
Undicesima giornata di studio
Ettore Funaioli

21 luglio 2017

A cura di
Umberto Meneghetti e Vincenzo Parenti Castelli

DIN
GMA

�D�S�H�U�W�R���D�O�O�D���O�H�W�W�H�U�D�W�X�U�D���V�F�L�H�Q�W�L�¿�F�D�����V�R�W�W�R�V�F�U�L�W�W�L���G�D�O�O�¶�8�Q�L�Y�H�U�V�L�W�j���G�L���%�R�O�R�J�Q�D��

Quaderni di ricerca



�4�X�D�G�H�U�Q�L���G�H�O���'�,�1���±���*�0�$��
��

�$�W�W�L���G�L���J�L�R�U�Q�D�W�H���G�L���V�W�X�G�L�R���±��������
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
�$���F�X�U�D���G�L����
�8�P�E�H�U�W�R���0�H�Q�H�J�K�H�W�W�L���H���9�L�Q�F�H�Q�]�R���3�D�U�H�Q�W�L���&�D�V�W�H�O�O�L��
��
�&�R�R�U�G�L�Q�D�W�R�U�H���G�L���U�H�G�D�]�L�R�Q�H�����1�L�F�R�O�D���6�D�Q�F�L�V�L��



�'�,�1��
�'�L�S�D�U�W�L�P�H�Q�W�R���G�L���,�Q�J�H�J�Q�H�U�L�D���,�Q�G�X�V�W�U�L�D�O�H��
�K�W�W�S�������Z�Z�Z���L�Q�J�H�J�Q�H�U�L�D�L�Q�G�X�V�W�U�L�D�O�H���X�Q�L�E�R���L�W��
��

��
�*�0�$��
�*�U�X�S�S�R���G�L���0�H�F�F�D�Q�L�F�D���$�S�S�O�L�F�D�W�D��
�K�W�W�S�������Z�S�D�J�H���X�Q�L�Q�D���L�W���G�H�O�O�D�Y�D�O���*�0�$���*�0�$�B�K�R�P�H�R�O�G���K�W�P��
��
��
�$�F�F�D�G�H�P�L�D���G�H�O�O�H���6�F�L�H�Q�]�H���G�H�O�O�¶�,�V�W�L�W�X�W�R���G�L���%�R�O�R�J�Q�D����
�K�W�W�S�������Z�Z�Z���D�F�F�D�G�H�P�L�D�V�F�L�H�Q�]�H�E�R�O�R�J�Q�D���L�W���L�W



�8�Q�G�L�F�H�V�L�P�D���J�L�R�U�Q�D�W�D���G�L��
�V�W�X�G�L�R���(�W�W�R�U�H���)�X�Q�D�L�R�O�L��

21 luglio 2017 
 
 
 
 
 
 
 

A cura di: 
Umberto Meneghetti e Vincenzo Parenti Castelli 



Proprietà letteraria riservata 
�k��Copyright 2017 degli autori Tutti i diritti riservati 
 
 
 

Undicesima giornata di studio Ettore Funaioli – 21 luglio 2017  
A cura di Umberto Meneghetti e Vincenzo Parenti Castelli 
Bologna: 2018  
 
 
�,�6�%�1��������������������������������������
��
��
�9�H�U�V�L�R�Q�H���H�O�H�W�W�U�R�Q�L�F�D���G�L�V�S�R�Q�L�E�L�O�H���D�O�O�D���S�D�J�L�Q�D��
��

�K�W�W�S�������D�P�V�D�F�W�D���X�Q�L�E�R���L�W���L�G���H�S�U�L�Q�W������������
��
��
��
��
��
��
��
��
��
��
��
��
��

��

�6�W�D�P�S�D���D���U�L�F�K�L�H�V�W�D���H�V�H�J�X�L�W�D���G�D����
��

�������������%�R�O�R�J�Q�D���±���9�L�D���8�����7�H�U�U�D�F�L�Q�L���������±���7�H�O�������������������������������±���)�D�[����������������������������
�Z�Z�Z���H�G�L�W�U�L�F�H���H�V�F�X�O�D�S�L�R���F�R�P��



�,�1�'�,�&�(��
��
��
�/�$�9�2�5�,���(�6�7�(�6�,�� ����
 
Giuseppe Catania, Alessandro Zanarini 
�2�Q���W�K�H���H�I�I�H�F�W�V���R�I���I�O�H�[�L�E�L�O�L�W�\���L�Q���D���T�X�L�F�N���U�H�W�X�U�Q���S�O�D�Q�D�U���P�H�F�K�D�Q�L�V�P����������������������������������������������������������������������������������������������
��
Alessandro Zanarini 
�$�E�R�X�W���W�K�H���P�R�G�H�O�O�L�Q�J���R�I���W�H�H�W�K���P�H�V�K���I�O�H�[�L�E�L�O�L�W�\���L�Q���S�O�D�Q�H�W�D�U�\���J�H�D�U�V������������������������������������������������������������������������������������������
��
Maria Luisa Ruspi, Marco Palanca, Cesare Faldini, Luca Cristofolini 
�7�K�H���X�V�H���R�I���G�L�J�L�W�D�O���L�P�D�J�H���F�R�U�U�H�O�D�W�L�R�Q���W�R���D�Q�D�O�\�]�H���V�H�J�P�H�Q�W�V���R�I���V�S�L�Q�H��������������������������������������������������������������������������������������
��
Andrea Spaggiari, Alberto Bellelli, Nicola Golinelli 
�&�D�U�D�W�W�H�U�L�]�]�D�]�L�R�Q�H���P�D�J�Q�H�W�R���P�H�F�F�D�Q�L�F�D���G�L���H�O�D�V�W�R�P�H�U�L���P�D�J�Q�H�W�R�U�H�R�O�R�J�L�F�L����������������������������������������������������������������������
��
Alessandro Rivola 
�&�D�V�R���O�L�P�L�W�H���G�L���J�U�D�V�K�R�I���G�H�O���T�X�D�G�U�L�O�D�W�H�U�R���D�U�W�L�F�R�O�D�W�R���S�L�D�Q�R���H���W�H�U�Q�H���S�L�W�D�J�R�U�L�F�K�H����������������������������������������������������������
��
Alessandro Munari, Davide Castagnetti, Riccardo Rubini, Marco Cocconcelli 
�3�U�R�J�H�W�W�D�]�L�R�Q�H���H���Y�D�O�L�G�D�]�L�R�Q�H���V�S�H�U�L�P�H�Q�W�D�O�H���G�L���X�Q���G�L�V�S�R�V�L�W�L�Y�R���S�H�U���L�O���U�H�F�X�S�H�U�R����
�G�L���H�Q�H�U�J�L�D���G�D���Y�L�E�U�D�]�L�R�Q�L������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
��
��
��
��
��
�6�2�0�0�$�5�,�� ������
��
Stefano Cattabriga, Luca Leonelli, Silvio Sorrentino 
�'�U�L�Y�H�O�L�Q�H���L�Q�V�W�D�E�L�O�L�W�\���R�I���U�D�F�L�Q�J���P�R�W�R�U�F�\�F�O�H�V���L�Q���V�W�U�D�L�J�K�W���E�U�D�N�L�Q�J���P�D�Q�R�H�X�Y�U�H������������������������������������������������������������
��
Alessandro De Felice, Silvio Sorrentino 
�'�\�Q�D�P�L�F���E�H�K�D�Y�L�R�X�U���R�I���F�R�Q�W�L�Q�X�R�X�V���U�R�W�D�W�L�Q�J���V�K�D�I�W�V���X�Q�G�H�U���F�R�P�E�L�Q�H�G���D�[�L�D�O����
�D�Q�G���W�R�U�V�L�R�Q�D�O���O�R�D�G�V����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
��
Anna Bertazzini, Mattia Battarra, Emiliano Mucchi, Giorgio Dalpiaz 
�5�L�O�H�Y�D�]�L�R�Q�L���V�S�H�U�L�P�H�Q�W�D�O�L���H���P�R�G�H�O�O�D�]�L�R�Q�H���Q�X�P�H�U�L�F�D���G�H�L���I�H�Q�R�P�H�Q�L���G�L�Q�D�P�L�F�L����
�G�R�Y�X�W�L���D�O�O�D���F�D�Y�L�W�D�]�L�R�Q�H���L�Q���S�R�P�S�H���D�G���L�Q�J�U�D�Q�D�J�J�L���H�V�W�H�U�Q�L������������������������������������������������������������������������������������������������������������������������
��
Giacomo D’Elia, Umberto Musella, Emiliano Mucchi, Giorgio Dalpiaz 
�'�H�I�L�Q�L�]�L�R�Q�H���G�H�O�O�D���P�D�W�U�L�F�H���G�L���U�L�I�H�U�L�P�H�Q�W�R���S�H�U���W�H�V�W���P�X�O�W�L�D�V�V�L�D�O�L���F�R�Q�W�U�R�O�O�D�W�L����
�D�G���H�F�F�L�W�D�]�L�R�Q�H���V�W�R�F�D�V�W�L�F�D����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
��
Marco Troncossi 
�$�O�J�R�U�L�W�P�L���G�L��mission synthesis���S�H�U���W�H�V�W���G�L���T�X�D�O�L�I�L�F�D���D���Y�L�E�U�D�]�L�R�Q�H��������������������������������������������������������������������������������������������
��



Marco Palanca, Andrew J. Bodey, Mario Giorgi, Marco Viceconti, Damien Lacroix,  
Luca Cristofolini, Enrico Dall’Ara 
�7�K�H���H�I�I�H�F�W���R�I���Y�R�[�H�O���V�L�]�H���D�Q�G���V�L�J�Q�D�O���W�R���Q�R�L�V�H���U�D�W�L�R���R�Q���W�K�H���P�H�D�V�X�U�H�P�H�Q�W���X�Q�F�H�U�W�D�L�Q�W�L�H�V����
�R�I���D���J�O�R�E�D�O���G�L�J�L�W�D�O���Y�R�O�X�P�H���F�R�U�U�H�O�D�W�L�R�Q���D�S�S�U�R�D�F�K����������������������������������������������������������������������������������������������������������������������������������������������
��
Kavin Morellato, Enrico Guerra, Renzo Soffiatti,  Luca Cristofolini 
�%�L�R�P�H�F�K�D�Q�L�F�D�O���W�H�V�W���R�I���U�H�F�R�Q�V�W�U�X�F�W�L�R�Q���W�H�F�K�Q�L�T�X�H�V���I�R�U���K�X�P�H�U�D�O���I�U�D�F�W�X�U�H�V����������������������������������������������������������������������
��
Nicola Sancisi, Michele Conconi, Alessandro Fortunato, Erica Liverani, 
Vincenzo Parenti Castelli 
�3�H�U�V�R�Q�D�O�L�]�H�G���N�Q�H�H���S�U�R�V�W�K�H�V�H�V���E�D�V�H�G���R�Q���D�U�W�L�F�X�O�D�U���P�R�G�H�O�V���W�R���U�H�S�O�L�F�D�W�H����
�W�K�H���M�R�L�Q�W���I�X�Q�F�W�L�R�Q�D�O�L�W�\���R�I���D���S�D�W�L�H�Q�W������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
��
Eugenio Dragoni 
�2�S�W�L�P�D�O���G�H�V�L�J�Q���R�I���K�R�O�O�R�Z���W�H�W�U�D�K�H�G�U�D�O���W�U�X�V�V���F�R�U�H�V���I�R�U���V�D�Q�G�Z�L�F�K���F�R�Q�V�W�U�X�F�W�L�R�Q�V����������������������������������������������������
��
Marcello Botti, Antonio Strozzi, Enrico Bertocchi, Sara Mantovani 
�8�Q���S�D�U�D�G�R�V�V�R���Q�H�O�O�H���W�U�D�Y�L���F�X�U�Y�H����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
��
Barbara Reggiani, Lorenzo Donati, Luca Tomesani 
�$�Q�D�O�L�V�L���H���S�U�H�Y�L�V�L�R�Q�H���G�L���G�L�I�H�W�W�L���Q�H�L���S�U�R�I�L�O�L���H�V�W�U�X�V�L������������������������������������������������������������������������������������������������������������������������������������������������
��
Edoardo Idà, Alessandro Berti, Marco Carricato, Tobias Bruckmann 
�5�H�V�W���W�R���U�H�V�W���W�U�D�M�H�F�W�R�U�\���S�O�D�Q�Q�L�Q�J���I�R�U���S�O�D�Q�D�U���X�Q�G�H�U�D�F�W�X�D�W�H�G���F�D�E�O�H���G�U�L�Y�H�Q���S�D�U�D�O�O�H�O���U�R�E�R�W�V������������������������
��
Giovanni Mottola, Marco Carricato 
�'�\�Q�D�P�L�F�D�O�O�\���I�H�D�V�L�E�O�H���S�H�U�L�R�G�L�F���W�U�D�M�H�F�W�R�U�L�H�V���I�R�U���V�S�D�W�L�D�O�������G�R�I���F�D�E�O�H���V�X�V�S�H�Q�G�H�G����
�S�D�U�D�O�O�H�O���U�R�E�R�W�V�����S�U�H�O�L�P�L�Q�D�U�\���U�H�V�X�O�W�V������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
��
Jacopo Cavalaglio Camargo Molano, Marco Cocconcelli, Riccardo Rubini 
�6�W�X�G�\�����G�H�V�L�J�Q���D�Q�G���U�H�D�O�L�]�D�W�L�R�Q���R�I���D���U�H�D�O���W�L�P�H���L�Q�W�H�U�I�D�F�L�Q�J���V�\�V�W�H�P���E�H�W�Z�H�H�Q���S�U�R�J�U�D�P�P�D�E�O�H��
�F�R�Q�W�U�R�O�O�H�U�V����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
��
Angelo Oreste Andrisano, Giovanni Berselli, Michele Gadaleta, Marcello Pellicciari, 
Margherita Peruzzini 
�,�O���S�U�R�J�H�W�W�R���$�5�(�8�6���±���U�R�E�R�W�L�F�D���L�Q�G�X�V�W�U�L�D�O�H���H�F�R���H�I�I�L�F�L�H�Q�W�H���H���V�R�V�W�H�Q�L�E�L�O�H������������������������������������������������������������������������
��
� � � �



