the line is uniform along the z-axis,
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and let the electrodes have arbitrary cross-sections and finite
conductivity σ.

The small cross-sectional dimensions of high-speed inter-
connects suggest the validity of quasi-TM (approximately
quasi-TEM, the longitudinal component of the electric field
originating from losses) modal propagation. In this approach,
the longitudinal component of the magnetic field is assumed
as negligible. With these assumptions, the electric field and
the relevant transversal components of the magnetic field may
be obtained from a scalar magnetic potential A and an electric
potential φ [8]:

B = −ẑ ×∇tA (1)

E = −∇tφ − (∂φ/∂z)ẑ − (∂A/∂t)ẑ. (2)

We assume also that the transverse electric field in the con-
ductors is negligible, whereas in the same regions a small z-
component of the electric field exists, related to the conduction
current density Jz .

With these approximations, the electric and magnetic prob-
lems can be decoupled, thus leading to the separate evaluation
of the transverse magnetic and electric fields, respectively.
The transverse E-field outside the conductors is computed
through a conventional drift-diffusion physics-based model.
The transverse H-field is then evaluated through a magneto-
quasi-static formulation, which computes the longitudinal cur-
rent density self-consistently with the drift-diffusion solution
in the transverse plane. The two formulations immediately lead
to the definition of the p.u.l. series impedance and parallel
admittance, respectively, of the microwave line.

A. Transverse E-field formulation

The electrostatic potential φ must satisfy the Poisson equa-
tion:

−∇t · (ε∇t φ) = q (N+
D − N−

A + p − n) (3)

where N+
D , N−

A are the ionized donor and acceptor densities
in the semiconsuctor layers, and n and p are electron and hole
concentrations, respectively. In (3), φ is assumed constant over
the metal conductors: the transverse components of the electric
field are considered negligible inside the electrodes. The
electron and hole concentrations must satisfy the continuity
equations:

∂n/∂t − 1/q(∇t · Jn) + Un = 0 (4)

∂p/∂t + 1/q(∇t · Jp) + Up = 0. (5)

The constitutive equations that relate the transversal currents
to the electric field and the carrier densities are expressed as
the sum of a drift and a diffusion term:

Jn = −qnµn∇tφ + qDn∇tn (6)

Jp = −qpµp∇tφ − qDp∇tp (7)

where µα and Dα (α = n, p) are the field-dependent mobilities
and diffusivities, respectively, Un and Up are the net recombi-
nation rates for electrons and holes. Equations (3), (4) and (5)
are solved according to the Scharfetter-Gummel discretization
scheme in order to avoid spurious spatial oscillations [9]. In
DC conditions, time derivatives in (4) and (5) can be set to
zero and the resulting system of nonlinear equations can be
solved through the Newton method. After the device has been
DC biased, small-signal excitations can be analyzed by direct

linearization around the DC working point and transformation
into the frequency domain:

−∇t · (ε∇t φss) = q (pss − nss) (8)

jωnss + ∇t · (n0µn∇tφss

+ nssµn∇tφ0 − Dn∇tnss) + Un = 0 (9)

jωpss −∇t · (n0µp∇tφss

+ pssµp∇tφ0 + Dp∇tpss) + Up = 0 (10)

where n0 and p0 are the electron and hole concentrations at the
bias point, φss is the small-signal component of φ, and nss,
pss are the small-signal electron and hole concentrations. In
the present model, mobilities µn and µp are assumed constant.
Thermionic emission across abrupt heterojunction interfaces is
included introducing suitable interface conditions [10]. Small-
signal analysis is carried out at each frequency point in the
range of interest. The small-signal p.u.l. parallel admittance
Y(ω) = G(ω)+jωC(ω) may then be obtained from the small-
signal current entering the active contact.

B. Transverse H-field formulation

The magnetic potential A is not unique unless a gauge
condition is imposed. Using the Lorentz condition

∂A/∂z = −jωµ0εφ (11)

an inhomogeneous Helmholtz equation for the magnetic po-
tential A results [11]:

−∇2
t A − k2

0εrA = µ0Jz (12)

where k0 = ω
√

ε0µ0 is the free-space wavenumber, and Jz is
the total small-signal conduction current density. Neglecting
displacement currents, equation (12) takes the form

−∇2
t A = µ0Jz. (13)

In the semiconductor layers, the z-directed current density
Jz may be written as:

Jz = −jω(qn0µn + qp0µp)A

− (qn0µn + qp0µp)∂φss/∂z

+ qDn ∂nss/∂z − qDp ∂pss/∂z. (14)