�3�5�(�)�$�=�,�2�1�(��
��
�4�X�H�V�W�R�� �Y�R�O�X�P�H�� �U�D�F�F�R�J�O�L�H�� �O�H�� ������ �P�H�P�R�U�L�H�� �S�U�H�V�H�Q�W�D�W�H�� �D�O�O�¶�X�Q�G�L�F�H�V�L�P�D� � � ³� *� L� R� U� Q� D� W� D� � � G� L� � � V� W� X� G� L� R� �
�(�W�W�R�U�H���)�X�Q�D�L�R�O�L�������V�Y�R�O�W�D�V�L���L�O���������O�X�J�O�L�R���������������$���G�L�V�F�U�H�]�L�R�Q�H���G�H�J�O�L���D�X�W�R�U�L�����D�O�F�X�Q�H���P�H�P�R�U�L�H���V�R�Q�R��
�U�L�S�R�U�W�D�W�H�� �L�Q�� �H�V�W�H�V�R�� �P�H�Q�W�U�H�� �G�L�� �D�O�W�U�H�� �Q�H�� �Y�L�H�Q�H�� �U�L�S�R�U�W�D�W�R�� �V�H�P�S�O�L�F�H�P�H�Q�W�H�� �L�O�� �V�R�P�P�D�U�L�R���� �$�L��
�S�D�U�W�H�F�L�S�D�Q�W�L���� �H�� �L�Q�� �S�D�U�W�L�F�R�O�D�U�H�� �D�J�O�L�� �D�X�W�R�U�L�� �G�H�O�O�H�� �P�H�P�R�U�L�H�� �T�X�L�� �U�D�F�F�R�O�W�H���� �Y�D�� �L�O�� �V�H�Q�W�L�W�R��
�U�L�Q�J�U�D�]�L�D�P�H�Q�W�R���G�H�J�O�L���R�U�J�D�Q�L�]�]�D�W�R�U�L���G�H�O�O�D���*�L�R�U�Q�D�W�D�����D���O�R�U�R���V�L���G�H�Y�H���L�O���F�R�Q�W�L�Q�X�R���V�X�F�F�H�V�V�R���G�H�O�O�D��
�P�D�Q�L�I�H�V�W�D�]�L�R�Q�H���� �F�K�L�D�U�D�P�H�Q�W�H�� �O�H�J�D�W�R�� �D�Q�F�K�H�� �D�O�� �U�L�F�R�U�G�R�� �G�H�O�� �3�U�R�I���� �(�W�W�R�U�H�� �)�X�Q�D�L�R�O�L���� �F�K�H��
�U�L�F�R�U�G�L�D�P�R�� �V�H�P�S�U�H�� �F�R�Q�� �J�U�D�Q�G�H�� �V�W�L�P�D�� �H�� �J�U�D�W�L�W�X�G�L�Q�H�� �S�H�U�� �O�¶�D�S�S�D�V�V�L�R�Q�D�W�R�� �L�Q�V�H�J�Q�D�P�H�Q�W�R��
�V�F�L�H�Q�W�L�I�L�F�R���H���O�D���S�U�R�I�R�Q�G�D���X�P�D�Q�L�W�j����
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ON THE EFFECTS OF FLEXIBILITY IN A QUICK
RETURN PLANAR MECHANISM

Giuseppe Catania, Alessandro Zanarini
Department of Industrial Engineering, University of Bologna, Italy
E-mail: giuseppe.catania@unibo.it, a.zanarini@unibo.it

Abstract. Flexible multibody dynamics is often approached in case of small ”exible de-
formations by means of the “nite-element modelling method in component mode synthesis
techniques to reduce the size of the computations.
In this work, by means of proper shape functions bases, the elastic behaviour of slender
beams is approximated in its local axial and transversal displacement components. Attention
is paid to the inertial contributions to enhance the driving function. An ideal quick return
mechanism is here modelled with the meshless approach. The results of different modelling
choices are collected, to show how this shape functions based formulation can handle the
added ”exibility by means of a small set of degrees of freedom and motion equations. Some
aspects are detailed and discussed.

Keywords: ”exible multibody, meshless ”exible components, shape functions, parame-
ter study.

���� �,�1�7�5�2�'�8�&�7�,�2�1
As the operating speed of machinery or general mechanism increases, many vibration related
issues start to be revealed and a rigid body based description of the motion of the parts is
no longer suf“cient to model the real behaviour of the machine. In the past tentative mod-
els might deal with ”exibility by lumped parameters, but, while certainly better than rigid
body approaches, they were not really adherent with the behaviour of realistic components
with distributed ”exibility. The distributed ”exible multibody dynamics is often approached
in case of small ”exible deformations by means of the “nite-element modelling method in
component mode synthesis techniques [1, 2], which can deal with very detailed and com-
putationally expensive models, though reduced of size by keeping the contributions of their
lower frequency structural dynamics only. In these approaches the size of the motion equa-
tions can be high to include the distributed ”exibility, otherwise the general description can
be poor as the speeds are raised, when the structural dynamics of lightweight components is
excited. The computational costs can be so high that FEM based approaches are more useful
for the analyses in speci“c critical con“gurations, rather than a whole simulation of the com-
plete transient dynamics or control problems. Therefore physics based, but more ef“cient,
approaches are sought after for general ”exible mechanisms.

�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B��

�*�(�)�����������������8�Q�G�L�F�H�V�L�P�D���*�L�R�U�Q�D�W�D���G�L���6�W�X�G�L�R���(�W�W�R�U�H���)�X�Q�D�L�R�O�L�����������O�X�J�O�L�R���������������%�R�O�R�J�Q�D��
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Figure 1. References and transforms for a generic pointP i on a ”exible body

While the authors have already worked on kinematics dependant models of mecha-
nisms [3…8], where the elasticity was lumped mainly in between the rigid parts, the approach
here used is focused on modelling the elasticity of each moving parts, giving a relevant con-
tribution on the whole system behaviour in the time domain. In [9,10] a linearly independent
set of shape functions was introduced to continuously model the ”exible components of lo-
cal reference displacements as a superposition of shape functions; a novel formulation of
the ”exible properties of beam-like components then followed, with a reduced size motion
equation set and no restriction in the geometrical model.

In this work, this general approach is recalled from [9,10] to introduce the modelling of
the ”exibility by means of shape functions bases, compatible with the constraint conditions.
The elastic behaviour of slender beams is approximated in its local axial and transversal
displacement components, then superposed to the non linear rigid body motion of a general
mechanism.

An ideal quick return mechanism is here modelled with the meshless multibody system
formulation recently introduced [9, 10]. Proper attention is also paid to the inertial contri-
butions to enhance the driving function and obtain constant rotational speed of the actuated
body. The results of different modelling choices, in terms of elastic degrees of freedom (dofs),
are collected, to show how this shape functions based formulation can handle the added ”ex-
ibility by means of a small set of dofs and motion equations.

The obtained parameter study can be used to automate the selection of a minimal approx-
imation basis of the ”exibility, with advances for computational costs and general modelling.

�������)�/�(�;�,�%�/�(���0�%�6�������/�,�7�(�5�$�7�8�5�(
The formulation to retain the ”exibility of bodies adds the description inside a known formu-
lation, expanding therefore the knowledge of the mechanism with the dofs related to elastic
behaviour.
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Typical��formulation
In��this��paper,��as��well��as��in��[9,��10],��the��Floating��Frame��of��Reference��[11]��approach��was��fol-
lowed,��here��depicted��in��Figure��1.��In��it,��a��point��P��i ��on��the��i -th��body��can��be��referenced��to��the��
ground��inertial��system��as:

r i
P = Ri

O + A i �
ui

0 + ui
f (t)

�
= Ri

O + A i �
ui

0 + Si qi
f (t)

�
(1)

where:

€ Ri
O is the FFR origin location

€ A i is the2x2 FFR rotation matrix, de“ned by means of the rotation angle� i

€ ui
0 is the constant position vector in FFR

€ ui
f (t) is the vector of ”exible contributions in FFR

€ Si is the shape matrix in FFR

€ qi
f (t) is the vector of elastic coordinates in FFR

�������$���0�(�6�+�/�(�6�6���'�(�&�2�0�3�2�6�,�7�,�2�1���2�)���7�+�(���&�2�1�7�,�1�8�8�0
Within��the��assumptions��of��small��de”ections��and��structural��linearity,��it��is��possible��to��approxi-
mate��the��distributed��elasticity��of��a��component��by��means��of��a��set��of��shape��functions,��properly��
selected��as��compatible��with��the��boundary��conditions.��Recalling��the��procedure��of��assembling��
many��free��bodies��with��kinematical��constraint��equations��and��Lagrange��multipliers,��the��”exi-
ble��bodies��are��considered��as��free-free��and��the��”exibility ��dofs��are��added��over��the��rigid��body��
description,��thus��an��expansion��of��the��multibody��system��description��is��obtained.��More��details��
can��be��found��in��[9,��10].

Basic��concepts��of��continuous��shape��functions
The��evaluation��of��the��properties��of��the��”exible��bodies��is��based��on:

€ small ”exible displacements in regards to the size of the body

€ deformation in the elastic region, according to Hooke•s law

€ separation of variables by using orthogonal in“nite basis functions, evaluated from the
vibrational response of a known standard problem:

v(x, t ) = � (x)p(t) =
��

r =1

� r (x)pr (t) (2)

€ the truncated base is already a good approximation of the displacement withn func-
tions:

v(x, t ) =
n�

r =1

� r (x)pr (t) (3)

e.g. forfree-freeboundaries, ther -th (r = 1 , . . . , n) bending basis function is:
�

� r = cosh ( � r L )Š cos( � r L )
sinh ( � r L )Š sin ( � r L )

� r (x) = cosh(� r x) + cos(� r x) Š � r (sinh (� r x) + sin (� r x))
(4)
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Advantages of continuous shape functions vs FEM
Continuous shape functions can offer:

€ C � continuity of the displacement solution along the whole domain, e.g. axial &
traversal de”ections of a beam:

u(x, t ) =
m�

r =1

� a
r (x)pa

r (t) v(x, t ) =
n�

k=1

� b
k (x)pb

k (t) (5)

€ easy selection of a minimal set of ”exible basis functions for faster calculations

€ no need of interface modes like in Craig-Bampton condensation

€ no need of any mesh or mating grid requirements and re-meshing strategies

�������,�0�3�/�(�0�(�1�7�$�7�,�2�1���,�1���7�+�(���3�/�$�1�(
As��a��proof��of��concept��the��modeling��strategy��is��organised��for��planar��motion,��where��each��free��
rigid��body��has��only��3��dofs��(x i , yi , � i ).��The��elastic��dofs��are��thus��added��to��described��speci“c��
de”ections,��being��axial��(a)��or��bending��(b)��related.

Generalised��coordinates��for ��a��”exible ��body
As in Equation (5) the elastic motionwP

O,i (x, t ) = wP
O,i (t) can be expressed asN P

i p i , where:

N P
i =

�
(� a

1 (xP )) i . . . (� a
m (xP )) i (� b

1(xP )) i . . . (� b
n (xP )) i

�
(6)

pT
i =

�
pa

1i (t) . . . pa
mi (t) pb

1i (t) . . . pb
ni (t)

� T
(7)

and the position of a pointP in global coordinates of Equation (1) becomes:

rP
G,i = rO,i + A i

�
sP

O,i + N P
i p i

�
(8)

written using the set of generalised coordinates for thei -th ”exible body:

qf
i =

�
x i yi � i pa

1i . . . pa
mi pb

1i . . . pb
ni

� T
(9)

Constraints:��an��example��for ��the��revolute��joint
The��revolute��joint��constraints��in��the��plane��is��realised��by��imposing��single��point��coincidence��
between��two��points��Pi ��&��Qj ��belonging��to��different��bodies,��now��modelled��with��the��set��of��
”exible��modeshapes:

� rev f = rP
G,i Š rQ

G,j = rO,i + A i
�
sP

O,i + N P
i p i

�
Š rO,j Š A j

�
sQ
O,j + N Q

j p j

	
(10)

According to the generalised coordinates for elastic bodies, the Jacobian of the revolute
joint constraint can be expressed as:

� � rev f

� qi
=

�
I B i

�
sP
O,i + N P

i p i
�

A i N P
i

�
(11)
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� � rev f

� qj
=



ŠI ŠBj

�
sQ
O,j + N Q

j p j

	
ŠA j N Q

j

�
(12)

where the matrixBi can be de“ned as:

Bi =
� A i

�� i
=

�
Šsin (� i ) Šcos(� i )
cos(� i ) Šsin (� i )



. (13)

Motion��equations
To��obtain��the��equations��of��motion��the��Lagrangian��approach��was��followed,��which��means��that��
the��Lagrangian��function��L ��= ��T��Š��U��of��the��kinetic��and��elastic��potential��energy��of��the��free��
bodies��is��properly��derived��to��obtain��generalised��forces,��coupled,��by��means��of��Lagrangian��
multipliers,��with��the��set��of��constraint��forces��coming��from��the��kinematical��joints��and��the��array��
of��external��generalised��forces.

Kinetic energy. For thei -th ”exible body, the kinetic energy can be expressed as
follows:

Ti =
1
2

�

Vi

� i
�
�r �
G,i

� T �r �
G,i dVi (14)

with integration over the volumeVi at locations of every point� of the velocities�r �
G,i . The

previous expression can be rewritten as:

Ti =
1
2

�qfT
i

�

�
L i�

0

� i Si

�

�
I

�B � T
i

N � T
i AT

i

�

�
�
I �B �

i A i N �
i

�
dxi

�

� �qf
i (15)

where the terms inside the parenthesis can be expanded into the symmetric mass matrixM f
i

of thei -th ”exible body:

M f
i =

L i�

0

� i Si

�

�
I �B �

i A i N �
i

�B � T
i

�B � T
i

�B �
i

�B � T
i A i N �

i

N � T
i AT

i N � T
i AT

i
�B �

i N � T

i N �
i

�

� dxi (16)

Elastic potential. Each body has a contribution to the potential energy with their
axial and bending deformations:

Uef
i =

1
2

�

Vi

�
� T

a 	 a + � T
b 	 b

�
dVi =

1
2

L i�

0

�
E i Si 	 2

i + E i I i c2
i

�
dxi (17)

Uef
i =

1
2

L i�

0

�
u�

i (x i , t) v��
i (x i , t)

�
�
E i Si 0

0 E i I i


 �
u�

i (x i , t)
v��

i (x i , t)



dxi (18)

Introducing the following matrix notations,

D P
i =

�
(� �

a(x))T
i (� ��

b(x))T
i

�
, C i =

�
E i Si 0

0 E i I i



,

�
u�

i (x i , t)
v��

i (x i , t)



= D P

i p i , (19)
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Figure 2. Quick return mechanism at initial position: a scheme

the elastic potential can be compacted in this form:

Uef
i =

1
2

L i�

0

pT
i D � T

i C i D �
i p i dxi =

1
2

pT
i

�

�
L i�

0

D � T
i C i D �

i dxi

�

� p i (20)

where �K i =
L i�

0
D � T

i C i D �
i dxi is the stiffness matrix of thei -th ”exible member.

Constrained motion equations.Some assumptions need to be outlined:

d
dt

�
�T

� �qf

�
= M f q̈f ,

�T
� qf =

�
�

�qf M f �qf
	

� qf = Qv ,
�U ef

� qf = K f qf = ŠQe. (21)

A differential equation system for the constrained motion of a ”exible multibody system is
obtained: �

�

�
M f q̈f +

�
� �
� qf

	 T
� = Qa + Qv + Qe

� �
� qf q̈f = �

(22)

or in matrix assembly: �

� M f
�

� �
� qf

	 T

� �
� qf 0

�

�
�

q̈f

�

�
=

�
Q
�

�
(23)

whereQ = Qa + Qv + Qe.
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Table 1. Properties of the mechanism moving parts.

# Type Length Section Area Section Area Moment Mass Inertia Moment
1 beam + ”ywheel 150mm 3.142E-04m2 7.854E-09m4 0.368kg 1.26069kgm2

2 beam 400mm 1.767E-04m2 2.485E-09m4 0.551kg 0.00735kgm2

3 slender beam 350mm 3.848E-05m2 1.179E-10m4 0.105kg 0.00107kgm2

4 lumped mass - - - 2.206kg 0.00184kgm2

Table 2. Initial displacement and angular positions of the local reference frame in the mech-
anism moving parts.

# x0 y0 � 0

1 0.049608m -0.056250m 5.435123rad
2 0.150000m -0.067712m 0.722734rad
3 0.138631m 0.132288m -0.397298rad
4 -0.022738m 0.200000m 0 rad

Table 3. Natural frequencies of the ”exible component 3 in free-free condition.

Mode Flexural Axial
num. frequency frequency

1 262.037Hz 7358.885Hz
2 722.314Hz 14717.769Hz
3 1416.024Hz 22076.654Hz

�������7�(�6�7���&�$�6�(�����$���4�8�,�&�.���5�(�7�8�5�1���0�(�&�+�$�1�,�6�0
The quick return mechanism selected to prove the approach is shown in Fig.2: it is composed
of a rotating crankshaft (part 1), an oscillating beam guide (part 2), a connecting slender
beam (part 3), a sliding mass (part 4) and the ground (part 0). All parts are considered to
be made of steel, modelled by means of 7800kg/ m3 for the density and of 2.07e+11 Pa for
the Young modulus. Revolute joint constraints connect part 1 and part 2 to the ground 0,
part 2 to part 3 and part 3 to part 4. The moving tip of part 1 is connected with a revolute
joint in a prismatic constraint to part 2, leaving free the relative rotation and translation along
the oscillating guide of part 2, without added inertia. The slider (part 4) is then linked to the
ground by means of a prismatic joint. A massive ”ywheel is rigidly attached to part 1. Inertial
properties can be seen in Tab.1 for steel material, while the initial con“guration of Fig.2 can
be achieved with the positions listed in Tab.2.

The slender beam (part 3) can be modelled as being rigid or ”exible. To outline the
effectiveness of the approach, part 3 was simply modelled by means of a very slender, homo-
geneous, uniform beam shape functions, so that the ”exible behaviour is evident even from
within the displacement simulation plots. The displacement “eld was modelled by means of
a truncated set of the axial and bending related shape functions. The “rst three ”exible body
modes are highlighted in Tab.3.
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Figure 3. External forcef 4(t) of Eq.(24) acting on the slider - part 4, and driving torque
M 1(t) of Eq.(25) acting on the crankshaft - part 1, with
 1 = 2 � [rad/s], 1 stroke

Figure��4.��External��force��f 4(t)��of��Eq.(24)��acting��on��the��slider��-��part��4,��and��driving��torque��
M 1(t)��of��Eq.(26)��acting��on��the��crankshaft��-��part��1,��with��
 1��= 20� ��[rad/s],��2��strokes

Input ��shaping
An��external��force��acting��on��the��slider��(part��4)��can��be��de“ned��in��Eq.(24)��as��constant��in��the��
forward��(active)��direction��and��nearly��null��in��the��quick��return��phase,��with��smooth��and��fast��
cosinusoidal��steps��at��the��beginning��and��at��the��end,��as��can��be��seen��on��the��left��of��Fig.3��(1��
stroke,��1��Hz��or��
 1�� = 2 � ��[rad/s])��and��Fig.4��(2��strokes,��10��Hz��or��
 1�� = 20� ��[rad/s]),��with��
f 4m �� = ��f 4min �� = 0 .1��N,��f 4M �� = ��f 4max �� = ��100��N,��t r �� = 0 .15��� ��tactive ��= ��t rise ��as��the��active��
time��fraction��for��the��rising��step,��t f ��= 0 .25��� ��tactive ��= ��t fall ��as��the��active��time��fraction��for��the��
falling��step,��both��based��on��the��forward��slider��motion.

Table��4.��External��force��and��actuator��functions��on��the��mechanism��parts.

# Type Start time End time Characterization Part
1 speci“c force mapping 0.000 s 4�/� 1 s Eq.(24) 4
2 speci“c torque mapping 0.000 s 4�/� 1 s Eq.(25) or Eq.(26) 1
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Figure 5. Quick return ”exible mechanism at time 0.08577 s and 0.10902 s. The operative
de”ection shape is shown with a 3 bending basis functions for the ”exible body 3,


 1 = 20� [rad/s]

f 4(t) =

�
�������

�������

tx m � t � tx m + t r : f 4m +
f 4M Š f 4m

2 (1 Š cos( ( t Š t x m ) �
t r

));

tx M Š t f � t � tx M : f 4m +
f 4M Š f 4m

2 (1 + cos(
( t Š t x M + t f ) �

t f
));

tx M < t < t x m : f 4m ;
t > (tx m + t r ) : f 4M ;
t < (tx M Š t f ) : f 4M .

(24)

By means of the virtual power method [12], a proper torque was shaped to obtain the
crankshaft constant angular velocity
 1, without the inertial contributions:

M 1(t) = ŠfT
4 (t) �rG

G, 4(t)/
 1. (25)

The driving torque, of Eq.(25) and Fig.3, is applied on part 1 with
 1 = 2 � [rad/s]. No other
external force is applied, as summarised in Tab.4. While Eq.(25) can be roughly adequate for
the constant angular velocity target of the crankshaft in the forward direction of the slider, it
is not suf“cient to equilibrate the inertial forces in the quick return phase, especially when
the crankshaft velocity increases. Therefore a newly shaped torque is needed:

M 1(t) =[ ŠfT
4 (t) �rG

G, 4(t) + r̈G
G, 1(t)T m1 �rG

G, 1(t) + r̈G
G, 2(t)T m2 �rG

G, 2(t) + �̈ 2J2
�� 2+

+ r̈G
G, 3(t)T m3 �rG

G, 3(t) + �̈ 3J3
�� 3 + r̈G

G, 4(t)T m4 �rG
G, 4(t)]/
 1,

(26)

by��means��of��the��virtual��power��of��the��inertial��generalised��forces��of��the��rigid��bodies��with��the��
assumption��of��crankshaft��constant��velocity��and��kinematic��accelerations��and��velocities.

Simulation��results
With��the��external��force��of��Eq.24��and��the��actuator��torque��of��Eq.26,��the��whole��system��dynamics��
was��simulated��in��the��time��domain��with��500��divisions��for��the��2��strokes��(duration��of��4�/
 1
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Figure 6. Simulated positions, velocities and accelerations of the part 3 centroid in the inte-
gration interval with rigid bodies for all parts, inertial torque compensation,


 1 = 15� [rad/s]

Figure 7. Simulated positions, velocities and accelerations of the part 3 centroid in the inte-
gration interval with a ”exible body for part 3 (2 axial and 5 bending basis functions), inertial

torque compensation,
 1 = 15� [rad/s]

s) and 4 different crankshaft speeds, which should be constant during the entire motion:

 1 = 15� , 
 1 = 20� , 
 1 = 25� and
 1 = 30� [rad/s]. The discussion is focused on the
behaviour of the ”exible body 3. For each of these speeds, the time histories of the rigid
dynamics are compared against those of the ”exible dynamics, by means of grouped charts
of positions, velocities and acceleration in the two axes of the plane. The ”exible dofs are
highlighted in the related “gure captions.
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Figure 8. Simulated positions, velocities and accelerations of the part 3 centroid in the inte-
gration interval with rigid bodies for all parts, inertial torque compensation,


 1 = 20� [rad/s]

Figure 9. Simulated positions, velocities and accelerations of the part 3 centroid in the in-
tegration interval with a ”exible body for part 3 (3 bending basis functions), inertial torque

compensation,
 1 = 20� [rad/s]

In Fig.5 two simulation frames of the whole mechanism are shown, sketching the part
3 with a bended shape, which is evolving during the simulation. Especially in the returning
phase of the mechanism, the vibrations of the slender beam of part 3 appear to be consistently
described by means of the limited set of shape functions, retained in the truncated orthogonal
basis.

In Figure6 the dynamics with all rigid bodies is faced at the lowest speed considered,

 1 = 15� [rad/s] for the crankshaft. This is the reference to map the differences when
the ”exibility is added by means of 2 axial and 5 bending basis functions for body 3, as
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Figure 10. Simulated positions, velocities and accelerations of the part 3 centroid in the
integration interval with rigid bodies for all parts, inertial torque compensation,


 1 = 25� [rad/s]

Figure 11. Simulated positions, velocities and accelerations of the part 3 centroid in the
integration interval with a ”exible body for part 3 (2 axial and 3 bending basis functions),

inertial torque compensation,
 1 = 25� [rad/s]

depicted instead in Figure7. From the latter it can be appreciated how the ”exible dofs
appear excessive at this modest speed of the mechanism, since only one mode (“rst bending)
seems to be participating.

Figure8 is the new reference when the crankshaft speed is raised to
 1 = 20� [rad/s],
always for 2 strokes of the quick return mechanism. The “rst 3 bending related basis functions
are left to model the ”exibility of body 3, which appears quite excited in the dynamics shown
in Figure9, especially for the “rst bending shape, with lower frequency contribution (recall
Tab.3 for references).

14



Figure 12. Simulated positions, velocities and accelerations of the part 3 centroid in the
integration interval with rigid bodies for all parts, inertial torque compensation,


 1 = 30� [rad/s]

Figure 13. Simulated positions, velocities and accelerations of the part 3 centroid in the
integration interval with a ”exible body for part 3 (2 axial and 3 bending basis functions),

inertial torque compensation,
 1 = 30� [rad/s]

When the crankshaft speed is further raised to
 1 = 25� [rad/s], it was felt necessary to
add also 2 axial ”exible dofs, beside the 3 bending related ones. The comparison between the
charts in Figures10 and11 indeed manifests an added high frequency behaviour, especially
on the velocities and accelerations.

The same set of ”exible dofs (2 axial and 3 bending related) was used at the highest
crankshaft speed simulated,
 1 = 30� [rad/s]. While in the slow forward motion ([0-0.06]s
range) the ”exible mechanism behaves as the rigid one of Figure12, from the fast returning
phase of the “rst stoke it is evident that the modelled ”exibility in Figure13 describes much
different phenomena, where the behaviour is dominated by oscillations as a mix of bending
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and axial de”ections. This clearly shows how the speed of a mechanism can change its
dynamic behaviour and how the proper modeling of the ”exibility plays a crucial role in the
right understanding of the reality and simulation limits.