Assuming the longitudinal dependence of the fields as
exp (−jγz), with γ = β − jα being the complex propagation
constant, and substituting (14) in (13), we have:

−∇2
t A + jωµ0(qn0µn + qp0µp)A =

+ jµ0(qn0µn + qp0µp)γφss

− jµ0qDnγnss + µ0qDpγpss (15)

Inside conductive media Ohm’s law holds:

−∇2
t Ass + jωµ0σAss = jµ0σγVss (16)

where Vss is the AC voltage applied to the metal conductor
(boundary condition on φss on the conductor surface) and σ
is the metal conductivity. Finally,

∇2
t Ass = 0 (17)
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Fig. 1: Small-signal per-unit-length resistance and inductance com-
puted vs. frequency with the full-wave finite-element technique (solid
line) and with the current approach, at thermodynamic equilibrium
(circles) and at the reverse bias voltage of 3 V (crosses).

in insulator media, where currents are zero. The source current
density distribution Js,z in (15) and (16) is known but for
a constant factor, the complex propagation constant γ. We
solve (15), (16) and (17) for A/γ. Notice that γ cancels out
in the computation of the small-signal p.u.l. series impedance
Z(ω) = R(ω)+jωL(ω), which can be derived integrating the
power loss density EzJ

∗
s,z = (jγφss − jωA)J∗

s,z . The present
numerical technique computes the longitudinal currents self-
consistently with the drift-diffusion solution in the transverse
plane. Also, the penetration of the electromagnetic field in
the metallic regions is rigorously computed, allowing for the
accurate evaluation of conduction losses in any frequency
range.

III. CASE STUDY

As an example, we consider a bulk Si-Ge TW-PD sketched
in the inset of Fig. 1. The microwave structure of the device
is a microstrip line (the gold electrode thickness is t = 1 µm,
the central electrode width is W = 3 µm) on a ridge-type
semiconductor substrate (the ridge height is h = 2 µm).
Doping levels for p- and n-type silicon are 1018 cm−3, and
the doping level of the n-type germanium active region is
1016 cm−3. The p-type and intrinsic layer thicknesses are
hp = 1 µm, d = 0.5 µm, respectively.

The p.u.l. circuit parameters and the microwave propagation
characteristics, without illumination, have been computed with
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Fig. 2: Small-signal per-unit-length capacitance and conductance
computed vs. frequency with the full-wave finite-element technique
(solid line) and with the current approach, at thermodynamic equi-
librium (circles) and at the reverse bias voltage of 3 V (crosses).

the present technique at two bias points, see Figs. 1–4.
The results have been compared with those obtained with a
full-wave finite element approach [7], assuming the intrinsic
layer as completely depleted. As expected, the p.u.l. series
impedance does not depend on the bias voltage, since the
active region has a negligible contribution to the longitudinal
current. In contrast, the p.u.l. capacitance exhibit an apprecia-
ble frequency dispersion if the active layer is not completely
depleted. The slow-wave structure shows strong microwave
attenuation, because the electromagnetic field penetrates inside
the doped semiconductor.

The optical power dependent photocurrent in travelling-
wave optoelectronic devices can in some cases (e.g. in WT-
EAMs, see the discussion in [12]) significantly affect the
microwave properties at high optical powers by increasing the
parallel conductance; in TW-PDs effects due to photogenerated
carrier field screening are expected to arise only in saturation.
The current photogenerated in the active region may be readily
included in the model, introducing a carrier radiative genera-
tion term in the continuity equations (4), (5), as implemented
in [13].

From the bias-dependent small-signal characterization, a
nonlinear (in the electrical and optical variables) coupled
RF-optical model can be readily extracted for the interac-
tion structure. Such a model can be exploited within the
framework of finite-difference time-domain approaches for
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Fig. 3: Microwave effective index and attenuation constant computed
vs. frequency with the full-wave finite-element technique (solid line)
and with the current approach, at thermodynamic equilibrium (circles)
and at the reverse bias voltage of 3 V (crosses).

nonlinear large-signal simulation [14], or of frequency-domain
harmonic-balance techniques within an RF circuit simulation
environment.

IV. CONCLUSION

We have presented a novel finite-element small-signal model
for the analysis of distributed structures on semiconductor
substrates. Maxwell’s equations are solved self-consistently
with the charge carrier transport in the semiconductor layers.
The present approach enables to model field-carrier inter-
actions, slow-wave propagation, external bias effects, and
screening effects of the charged carriers. The simulation of
a bulk travelling-wave Si-Ge photodetector demonstrates that
the electromagnetic analysis of TW-PDs indeed requires the
inclusion of carrier transport into the model.
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