���� �&�2�1�&�/�8�6�,�2�1�6
The simulations added in this work proved the concept for the meshless formulation of slen-
der beams for axial and bending de”ections, speci“cally giving evidence of how the raising
speed can be a relevant change on the behaviour of the same mechanism, which requires
therefore the proper modeling to retain ”exible phenomena.

The proposed formulation give a lighter model than that from standard FEM and Craig-
Bampton reductions, though enhancements are needed for the sake of computational econ-
omy.

This work has shown examples of different selections of basis function contributions,
mixing bending- with axial- related structural dynamics. The best choice of the ”exible dofs
is surely feasible for an automated process, for the minimal and most ef“cient selection. The
different modelling choices were tested on a quick return mechanism at different crankshaft
speeds.

Among the future developments, the validation of the procedure against other technolo-
gies, experiments and examples is felt as a priority. To develop further the methodology,
efforts are needed to extend the constraint library, to augment the internal and external gen-
eralised forces library and to improve the ef“ciency of the calculations. To further prove the
effectiveness of the meshless approach, applications to a wider set of real industrial mecha-
nisms, 3D and anisotropic problems are awaited.
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ABOUT THE MODELLING OF TEETH MESH
FLEXIBILITY IN PLANETARY GEARS
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Abstract.Gear mesh ”exibility is a varying and periodic quantity, which depends on several
geometric, motion and material parameters; in NVH and structural analyses of systems with
transmission problems this stiffness variability can play an important role on the design tar-
gets, such as sound quality and fatigue life estimation. Many times the tooth mesh ”exibility
in gears is modelled by means of lumped parameters formulas obtained from literature or by
means of complex “nite element models of the contact.
In this work the roots of lumped parameters formulas were investigated, as a preliminary
and feasibility study for a potential research path in gear condition monitoring, noise source
& structural dynamics excitation modelling and transmission errors. Starting from the
kinematics of mating rigid teeth in planetary gears with a singlestage, thetime-varying
”exibility contribution of each de”ected pair is added with simple assumptions, resulting in
the parametric modelling of the torsional stiffness as a kinematics based periodic quantity.
Parameters were extracted from this approach, to explore a viable and computationally cost
effective geometry based method to model the torsional vibrations and transmission error in
planetary gears.

Keywords: teeth mesh ”exibility, planetary gears, torsional vibrations, transmission
error, gear mesh kinematics.

���� �,�1�7�5�2�'�8�&�7�,�2�1
Once the friction surfaces are substituted by means of geared wheels it becomes manifest that
the contact kinematics assumes a relevant role on the structural dynamics of the mated gears.
During the contact point motion on the tooth pro“le, it is clear that the part of the cantilever
beam, supporting the contact forces, varies. Plus, when two geared wheels are in contact, the
number of tooth pairs exchanging forces are also function of the evolution of the contacts.
There results that the gear mesh ”exibility is a varying and periodic quantity, depending on
several parameters of different nature: geometric, motion and material related. This stiffness
variability can play an important role on the design targets, such as sound quality and fa-
tigue life estimation, in NVH and structural analyses of systems with transmission problems,
especially where many gears are gathered on the same transmission line, thus crowding the
dynamic signature of the whole system with time- or -kinematic dependent phenomena.

In the recent past the tooth mesh ”exibility in gears was modelled by means of lumped
parameter models, better known as formulas to “t the problem [1…5], but loosing the direct

�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B��

�*�(�)�����������������8�Q�G�L�F�H�V�L�P�D���*�L�R�U�Q�D�W�D���G�L���6�W�X�G�L�R���(�W�W�R�U�H���)�X�Q�D�L�R�O�L�����������O�X�J�O�L�R���������������%�R�O�R�J�Q�D��

19



connection with gear mesh design, on the path to optimise the gear pro“le for vibro-acoustic
and life prediction targets. Complex “nite element models have been built to investigate
the teeth contact [6,7] in detail, but they need a huge number of degrees of freedom (dofs),
re-meshing strategies and are generally computationally intensive.

The idea behind this work is to regain the connection to gear mesh design by means of
a kinematics based approach that describes the mesh stiffness variability, to be later “tted by
means of any functional series or polynomial, without the need of costly FEMs. Therefore in
this work the roots of lumped parameters formulas were investigated starting from the teeth
pro“le, the pairs in contacts and the structural contribution of each teeth. The output of this
basic work has to be seen as a preliminary and feasibility study for a potential research path
in gear condition monitoring, noise source & stuctural dynamics excitation modelling and
transmission errors [8, 9]. In details, the study is performed over a simple planetary gear
stage from the kinematics of mating rigid teeth; by means of simple assumptions, the time-
or kinematics- varying ”exibility contribution of each de”ected pair is added, resulting in
the parametric modelling of the torsional stiffness of the whole stage as a kinematics based
periodic quantity. Parameters were extracted from this approach such as the eigenvalues, to
explore a viable and computationally cost effective geometry based method to model the tor-
sional vibrations and transmission error in planetary gears. The assumptions, the formulation
and results for the simple single stage planetary gearbox are discussed in detail, together with
expected future developments.

�������/�,�7�(�5�$�7�8�5�(
In��the��technical��literature��two��main��streams��are��pursued.��The��“rst ��tries,��with��a��typical��for-
mulation,��to��reproduce,��or��curve-“t,��the��effects��found��on��the��stiffness,��as��function��of��angular��
position��[1…5].��The��second��approach��is��based��on��FEM,��with��a��great��care��of��the��contact��ar-
eas��[6,��7].

Typical��formulation
Among��what��can��be��found,��below��are��summarised��the��main��trends��in��typical��formulation��for��
gear��stiffness:

€ empirical formulas, e.g. Kuang & Yang [1], can model the stiffness of the tooth as the
contact is located atr radius:
K (r ) = C[(A0 + A1x) + ( A2 + A3x) r Š R

m (1+ x ) ]
where:
A0 = a00 + a01Z + a02Z 2 + a03Z 3

A1 = a10 + a11Z + a12Z 2 + a13Z 3

A2 = a20 + a21Z + a22Z 2 + a23Z 3

A3 = a30 + a31Z + a32Z 2 + a33Z 3

C andaij are constants to be determined for each gear mesh (thus the question on how
with speci“c variations),x is the correction ratio,m is the module of the wheel,Z is
the teeth number,R is the pitch or primitive radius.

€ simple formulas, to represent the stiffness variability as a rectangular or trapezoidal
wave with mesh periodTm = 2 �/ � , � as mesh frequency.
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Figure 1. Meshes of paired teeth for contact analysis by means of FEM.
Sources: [10], metsindia.com, ww3.cad.de

€ Fourier series formulas (e.g. [10…13]), to model the stiffness of the tooth pair as a
periodic function, by means of a sum of the constant termkg with variable contributions
kv (t), later expanded in series, witht as evolutionary variable andl the domain span:
k(t) = kg + kv (t) = kg +

 �
s=1 ks

asin ( 2s�
l t) + ks

bcos( 2s�
l t)

wherekg = 2
l

� l
0 k(t)dt, ks

a = 2
l

� l
0 k(t)sin ( 2s�

l t)dt, ks
b = 2

l

� l
0 k(t)cos( 2s�

l t)dt are
Fourier coef“cients, or:
k(t) = kg +

 �
s=1 dsejs � t + c .conj. when complex exponential are used instead.
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Figure��2.��Example��of��a��single��stage��planetary��gear��and��its��scheme

The��latter��seems��suitable��for��any��stiffness��model,��therefore��can��be��taken��as��a��reference��for��
the��task��of��this��work,��where,��instead,��efforts��are��focused��to��build��a��simple��gear��mesh��stiffness��
model.

FE��contact��modelling
The��precise��geometry��of��the��teeth��mesh��has��been��analysed��by��computing��intensive��“nite ��
element��models,��as��those��shown��in��Figure��1.��Critical��aspects��are��manifest��that��prevent��the��
easy��usage��of��FEM:

€ size of the FE models: each wheel needs its proper “ne mesh, with thousands of nodes,
especially on the contact surfaces;

€ pairing of moving meshes: during the contact evolution, the point-area on the de”ected
pro“le where the teeth mate themselves is moving, therefore any constraint equation
need complex parametrisation to take care of the exact boundary conditions and nodes
in the peculiar position;

€ re-meshing issues: a means to limit the boundary condition parametrisation might be
the regeneration of the FE mesh in each gear position, to be sure that nodes are facing
each other on the mating tooth pairs, but this requires a great managing of the results
in the different meshes;

€ reduction issues: to overcome the size of the models, redutcion strategies can be
adopted by means of “nding a dynamically equivalent truncated modeshape base as
in [14], but again with attention paid to the moving contact;

€ easily non-linear: to better model the deformation of each tooth it might be useful to
evolve the FEM into the non-linear approaches, though even more expensive;

€ costs: following the contact evolution with accurate and highly detailed FE models
appears to be computationally expensive.
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Figure 3. Basic concepts of teeth pro“le construction

While FE models can “nd their place in designing the teeth for challenging transmissions,
it appears to the author infeasible to adopt such formulation for the study of resonances in
planetary gears.

�������6�7�$�5�7�,�1�*���)�5�2�0���$���.�,�1�(�0�$�7�,�&�6���%�$�6�(�'���$�3�3�5�2�$�&�+
The��basic��idea��here��proposed��is��to��“nd��a��simple��model��of��varying��stiffness��given��by��the��
tooth��pairs,��as��function��of��the��kinematic��position��when��the��wheels��are��supposed��to��be��rigid.��
Therefore��the��elasticity��introduced��will ��not��change��the��exact��solution��of��the��rigid��body��motion,��
but��will ��be��instead��used��to��map��the��variability��of��the��problem��around��the��de“ned��locations.

Recall��of��basic��concepts��in��involute��gear��tooth��contacts
When��approaching��the��modeling��of��the��single��stage��planetary��gear��of��Figure��2,��a��rule��for��the��
generation��of��the��teeth��pro“le��has��to��be��chosen.��There��follows��the��selection��of��the��transmis-
sion��ratio��� ,��of��the��pressure��angle��� ��and��of��the��tooth��modulus��m��to��generate��the��gear��mesh.��
In��the��example��of��Figure��2��the��crown��wheel��is��“xed��(
 3��= 0 )��and��no��correction��(x��= 0 )��has��
to��be��considered.

With��the��quantities��highlighted��in��Figure��3,��the��location��of��the��point��P��on��the��tangent��
to��the��base��circle��of��radius��r b��(also��normal��to��the��pro“le)��can��be��de“ned��by��the��following��
relations��for��standard��involute��gears:

�
r = r (
 ) = r b/cos(
 )
� = � (
 ) = tan(
 ) Š 


Š Š > � = � (r ) = tan(acos(r b/r )) Š (acos(r b/r )) (1)
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Figure 4. Teeth involute pro“le, single geared wheel and 1 stage gearbox assembly
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Figure 5. Limits of the angular location of the contacts

picture. The outer radiusr t imposes a constraint on the geometry of the tooth pro“le:

Limits:
�


 max = acos(r b/r t )
� max = tan(
 max ) Š 
 max

(2)

The��tooth��pro“le��is��therefore��just��a��small��portion��of��the��involute��curve,��but��respecting��the��
rolling��primitive��kinematics:��the��primitive��wheel��can��be��built��with��the��teeth��having��this��pro-
“le, ��as��in��in��Figure��4��top��right��picture,��with��added��rounding��at��the��foot��of��the��tooth,��inside��the��
base��circle.��Based��on��the��kinematics��described��by��Eqs.1-2,��all��the��teeth��of��the��planetary��gears��
“nd��the��proper��design��and��right��assembly��as��in��Figure��4��bottom��picture,��where��the��contact��
lines��(r 12��and��r 23)��between��the��gears��have��been��drawn��in��this��geared��wheel��con“guration.

The��contact��line��becomes��useful��to��de“ne��the��angular��positions��where��the��mating��tooth��
pair��meets��and��leaves��the��contact��on��the��pushing��side,��as��can��be��seen��in��Figure��5.��The��top��
circles��of��each��geared��wheel��intersect��with��the��contact��line:��the��green��circle��of��wheel��2��meets��
the��red��contact��line��where��the��teeth��start��the��mating,��while��the��blue��circle��of��wheel��1��crosses��
the��red��contact��line��where��the��teeth��leave��the��pairing,��showing��the��limit ��phases��that��are��active��
for��the��transmission��of��a��single��tooth��pair.��But��from��the��geometry��of��Figure��5��it��is��possible��to��
appreciate��also��the��presence��of��more��than��one��mating��pair��along��the��wheel��rotations.

���� �&�2�1�7�$�&�7���6�7�,�)�)�1�(�6�6�����,�0�3�/�(�0�(�1�7�$�7�,�2�1���:�,�7�+���6�,�0�3�/�(���$�6�6�8�0�3�7�,�2�1�6
In��order��to��model��the��tooth��contribution��to��the��torsional��stiffness��of��the��whole��geared��wheel,��
some��simplifying��assumption��were��introduced.��The��Eqs.1-2��have��described��the��tooth��with

This parametric relation is for an in“nite growing involute curve, as in in Figure4, top left
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Figure 6. Scheme for the strong approximation of the tooth pro“le in stiffness estimation

a varying pro“le; taking advantage of the notations in Figure6, the height of the section
orthogonal to the tooth axis can be simply evaluated:

sA = 2 r contact sin [(� Š 2� contact )/ 2] (3)

while the distance from the rigid hub of the wheel, where the cantilever beam can be consid-
ered constrained, is:

hcontact = r contact cos[(� Š 2� contact )/ 2] Š r foot (4)

The basic assumption consists in considering only the contribution of a beam with con-
stant section from the contact point to the foot of the tooth, therefore ofw x sA dimension,
wherew is the width of the wheel. The section inertia becomes:

JA = ws3
A / 12 (5)

With this simple assumption the mass over the contact point is not considered, as well as the
material that is shaved from the real pro“le when taking a beam with constant section that is
enveloped by the real pro“le. The compromise taken should not alter boldly the in”uences on
the natural frequencies of the entire system. Future enhancements might take care of better
assumptions, e.g. considering the functionally tapered section.

26



Figure 7. Equivalent stiffness for the contacts between wheels1 & 2 asfunction of the sun
wheel rotation

Figure��8.��Number��of��mating��pairs��for��the��contacts��between��wheels��1��& ��2��as��function��of��the��
sun��wheel��rotation

Cantilever��beam��stiffness
Once��the��real��tooth��has��been��substituted��by��the��cantilever��beam��with��the��constant��section��& ��
length��in��the��contact��point,��the��bending��stiffness��of��each��tooth��can��be��easily��managed:

kb,c =
3EJ A

h3
contact cos2(� contact )

(6)
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Figure 9. Equivalent stiffness for the contacts between wheels 2 & 3 asfunction of the planet
wheel rotation

wherehcontact is the length of the cantilever beam assumed andE is the Young•s modulus
of the material.

By transforming the tangential de”ection, due to the tooth bending, into a torsional or
angular de”ection of the wheel by means of energy criteria, the torsional stiffness contribution
of a single tooth is evaluated:

k�,b,c = kb,cr 2
b (7)

Mating��pairs
The��teeth��in��a��mating��pair��belong��to��two��different��geared��wheels,��but��can��be��considered��as��
springs��in��series,��therefore��the��overall��contribution��of��a��single��mating��pair��to��the��torsional��
stiffness��can��be��easily��evaluated:

keq
serie ( i,j ) =

k�,b,c i
k�,b,c j

k�,b,c i
+ k�,b,c j

(8)

Instead, whenn pairs are involved in the transmission, their contribution is that of springs
in parallel layout, which yields:

keq
parallel ( i,j ) =

n�

t =1

keq
serie ( i,j,t ) (9)

Overview��of��some��results
In��order��to��prove��the��output��of��the��simple��model��above��obtained,��an��example��was��built��with��
the��following��parameters��for��a��planetary��gear��single��stage:��total��transmission��ratio��� ��= 1 / 7,��
tooth��module��m��= 1[mm],��w��= 5m��as��the��width��of��the��tooth,��pressure��angle��� ��= ��20[deg],
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Figure��10.��Number��of��mating��pairs��for��the��contacts��between��wheels��2��& ��3��as��function��of��the��
planet��wheel��rotation

elasticity��modulus��E��= 2 .1e11[N/m 2].�� In��Figure��7��and��9��the��torsional��stiffness��resulting��
from��Equation��9��has��been��sketched��along��the��rotation,��showing��a��marked��variability��during��
the��contact;��also,��the��variability��has��some��difference��in��the��shapes,��depending��on��which��mated��
wheels��are��considered��in��the��planetary��stage,��linked��to��the��number��of��mated��teeth.��In��Figure��
8��and��10��the��number��of��mated��pairs��are��thus��shown:��while��they��both��have��a��number��of��pairs��
between��1��and��2,��the��mean��value��is��markedly��different,��being��the��“rst ��close��to��1.4,��while��the��
second��close��to��1.9,��which��means��a��better��sharing��of��the��load��among��the��teeth,��with��a��strong��
drop��when��only��one��pair��is��in��contact;��besides,��the��smooth��shape��on��the��top��of��Figure��9��is��
quite��similar��to��that��of��Figure��7,��except��for��the��drastic��drop��quoted��above.

�������'�<�1�$�0�,�&�6���2�)���$���3�/�$�1�(�7�$�5�<���*�(�$�5�%�2�;
The��above��mentioned��variability��of��the��torsional��stiffness��of��the��contacts��has��effects��on��the��
dynamic��signature��of��the��planetary��gear��single��stage.�� As��in��[15…17],��a��kinematics��based��
variability��of��the��eigenproblem��can��be��addressed.�� A��lumped��model��of��the��planetary��gear��
(one��planet��only��be��considered)��can��be��set��up��following��the��scheme��in��Figure��11,��and��the��
motion��equations��for��small��torsional��oscillation��around��the��kinematic��position��of��interest��can��
be��drawn��by��means��of��Lagrangian��approach,��one��planet��only��being��considered.

System��equations
The��system��in��Figure��11��can��me��modelled��with��5��dofs��following��[18],��since��the��input��shaft,��
the��sun��wheel,��the��planets,��the��planet��carrier��and��the��output��shaft��need��to��be��considered��as��
connected��by��torsional��springs.

Thekinetic energy of the system can be evaluated by:

T =
1
2



J1

�
 2
1 + J2

�
 2
2 + ( Jp + m2r 2

p) �
 2
p + J in

�
 2
in + Jout

�
 2
out

�
(10)
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Figure 11. Lumped model of the planetary single stage gearbox: top and side views

The elastic potential can be evaluated by:

U =
1
2

[k� 1, 2 (
 1 Š 
 2 Š 
 pcos� )2 + k� 2, 3 (
 2 Š 
 pcos� )2+

+ k� in (
 in Š 
 1)2 + k� out (
 out Š 
 p)2]
(11)

The work of the external generalised forces is:

W = M in 
 in + M out 
 out (12)

The motion equations from Lagrange functionL = T Š U follow:

d
dt

�
�L

� ��

�
Š

�L
� �

=
�W
� �

(13)

where:
� = [ 
 p, 
 1, 
 2, 
 in , 
 out ]T (14)

is the vector of the rotational dofs.
Disregarding any damping it yields [18]:

J �̈ (t) + K � (� , t)� (t) = M (t) (15)

where:
J = diag[Jp + m2r 2

p , J1, J2, J in , Jout ] (16)

K � (� , t) =

�

!
!
�

k � out +( �k � 1 , 2 + �k � 2 , 3 )cos� Š �k � 1 , 2
�k � 1 , 2 Š �k � 2 , 3 0 Š k � out

k � 1 , 2 + k � in Š k � 1 , 2 Š k � in 0
k � 1 , 2 + k � 2 , 3 0 0

k � in 0
symm . k � out

�

"
"
� (17)

�k� i,j = k� i,j cos� (18)

M (t) = [0 , 0, 0, M in , M out ]T (19)
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Eigenvalue��analysis
To��focus��the��attention��on��the��gear��mesh��”exibility ��and��variability��during��the��contact��evolution��
a��simpli“ed��system��without��torsional��contribution��of��external��shafts��has��been��considered,��
dropping��the��torsional��contribution��of��the��external��shafts,��thus��reducing��the��system��to��3��dofs.

The eigenvalue analysis is therefore based on the following equations:

J �̈ (t) + K � (� , t)� (t) = 0 (20)

where:
J = diag[Jp + m2r 2

p , J1, J2] (21)

K � (� , t) =

#
( �k � 1 , 2 + �k � 2 , 3 )cos� Š �k � 1 , 2

�k � 1 , 2 Š �k � 2 , 3

k � 1 , 2 Š k � 1 , 2

symm . k � 1 , 2 + k � 2 , 3

$

(22)

� = eig(JŠ 1K � (� , t)) (23)

In Figure12 the example is built with the following parameters:� = 1 / 7, m = 1[mm],
w = 5m, � = 20[deg], E = 2 .1e11N/m 2. Thanks to the variability of the stiffness as in
Eq.(22), the eigenvalues of Eq.(23) undergo a pronounced oscillation in the calculated ranges,
proving the stiffness dependence on the contact evolution, therefore as a source of parametric
excitation and torsional oscillations.

�������&�2�1�&�/�8�6�,�2�1�6
What here proposed has served as a proof of concept. In the present work, by means of
simple assumptions, an elastic model of a planetary gear stage has been drawn, with a special
focus on the kinematics based quantities that affect the variability of the overall stiffness
properties. The obtained variable stiffness charts become feasible for the “tting by means
of Fourier series based formulas found in literature. In the proposed procedure it will be
easy to monitor the effect of evolutionary implementations for “ner hypotheses and model
re“nements. The shown results are transferable to other investigations: design, monitoring &
diagnostics, for a clear understanding of gear mesh stiffness phenomena.

Future developments will take care of the variations in the teeth pro“le for proper gear
correction practice. Improvements in the tooth elasticity modelling are also expected, by
means of enhancements in the modelling assumptions and “ner calculations. Developments
are awaited on the side of proper lubricant “lm modelling among the teeth in contact. A
spectral approach might be used to enhance the modelling of tooth ”exibility as function of
its dynamics by means of proper shape functions [19…21]. Nonetheless, the ef“ciency of
the calculations is crucial to include all these enhancements in the modelling to extend the
applications to a wider set of real industrial problems.
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Figure 12. Eigenvalue analysis as function of the sun wheel rotation. First eigenvalue in the
range of[6.5 Š 9.5]x105, second in[3.0 Š 7.0]x107 and third in[1.8 Š 2.7]x108.
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Abstract.  This work analyses the properties and the magneto-mechanical characteristics of 
magnetorheological elastomers, smart materials not yet broadly known. The first part of 
the research was the manufacturing of several samples, each containing a different 
percentage of ferromagnetic material inside its viscoelastic matrix. The purpose was to 
create isotropic and anisotropic samples, respectively with random or aligned distribution 
of ferromagnetic particles. The next step was the study of the mechanical behaviour of each 
sample, by conducting a compression test (in presence and in absence of an external 
magnetic field) and a 3-point bending test. From the experimental data, the value of 
stiffness, deformation at maximum stress and dissipated specific energy were calculated. 
The results were analysed using both charts and ANOVA results. A systematic description 
of the obtained results highlighted a strong correlation between the percentage of 
ferromagnetic material in each sample and its mechanical response. The alignment of 
ferromagnetic particles in columnar structures also affected the stiffness values during the 
compression test. It was also shown that having an external magnetic field reduces the 
samples deformation. Using ANOVA results as guidelines, it is possible to generate reliable 
predictions regarding the mechanical response of the MRE. 

Keywords: elastomer, magnetorheological, MRE, smart materials, viscoelasticity 
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Abstract.��Nel��presente��lavoro��si��studia��un��semplice��problema��di��sintesi��cinematica��di��un��
quadrilatero��articolato��piano.��Dopo��aver��classi“cato��il ��quadrilatero��in��base��ai��tradizionali��
approcci��presenti��in��letteratura,��se��ne��opera��la��sintesi��cinematica��e,��successivamente,��si��
trovano��le��soluzioni��del��problema��di��sintesi��nel��caso��in��cui��le��lunghezze��dei��membri��del��
quadrilatero��siano��numeri��interi��(positivi),��mostrando��che��sono��correlate��con��le��terne��
pitagoriche��primitive.��Avere��a��disposizione��delle��soluzioni��con��lunghezze��intere��consente��un��
vantaggio��non��trascurabile��quando��si��vuole��procedere��ad��una��prima��sintesi��di��massima��del��
meccanismo��imponendo��alcune��proporzioni��desiderate��tra��le��lunghezze��dei��membri.��Ciò��̀e di��
un��certo��rilievo��laddove��le��proporzioni��e��le��forme��costituiscono��un��aspetto��rilevante,��come��ad��
esempio��nel��campo��dell•interior��design��o��del��design��in��generale.

Keywords:��quadrilatero��articolato,��sintesi��cinematica,��Grashof,��terne��pitagoriche

1. INTRODUZIONE
Si consideri un quadrilatero in grado di assumere le due posizioniapertae chiusamostrate
rispettivamente in Fig. (1a) e in Fig. (1c). Tale meccanismoè in grado di far compiere alla
biella (il membro opposto al telaio) una rotazione di 90 gradi in senso orario nel passag-
gio dalla con“gurazioneaperta a quellachiusae pùo essere utile, ad esempio, per movi-
mentare oggetti come panche o ribaltine che, rese solidali alla biella, nella posizionechiusa
verrebbero ad adagiarsi lungo la parete verticale (latoA0B0). In posizionechiusal•oggetto
cos̀š movimentato rivolgerebbe verso l•esterno la super“cie che in posizioneapertaè rivolta
verso l•alto, aspetto di un certo interesse in determinati campi applicativi come ad esempio
l•interior design, dove il lato estetico riveste un ruolo rilevante.

Le lunghezze dei membri sono indicate conlk (k = 1 , . . . , 4). In particolare:l4 è la
lunghezzaA0B0 del telaio, l1 è la lunghezzaA0A dell•asta superiore,l2 è la lunghezzaAB
dellabiella (il membro opposto altelaio) ed, in“ne,l3 è la lunghezzaB0B dell•asta inferiore.

La presente memoriàe cos̀š articolata: nella Sezione 2 si classi“ca il quadrilatero secondo
i tradizionali approcci presenti in letteratura; la Sezione 3è dedicata alla sintesi cinematica
del meccanismo condotta in alcuni casi in cui il problema ha un numero di soluzioni “nito; la
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(a) (b) (c)

Figura 1. Quadrilatero articolato:
a) posizioneaperta; b) posizione intermedia; c) posizionechiusa.

Sezione 4 considera il caso particolare in cui le lunghezze dei membri del quadrilatero siano
numeri interi (positivi). In“ne, si tracciano le conclusioni.

2. CLASSIFICAZIONE DEL MECCANISMO
Volendo classi“care il quadrilatero, poiché nella disposizioneaperta (Fig. (1a)) il mem-
bro B0B si presenta come l•ipotenusa di un triangolo rettangolo,è sicuramente quello di
lunghezza maggiore (lunghezzal3). Di conseguenza, labiella AB , la cui lunghezzal2 viene
a sommarsi adl3 nella disposizionechiusa(Fig. (1c)),è sicuramente il membro di lunghezza
minore. Risulta naturalmente soddisfatta l•uguaglianza:

l3 + l2 = l4 + l1 (1)

che, se si indica conl la lunghezza del membro più lungo, cons quella del membro più corto
e conp eq le lunghezze intermedie, viene a coincidere con la:

l + s = p + q (2)

nota comecaso limite di Grashof[1].
Si tratta di una categoria limite tra i quadrilateri diGrashof e quelli non-Grashof, che

vede tutti i membri raggiungere una posizione in cui sono allineati.
Tale con“gurazionèe nota comechange pointed il quadrilatero viene cosš̀ ad appartenere alla
categoria deichange-point mechanisms[1…4]. Alchange pointil moto è cinematicamente
indeterminato. In [5] la stessa categoriaè de“nita comespecial-case Grashof kinematic
chains, in accordo con [6] in cuìe de“nita transition linkages or Grashof neutral linkages.
La medesima tipologia di meccanismiè inoltre de“nita comefolding linkages(meccanismi
•pieghevoliŽ o •richiudibiliŽ) da [7,8].

54



Oltre a ricadere nelcaso limite di Grashof, il quadrilatero in esame ha labiella come
lato più corto, come sopra evidenziato. Secondo [9], dal momento che si tratta di unchange-
point mechanismavente labiella come lato pìu corto, il quadrilatero risulta appartenere alla
categoria no. 11 (tra le 14 individuate in [9]) denominatachange point rocker-crank-rocker
(CPRCR), ossia si tratta di un quadrilatero con duebilancieri (le aste di lunghezzal1 e l3),
in cui labiella è in grado di compiere una rotazione completa.

Tornando alla classi“cazione dei quadrilateri articolati piani, in [7, 8]è presentata una
alternativa alla formulazione diGrashof che non richiede di identi“care chi, tra i membri
del quadrilatero, sia il più lungo e il pìu corto. La classi“cazione introduce tre parametri
(T1, T2, T3), la cui combinazione di segni identi“ca otto tipologie di quadrilateri: quattro
sono diGrashof (T1T2T3 > 0) e quattronon-Grashof(T1T2T3 < 0). Se uno qualunque dei
parametriT1, T2 o T3 si annulla, allora si cade nelcaso limite di Grashofe il meccanismo
può assumere una con“gurazione in cui tutti i membri sono tra loro allineati, cioè risulta
•pieghevoleŽ o •richiudibileŽ (folding linkage).
Considerando tutte le possibili combinazioni di segno o di valore nullo diT1, T2 e T3, risul-
tano 27 tipologie di quadrilateri, di cui 19 sonofolding linkages.
Inoltre, il numero di parametriTi nulli de“nisce il numero di con“gurazioni con cui si può
•richiudereŽ il meccanismo. Nel caso in esame, la de“nizione dei parametriTi conduce a (si
veda [7,8]):

T1 = l4 Š l1 + l2 Š l3
T2 = l4 Š l1 Š l2 + l3
T3 = l2 + l3 Š l4 Š l1

(3)

Poich́e, come gìa evidenziato, l•asta inferioreB0B (di lunghezzal3) è quella pìu lunga e vale
la Eq. (1),è facile rendersi conto che:

T1 < 0 T2 > 0 T3 = 0 (4)

cioè, il meccanismo in esame si può richiudere sono nella con“gurazione di Fig. (1c), in cui
il membro pìu lungo e quello pìu corto sono adiacenti e distesi.

3. SINTESI DEL MECCANISMO
Per la sintesi di un quadrilatero in grado di assumere le due posizioni estreme (a e c) di
Fig. (1), occorre soddisfare le seguenti:

�
l2
4 + ( l1 + l2)2 = l2

3
l2 + l3 = l1 + l4

(5)

che risultano determinate una volta note due delle quattro lunghezze.
La coppia di dati pùo variare a seconda delle esigenze progettuali. Per “ssare le idee, si sup-
ponga che sia imposta la lunghezzal4 del telaioA0B0.

Se si assumono come parametri di progetto le lunghezzel2 e l4 (che devono ovviamente
essere positive),l1 e l3 si ricavano dalle Eqn. (5) e risulta:

l1 =
l2 l4

l4 Š 2l2
l3 =

l2
4 Š 2l2 l4 + 2 l2

2

l4 Š 2l2
(6)
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Le Eqn. (6) forniscono valori dil1 e l3 positivi a patto che sia:

l4 > 2l2 (l2 > 0, l4 > 0) (7)

Infatti, essendol2 > 0 el4 > 0, lo è anche il loro prodotto, ciòe il numeratore dil1. Dovendo
esserel1 > 0 deve quindi esserlo anche il suo denominatore, ossia deve valere la Eqn. (7).
Analogamente, valendo la Eqn. (7), af“nché l3 sia positivo deve esserlo anche il suo numer-
atore, il quale lòe sempre poich́e per qualunque valore reale dil2 si tratta di un trinomio di
secondo grado irriducibile1. In de“nitiva, la Eqn. (7)è condizione suf“ciente per assicurare
un valore positivo alle lunghezzel1 e l3.

Se invece si assumono le lunghezzel3 e l4 come parametri di progetto, dalle Eqn. (5)
si ricavanol1 e l2. PonendoL = l1 + l2 (L è la lunghezza del catetoA0B del triangolo
rettangolo di Fig. (1a)), risulta:

L =
%

l2
3 Š l2

4 (8)

e:

l1 =
L + l3 Š l4

2
l2 =

L Š l3 + l4
2

(9)

Le lunghezzeL , l1 e l2 risultano tutte positive, a patto che sia:

l3 > l 4 (l3 > 0, l4 > 0) (10)

D•altra parte, come più volte evidenziato, il membro più lungo del quadrilateròe quello di
lunghezzal3 e pertanto si avr̀a cura di assicurare la Eqn. (10) nella de“nizione dei dati di pro-
getto. La Eqn. (10) assicura che siaL > 0. Inoltre, poich́e L > 0 e l3 Š l4 > 0, certamente
l1 > 0. In“ne, l2 è senza dubbio positivo dal momento che vale certamente ladisuguaglianza
triangolarel3 < L + l4 poich́eL , l4 e l3 sono le lunghezze dei tre lati di un triangolo (conl3
maggiore diL e l4).

In“ne, se si assumono le lunghezzel1 e l4 come parametri di progetto, dalle Eqn. (5) si
ricavano le lunghezzel2 e l3:

l2 =
l1 l4

2l1 + l4
l3 =

(l1 + l4)2 + l2
1

2l1 + l4
(11)

le quali sono senz•altro positive perl1 > 0 e l4 > 0.

4. TERNE PITAGORICHE
Si consideri ora il caso in cui la lunghezzalk (k = 1 , . . . , 4) delle aste sia un numero intero
(ovviamente positivo). Ottenere delle soluzioni con lunghezze intere consente di poter oper-
are una prima sintesi di massima del meccanismo imponendo alcune proporzioni desiderate
tra le lunghezze dei membri, cosa piuttosto utile in determinati campi applicativi, quando
le proporzioni e le forme costituiscono un aspetto rilevante, come ad esempio nell•interior
designo neldesignin generale.

1Per qualunque valore dil2 (o di l4 ) l•equazione di secondo gradol24 Š 2 l2 l4 + 2 l22 = 0 ha discriminante
negativo e pertanto il trinomio ha il segno del coef“ciente del termine di secondo grado, vale a direè positivo.
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Avendo postoL = l1 + l2, i tre valori { l4, L, l 3} costituiscono certamente unaterna
pitagorica, dal momento che la prima delle Eqn. (5) diventadiofantea2 ed assume la forma
pitagorica[10,11]:

l2
4 + L 2 = l2

3 (12)

La Tab. (1) riporta le soluzioni del problema de“nito dalle Eqn. (5) impiegando le Eqn. (6),
per valori della lunghezza del lato più corto (labiella) pari al2 = 1 , . . . , 4. I valori { l4, L, l 3}
delle tre colonne centrali costituisconoterne pitagoriche.

La Tab. (2) riporta le soluzioni limitando la lunghezza del membro più lungo a valori
l3 < 100 e considerando solo leterne pitagoriche primitive[10], ossia quelle in cui non
esiste un divisore comune di{ l4, L, l 3} . Inoltre, ad ulteriore compattazione, nella Tab. (2) si
sono escluse le soluzioni in cui i valori delle colonnel4 edL risultano interscambiabili (cosa
del tutto lecita in quanto si tratta dei due cateti del triangolo pitagorico).

Le soluzioni riportate in Tab. (2) sono 16, cioè proprio pari al numero diterne pitagoriche
primitive esistenti in cui il terzo valore (l•ipotenusa)è < 100 [12]. In altre parole, sìe
giunti alla conclusione che tutte leterne pitagoriche primitiveesistenti in cui il terzo valorèe
< 100consentono di soddisfare il problema de“nito dalle (5), nel caso in cui la lunghezzalk
(k = 1 , . . . , 4) delle aste sia un numero intero positivo.

Tale conclusionèe valida per tutte leterne pitagoriche primitiveesistenti. Per dimostrarlo,
occorre provare che, data una qualunqueterna pitagorica primitiva{ l4, L, l 3} in cui L =

2Una equazione si dicediofantease deve essere risolta mediante numeri interi [10].

l2 l4 L l3 l1
1 3 4 5 3
1 4 3 5 2
2 5 12 13 10
2 6 8 10 6
2 8 6 10 4
2 12 5 13 3
3 7 24 25 21
3 8 15 17 12
3 9 12 15 9
3 12 9 15 6
3 15 8 17 5
3 24 7 25 4
4 9 40 41 36
4 10 24 26 20
4 12 16 20 12
4 16 12 20 8
4 24 10 26 6
4 40 9 41 5

Tabella 1. Soluzioni delle Eqn. (5) per valori interi positivi delle lunghezzelk (k = 1 , . . . , 4):
valori della lunghezza del lato più corto (labiella) pari a l2 = 1 , . . . , 4. I valori delle tre

colonne{ l4, L, l 3} costituisconoterne pitagoriche.
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l2 l4 L l3 l1
1 3 4 5 3
2 5 12 13 10
3 7 24 25 21
3 8 15 17 12
4 9 40 41 36
5 11 60 61 55
5 12 35 37 30
6 13 84 85 78
6 20 21 29 15
7 16 63 65 56
10 28 45 53 35
12 33 56 65 44
14 36 77 85 63
15 39 80 89 65
15 48 55 73 40
20 65 72 97 52

l1 + l2, vale a dire una terna che soddisfa la prima delle Eqn. (5), esistono sempre due interi
positivi l1 e l2 che soddisfano anche la seconda delle Eqn. (5).

La dimostrazione risiede nel fatto che tutte leterne pitagoriche primitivesi possono
ottenere da una qualunque coppia di interi positivicoprimi3, m > n , e di diversa parit̀a, tali
per cui (secondo le formule di Euclide) [10]:

l4 = m2 Š n2 ; L = 2mn ; l3 = m2 + n2 (13)

Infatti, introducendo le:

l2 = L Š l1 l1 = L Š l2 (14)

nella seconda delle Eqn. (5) si ottengono nuovamente le Eqn. (9) che, in base alle Eqn. (13)
conducono alle:

l1 = n(m + n) l2 = n(m Š n) (15)

Dalle Eqn. (15), essendom en interi positivi conm > n , si vede chiaramente chel1 e l2
sono a loro volta numeri interi positivi. Siè quindi dimostrato che tutte leterne pitagoriche
primitiveesistenti consentono di soddisfare il problema de“nito dalle Eqn. (5) nel caso in cui
la lunghezzalk (k = 1 , . . . , 4) delle aste sia un numero intero positivo.

3Due numerim en si diconocoprimi (o primi tra loro o relativamente primi) se e solo se essi non hanno nessun
divisore comune eccetto 1 e -1 o, inmodo equivalente, se il loro massimo comune divisoreè 1.

Tabella 2. Soluzioni delle Eqn. (5) per valori interi positivi delle lunghezzelk (k = 1 , . . . , 4)
con l3 < 100. I valori di { l4, L, l 3} costituiscono tutte le 16terne pitagoriche primitivein

cui l3 < 100.
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Fig. (1c).
Dopo aver classi“cato il quadrilatero in base ai tradizionali approcci presenti in letter-

atura, se nèe operata la sintesi cinematica in alcuni casi in cui il problema risulta determinato,
ossia quando sono note due delle quattro lunghezze dei membri.

Successivamente, si sono trovate le soluzioni del problema di sintesi nel caso in cui
le lunghezze dei membri del quadrilatero siano numeri interi (positivi), mostrando che le
soluzioni sono fornite da tutte leterne pitagoriche primitive{ l4, L, l 3} (conL = l1 + l2).

In de“nitiva, come ausilio per la sintesi di quadrilateri che debbano compiere il movi-
mento illustrato in Fig. (1), si pùo impiegare la Tab. 2, tenendo conto cheè possibile scam-
biare i valoril4 edL. Ovviamente, scambiando i valori dil4 e L, si modi“ca di conseguenza
il valore di l1, essendol1 = L Š l2. Più in generale, data una qualunqueterna pitagorica
primitiva { l4, L, l 3} , anche tra quelle in cuil3 > 100(non comprese in Tab. 2), i valori dei
lati l1 e l2 si trovano rispettivamente impiegando le Eqn. (9) el2 = L Š l1.

Naturalmente, il movimento tra le posizioni estreme (a e c) di Fig. (1) pùo essere real-
izzato anche applicando un fattore di scala alla lunghezza di ogni lato del quadrilatero cosš̀
ottenuto.

Avere a disposizione delle soluzioni con lunghezze intere consente un vantaggio non
trascurabile dal momento che si può procedere ad una prima sintesi di massima del meccan-
ismo imponendo alcune proporzioni desiderate tra le lunghezze dei membri. Ciò è rilevante
laddove le proporzioni e le forme costituiscono un aspetto rilevante, come ad esempio nel
campo dell•interior designo deldesignin generale.
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Abstract. I consumi sempre più bassi degli attuali dispositivi elettronici permettono lo
sviluppo di reti di sensori energeticamente autonome, che si autoalimentano recuperando
l•energia dispersa nell•ambiente. Una via particolarmente promettenteè quella del recupero
dell•energia da vibrazioni meccaniche ambientali convertendole in energia elettrica
tramite, ad esempio, trasduttori piezoelettrici o elettromagnetici. Questo lavoro presenta
la progettazione e la convalida sperimentale di un innovativo ed ef“ciente convertitore
elettromagnetico di energia da vibrazioni ambientali, basato su un sistema di molle
elicoidali contrapposte rispetto ad un magnete permanente di massa variabile, capace di
essere sintonizzato sulla frequenza desiderata.

Keywords: electromagnetic energy harvesting, ambient vibrations, multifrequency
response, experimental

1. INTRODUZIONE
La conversione dell•energia cinetica associata alle vibrazioni ambientali, in energia elet-
trica mediante trasduzione elettromagnetica,è una via particolarmente ef“ciente per autoal-
�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B��
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imentare dispositivi e sensori elettronici autonomi. In tal modoè, infatti, possibile ren-
dere energeticamente autonomi i sensori, evitando tra l•altro le costose operazioni di sosti-
tuzione delle batterie o il cablaggio elettrico delle reti. In letteratura sono proposte numerose
soluzioni per la conversione dell•energia cinetica ambientale in energia elettrica, sia basata
su trasduzione piezoelettrica sia su trasduzione elettromagnetica. In particolare,è possibile
distinguere tra sistemi con risposta lineare [1…11] e sistemi con risposta non lineare [12…19].
Tra i sistemi elettromagnetici con risposta non lineare, di particolare interesse quelli basati su
molle magnetiche, particolarmente ef“cienti per il recupero di energia da vibrazioni. Nico et
al [18] propongono un convertitore di energia, da vibrazioni ambientali a due gradi di libertà
con ampli“cazione di velocit̀a e trasduzione elettromagnetica, che ha la peculiarità di lavorare
a frequenza inferiore ai 20 Hz. La caratteristica di questo convertitore sono le dimensioni ri-
dotte (equivalente ad una batteria di tipo C), e l•impiego di molle elettromagnetiche, che
permettono il movimento di un magnete rispetto ad una bobina. Molti altri sono gli esempi di
convertitori che impiegano molle magnetiche, sia con conversione elettromagnetica [19], sia
ibridi [19]. Caratteristica comune a queste soluzioniè l•ingombro ridotto e la compattezza,
per rendere possibile la loro applicazione in sistemi di piccole dimensioni. Questo lavoro
presenta la progettazione concettuale, lo sviluppo e la convalida sperimentale di un innova-
tivo convertitore eletromagnetico di energia nell•ambito delle basse frequenze (minori di 50
Hz), orientato a sistemi di elevate dimensioni. Il sistemaè costituito da una bobina che trasla
rispetto ad un magnete ad essa coassiale, “sso a telaio; grazie ad una sospensione basata su
molle elicoidali contrapposte, si ottiene un•elevata corsa della bobina, a favore dell•ef“cienza
di conversione. L•articolòe strutturato in tre sezioni. Nella prima sono descritti gli aspetti
teorici alla base del convertitore e la sua progettazione; nella seconda si riporta la convalida
sperimentale e nella terza si discutono i risultati. In particolare, la convalida sperimentale ha
confermato la capacità del sistema di lavorare a basse frequenze di risonanza, nell•intorno
dei 10 Hz, con una signi“cativa generazione di potenza. La soluzione proposta appare quindi
promettente per il recupero di energia da vibrazioni ambientali in ambiti sia civili, sia indus-
triali caratterizzati da basse frequenze.

2. METODO
La progettazione del convertitore elettromagnetico di energia ha seguito la metodologia strut-
turata del Quality Function Deployment [20], partendo dai bisogni cliente, “no alla proget-
tazione concettuale, di sistema e di dettaglio. Le sezioni seguenti sezioni presentano i passi
principali di questo percorso. In particolare, siè puntato all•ef“cienza di conversione, alla
facilit di sintonizzazione su differenti frequenze di esercizio e ad un ingombro ridotto.

Concetto di Convertitore
Figura 1 mostra il concetto di convertitore proposto in questo lavoro, evidenziando i blocchi
rappresentanti le sue funzioni principali. Si tratta di un sistema ad un grado di libertà, costi-
tuito da una bobina di rame (2) che scorre su delle guide con accoppiamento prismatico (6).
La bobina (2)è collegata al telaio (1) tramite delle molle elicoidali (3). Quando il sistema
va in risonanza meccanica, la bobinaè eccitata dinamicamente e compie un moto traslatorio
alternativo rispetto ad un magnete permanente (5), “sso a telaio tramite dei supporti (4). Per
induzione elettromagnetica si origina una forza elettromotrice ai capi della bobina, che può
essere utilizzata per fare funzionare un dispositivo oppure ricaricare una batteria.
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Figure 1. Schema concettuale della soluzione proposta per il convertitore elettromagnetico

Figure 2. Schema del sistema meccanico equivalente al convertitore in Figura 1

Analisi Dinamica del Convertitore
Figura 2 mostra lo schema del sistema meccanico equivalente al concetto di convertitore di
Figura 1. Trattandosi di un sistema ad un grado di libertà, riconducibile al classico schema
massa, molla e smorzamento, la risposta dinamica del convertitoreè descritta dalla seguente
equazione di equilibrio dinamico:

mẍ + c�x + kx = F0cos(
t ) (1)

dove conm si intende la massa del sistema vibrante, conc la costante di smorzamento,
conk la rigidezza complessiva delle molle in serie, conF0 e con
 , rispettivamente, il modulo
e la frequenza della forzante. Risolvendo l•equazione differenziale si ottiene l•ampiezza di
oscillazioneX 0. Esprimendola in funzione sia del rapporto tra la pulsazione della forzante

 e della pulsazione naturale del sistema non smorzato
 n , sia del fattore di smorzamento
� = c

cc r = c
2
�

km
si ottiene:
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Figure 3. Ampiezza della risposta in frequenza di un sistema ad un grado di libertà

X 0 =
F0
k%

(1 Š ( �
� n

)2)2 + (2 � �
� n

)2
(2)

Con riferimento all•equazione 2, Figura 3 mostra nel dettaglio il classico andamento
dell•ampiezza della risposta di un sistema lineare in funzione della frequenza della forzante
in ingresso e dello smorzamento intrinseco al sistema. Ipotizzando uno smorzamento del
5% [21], ragionevole per un sistema di questo tipo soggetto principalmente allo smorza-
mento dovuto all•attrito nelle coppie prismatiche ed all•attrito viscoso con l•aria, ne deriva la
frequenza naturale alla quale il sistema reale va in risonanza, in particolare:


 s = 0 .95
 n (3)

dove
 s rappresenta la pulsazione propria del sistema smorzato. Pern molle disposte in
parallelo, la pulsazione naturale del sistema sarà:


 s = 0 .95

&
nk
m

(4)

Esplicitando rispetto alla rigidezzak, si ottiene il valore che devono avere le molle in
funzione della pulsazione della forzante desiderata:

k = (

 s

0.95
)2 m

n
(5)

A titolo di esempio, ipotizzando una massa della bobina pari a0.25 kg (massa sospesa),
quattro molle in parallelo, imponendo una frequenza naturale del sistema pari a14 Hz, dalla
5 si trova che la rigidezza della singola molla deve essere pari a535N/mm. Incrementando
la massa sospesa a0.35kg o0.45kg, la frequenza naturale del sistema smorzato,
 s, prevista
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Figure 4. Ampiezza della risposta in frequenza di un sistema ad un grado di libertà

dal modello si riduce a11.8 Hz e 10.4 Hz rispettivamente. Con riferimento al gra“co in
“gura Figura 4,è possibile intravedere il tipico andamento di un inverso del quadrato, come
suggerito dall•equazione 4.

Analisi della Conversione Elettromagnetica
Dal punto di vista della conversione elettromagnetica, il sistema proposto segue la legge di
Faraday-Lenz, ossia la forza elettromotrice ai capi della bobinaè direttamente proporzionale
alla velocit̀a di variazione del ”usso del campo magnetico attraverso la bobina.

Figura 5 mostra il modello computazionale magnetostatico sviluppato al “ne di prevedere
in dettaglio il comportamento del sistema impiegando il software commerciale FEMM. Il
modelloè assialsimmetrico e descrive i magneti permanenti impiegati, il telaio che li sostiene
ed una regione di ambiente suf“ciente a contenere il campo magnetico ad essi associato.
Figura 6 mostra l•andamento del campo magnetico nel sistema per due differenti con“gu-
razioni. Il caso A descrive il ”usso magnetico all•interno di una generica spira quando la
bobina si trova nel punto pi distante dal magnete (la scelta della distanza per lo studioè stata
presa in base a considerazioni sulla dinamica attesa della bobina). Il caso B, invece,è fun-
zionale ad ottenere il ”usso magnetico nel punto in cui il ”usso sarà massimo. Misurando
la variazione di ”usso magnetico che la singola spira incontra tra la posizione di Figura 6
B (posizione di massima escursione) e di Figura 6 A (piano di simmetria orizzontale), con-
siderando la frequenza di risonanza del sistema e quindi la velocità di variazione del ”usso
entro la spira, nell•ipotesi di andamento lineare del ”usso magnetico,è possibile stimare la
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Figure 5. Modello del magnete, dei supporti e dell•aria circostante sul software FEMM

forza elettromotrice indotta che si genera ai suoi capi, secondo la seguente relazione approssi-
mata:

|� | =
�� B

� t
= 0 .018[V ] (6)

Ipotizzando, in“ne, un totale di1000spire, e considerando un coef“ciente di riduzione
� = 0 .5 che tenga conto che non tutte le spire sono soggette alla stessa variazione di ”usso, la
tensione prevista ai capi della bobina risulta di circa9 V. Questo modello permette di stimare
l•ordine di grandezza delle tensioni attese in uscita dal convertitore.

3. PROGETTO DI DETTAGLIO E COSTRUZIONE DEL CONVERTITORE
Figura 7 mostra un complessivo del prototipo del convertitore, sviluppato in base all•analisi
descritta nelle sezioni precedenti. Il cuore del dispositivoè il magnete permanente cilindrico
al neodimio (1): il convertitore impiega un anello magnetico avente diametro� 25 mm,
spessore radiale10 mm, altezza35 mm [22], “ssato a telaio (5) mediante i supporti di nylon
(4). Il supporto (2) dell•avvolgimento di rame (4)è collegato al telaio in acciaio, mediante
quattro molle (6) disposte in parallelo, e su di esso possono essere aggiunte delle masse
(come su un bilanciere), in modo da permettere di cambiare facilmente la frequenza naturale
del sistema. Tale supporto può scorrere parallelamente all•asse del magnete mediante le guide
in Te”on (7). Come visibile dallo schema in Figura 7, le dimensioni del convertitore sono
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Figure 6. Distribuzione del campo magnetico in accordo all•analisi magnetostatica agli ele-
menti “niti effettuata sul modello del sistema

state “ssate a200 mm di altezza,110 mm di larghezza e80 mm di lunghezza, in accordo
all•obiettivo di sviluppare un convertitore di taglia elevata per sistemi di dimensioni grandi.

Per la costruzione del prototipo, siè fabbricato il telaio in acciaio tramite taglio laser, il
supporto della bobina mediante stampa 3D e i supporti in Te”on lavorati al tornio. Le molle
e i bulloni sono stati scelti, invece, tra componenti commerciali. La bobina realizzata sul
convertitore ha un “lo di diametro0.3 mm ed un totale di1000spire, che producono una
resistenza di33 Ohm. Figura 8a mostra il rendering del modello tridimensionale e la Figura
8b mostra il corrispondente prototipo di convertitore.

4. CONVALIDA SPERIMENTALE
L•obiettivo del piano di prove sperimentali svoltoè stato duplice. Primo, misurare la fre-
quenza di risonanza del convertitore in funzione in particolare della massa oscillante del
sistema. Secondo, misurare la potenza elettrica che il convertitoreè in grado di erogare in
funzione della frequenza di eccitazione e dei parametri di esercizio del sistema. Le prove di
eccitazione dinamica sono state svolte impiegando uno shaker elettromagnetico Data Physics
BV400 [23], controllato in retroazione da pc mediante un software proprietario. A tal “ne
si è “ssato alla tavola vibrante dello shaker un accelerometro triassiale (356 A01 PCB
Piezotronic) [24]. Per monitorare la risposta del sistema, siè inoltre “ssato un accelerometro
(356B21 PCB Piezotronic) [24] sul supporto della bobina del convertitore (massa sismica).
La tensione elettrica ai capi del convertitoreè stata misurata mediante la scheda di acqui-
sizione National Instruments, NI 9229/9239. Le prove sperimentali svolte sono state organiz-
zate in due fasi. Al “ne di determinare la frequenza propria del sistema al variare della massa
sismica, nella prima fase siè svolto uno sweep in frequenza da5 a 20 Hz, imponendo una
legge di moto con ampiezza di spostamento pari a3 mm. In particolare, si sono considerati
tre livelli di massa:0.250 kg, pari al peso proprio della sola bobina,0.350 kg e 0.450 kg
ottenute, invece, aggiungendo alla bobina masse addizionali. La seconda fase ha riguardato
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Figure 7. Disegno tecnico del convertitore

lo studio della risposta del convertitore alla frequenza di risonanza speci“ca di ciascuno dei
tre livelli di massa sismica. In questo caso, siè applicato al convertitore un carico resis-
tivo che massimizza il trasferimento di potenza, coincidente quindi con la resistenza interna
dell•avvolgimento e si sono misurate la tensione elettrica e la potenza erogate.

5. RISULTATI SPERIMENTALI
Figura 9 mostra l•andamento della risposta in frequenza del sistema, per i tre livelli di massa
sismica considerati. Con riferimento alla con“gurazione di massa sismica pari a 0.250 kg,
Figura 10 mostra l•andamento della tensione elettrica in uscita dal convertitore in funzione
del tempo. Le Figure 11 e 12 mostrano rispettivamente l•andamento della tensione e della
potenza root mean square, misurate sul convertitore in funzione della massa sismica applicata.

6. DISCUSSIONE
L•andamento della funzione di trasferimento in Figura 9 evidenzia che il convertitore pro-
posto ha fornito una frequenza di risonanza pari a 10 Hz in corrispondenza della massa sis-
mica da 0.450 kg, che poi aumenta a 11.5 Hz e 13.5 Hz al diminuire della massa sismica a
0.350 kg e 0.250 kg. Altra peculiarit della risposta del sistemaè che la funzione di trasfer-
imento assume un valore nettamente superiore all•unit in un elevato intervallo di frequenza:
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Figure 8. A sinistra il rendering del modello (A) e a destra il modello reale (B)

questo signi“ca che il sistema converte energia cinetica in elettrica, in misura signi“cativa, gi
prima del raggiungimento della frequenza di risonanza.

Il pro“lo dell•andamento della tensione misurata in uscita dal convertitore (Figura 10) si
caratterizza per il tipico andamento alterno ed abbastanza regolare, con picchi di intensit “no
a 10 V.

Dall•istogramma della tensione RMS (Figura 11) si vede poi che il valore della tensione
media misurata in uscita dal convertitore diminuisce all•aumentare della massa sismica sul
convertitore, in quanto all•aumentare della frequenza di risonanza diminuisce la corsa della
bobina rispetto al magnete permanente.

Lo stesso andamento si osserva nell•istogramma della potenza media misurata in uscita
al convertitore (Figura 12). Questo istogramma evidenzia tra l•altro che il convertitore ha
eroga un•elevata la potenza rispetto ai sistemi di letteratura [18]: in particolare, la densità di
potenza raggiunta, pari a631µW/cm 3 e con un•accelerazione inferiore ad 1g, rappresenta
un risultato di particolare rilevanza nel contesto di quanto già proposto in letteratura [19].

In conclusione, il dispositivo propostòe particolarmente adatto per strutture di grandi
dimensioni (strutture civili, macchine utensili, treni), si caratterizza per una bassa frequenza
di esercizio, sintonizzabile sul valore desiderato in relazione alla massa sismica scelta ed alla
rigidezza delle molle che sostengono la massa sismica, ed ha un•elevata potenza speci“ca.
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Figure 9. Funzione di trasferimento del convertitore in funzione della frequenza, per tre
livelli di massa sismica: 0.250 kg (a), 0.350 kg (b) e 0.450 kg (c).

7. CONCLUSIONI
Il lavoro presenta un convertitore elettromagnetico per il recupero di energia dalle vibrazioni
ambientali, con dimensioni dell•ordine di due decimetri cubi. Siè descritto lo sviluppo con-
cettuale, il dimensionamento dello stadio di conversione elettromagnetica, la progettazione
strutturale e la convalida prototipale. I risultati sperimentali mostrano una bassa frequenza di
risonanza per il sistema, nell•intervallo da 10 Hz a 15 Hz, ed un•elevata tensione e potenza
generate. In particolare, si evidenzia l•elevata potenza speci“ca se confrontata con i converti-
tori presenti in letteratura. Il dispositivòe applicabile a strutture civili, industriali o mezzi di
trasporto di grandi dimensioni, edè facilmente sintonizzabile alla frequenza desiderata.
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�.�H�\�Z�R�U�G�V�� Rotor, Shaft, Timoshenko beam, Gyroscopic moment. 

�(�;�7�(�1�'�(�'���$�%�6�7�5�$�&�7��

�7�K�H���J�H�Q�H�U�D�O���L�Q�F�U�H�D�V�L�Q�J���W�U�H�Q�G���W�R�Z�D�U�G�V���K�L�J�K���V�S�H�H�G���U�R�W�D�W�L�Q�J���H�T�X�L�S�P�H�Q�W���L�Q���F�R�Q�M�X�Q�F�W�L�R�Q���Z�L�W�K��
�K�L�J�K�H�U�� �S�R�Z�H�U�� �G�H�Q�V�L�W�\�� �H�Q�F�R�X�U�D�J�H�V�� �I�X�U�W�K�H�U�� �L�Q�V�L�J�K�W�V�� �L�Q�W�R�� �W�K�H�� �X�Q�G�H�U�V�W�D�Q�G�L�Q�J�� �R�I�� �W�K�H�� �G�\�Q�D�P�L�F��
�E�H�K�D�Y�L�R�X�U�� �R�I�� �W�R�U�T�X�H�±�W�U�D�Q�V�P�L�W�W�L�Q�J�� �I�O�H�[�L�E�O�H�� �U�R�W�R�U�V���� �,�Q�� �W�K�L�V�� �U�H�V�H�D�U�F�K�� �I�L�H�O�G�� �W�K�H�� �X�V�H�� �R�I�� �I�L�Q�L�W�H��
�H�O�H�P�H�Q�W�� �P�R�G�H�O�V�� �L�V�� �Q�R�Z�D�G�D�\�V�� �Z�L�G�H�V�S�U�H�D�G���� �K�R�Z�H�Y�H�U�� �G�L�V�W�U�L�E�X�W�H�G���S�D�U�D�P�H�W�H�U�� �I�R�U�P�X�O�D�W�L�R�Q�V�� �V�W�L�O�O��
�U�H�P�D�L�Q���R�I���V�R�P�H���L�Q�W�H�U�H�V�W�����D�W���O�H�D�V�W���I�R�U���D�Q�D�O�\�W�L�F�D�O���L�Q�Y�H�V�W�L�J�D�W�L�R�Q�V���D�Q�G���Y�D�O�L�G�D�W�L�R�Q���S�X�U�S�R�V�H�V����

�&�R�Q�W�L�Q�X�R�X�V�� �P�R�G�H�O�V�� �R�I�� �U�R�W�D�W�L�Q�J�� �V�K�D�I�W�V�� �K�D�Y�H�� �E�H�H�Q�� �V�W�X�G�L�H�G�� �K�L�J�K�O�L�J�K� W� L� Q� J� � � W� K� H� � � H� I� I� H� F� W� V� � � R� I � �
�W�U�D�Q�V�Y�H�U�V�H�� �V�K�H�D�U���� �U�R�W�D�W�R�U�\�� �L�Q�H�U�W�L�D���� �J�\�U�R�V�F�R�S�L�F�� �P�R�P�H�Q�W�V�� �D�Q�G�� �F�R�Q�V�L�G�H�U�L�Q�J�� �W�K�H�� �D�G�G�L�W�L�R�Q�D�O��
�F�R�Q�W�U�L�E�X�W�L�R�Q�� �R�I�� �D�[�L�D�O�� �H�Q�G�� �W�K�U�X�V�W�� �D�Q�G�� �W�Z�L�V�W�L�Q�J�� �P�R�P�H�Q�W���� �7�K�H�� �H�T�X�D�W�L�R�Q�V�� �R�I�� �P�R�W�L�R�Q�� �I�R�U�� �V�\�P����
�P�H�W�U�L�F�� �D�Q�G�� �D�V�\�P�P�H�W�U�L�F�� �U�R�W�R�U�V���� �Z�L�W�K�R�X�W�� �W�K�H�� �F�R�Q�W�U�L�E�X�W�L�R�Q�� �R�I�� �D�[�L�D�O� � � O� R� D� G� V� � � � � Z� H� U� H� � � G� H� U� L� Y� H� G� � � E� \ � �
�'�L�P�H�Q�W�E�H�U�J���>���@���D�G�R�S�W�L�Q�J���W�K�H���1�H�Z�W�R�Q�L�D�Q���I�R�U�P�X�O�D�W�L�R�Q�����(�D�U�O�\���L�Q�Y�H�V�W�L�J�D�W�L�R�Q�V���D�E�R�X�W���W�K�H���H�I�I�H�F�W�V��
�R�I���D�[�L�D�O���H�Q�G���W�K�U�X�V�W���D�Q�G���W�Z�L�V�W�L�Q�J���P�R�P�H�Q�W���R�I���F�R�Q�V�W�D�Q�W���P�D�J�Q�L�W�X�G�H���D�F�W�L�Q�J���V�L�P�X�O�W�D�Q�H�R�X�V�O�\���R�Q���D��
�X�Q�L�I�R�U�P�� �V�K�D�I�W�� �F�D�Q�� �E�H�� �I�R�X�Q�G�� �L�Q�� �W�K�H�� �Z�R�U�N�� �R�I�� �*�U�H�H�Q�K�L�O�O�� �>���@���� �0�R�U�H�� �U�H�F�H�Q�W�O�\���� �W�K�H�� �H�I�I�H�F�W�V�� �R�I�� �D�Q��
�D�[�L�D�O���H�Q�G���W�Z�L�V�W�L�Q�J�� �P�R�P�H�Q�W���D�O�R�Q�H�� �R�Q�� �W�K�H�� �I�O�H�[�X�U�D�O���E�H�K�D�Y�L�R�X�U�� �R�I�� �D���U�R�W�D�W�L�Q�J�� �V�O�H�Q�G�H�U�� �V�K�D�I�W�� �Z�D�V��
�V�W�X�G�L�H�G�� �D�F�F�R�U�G�L�Q�J�� �W�R�� �W�K�H�� �7�L�P�R�V�K�H�Q�N�R�� �E�H�D�P�� �P�R�G�H�O�� �E�\�� �(�V�K�O�H�P�D�Q�� �D�Q�G���(�X�E�D�Q�N�V�� �>���@���� �7�K�H��
�H�T�X�D�W�L�R�Q�V�� �R�I�� �P�R�W�L�R�Q�� �R�I�� �D�� �U�R�W�D�W�L�Q�J�� �7�L�P�R�V�K�H�Q�N�R�� �E�H�D�P�� �V�X�E�M�H�F�W�H�G�� �W�R���D�[�L�D�O�� �H�Q�G�� �W�K�U�X�V�W�� �Z�H�U�H��
�G�H�U�L�Y�H�G�� �Z�L�W�K�� �/�D�J�U�D�Q�J�L�D�Q�� �I�R�U�P�X�O�D�W�L�R�Q�� �E�\�� �&�K�R�L��et al���� �>���@���� �$�Q�� �D�Q�D�O�\�V�L�V�� �R�I�� �W�K�H�� �H�I�I�H�F�W�V�� �R�I��
�F�R�P�E�L�Q�H�G�� �H�[�W�H�U�Q�D�O�� �D�[�L�D�O�� �H�Q�G�� �W�K�U�X�V�W�� �D�Q�G�� �W�Z�L�V�W�L�Q�J�� �P�R�P�H�Q�W�� �Z�D�V�� �S�U�R�S�R�V�H�G�� �E�\�� �:�L�O�O�H�P�V�� �D�Q�G��
�+�R�O�]�H�U�� �>���@�� �D�Q�G�� �O�D�W�H�U�� �E�\�� �'�X�E�L�J�H�R�Q�� �D�Q�G�� �0�L�F�K�R�Q�� �>���@���� �Z�K�R�� �D�G�R�S�W�H�G�� �W�K�H�� �7�L�P�R�V�K�H�Q�N�R�� �E�H�D�P��
�P�R�G�H�O�����F�D�V�W�L�Q�J���G�R�X�E�W�V���R�Q���V�R�P�H���U�H�V�X�O�W�V���R�E�W�D�L�Q�H�G���L�Q���>���@����

�,�Q�� �W�K�L�V�� �V�W�X�G�\�� �I�X�U�W�K�H�U�� �L�Q�V�L�J�K�W�V�� �D�U�H�� �S�U�R�S�R�V�H�G�� �L�Q�� �W�K�H�� �D�Q�D�O�\�V�L�V�� �R�I���D�� �G�L�V�W�U�L�E�X�W�H�G�� �S�D�U�D�P�H�W�H�U��
�P�R�G�H�O�� �R�I�� �D�� �K�L�J�K�±�V�S�H�H�G���� �S�R�Z�H�U�� �W�U�D�Q�V�P�L�W�W�L�Q�J�� �I�O�H�[�L�E�O�H�� �U�R�W�R�U���� �$�� �I�D�V�W�� �D�Q�G�� �H�D�V�\�� �W�R�� �L�P�S�O�H�P�H�Q�W��
�P�H�W�K�R�G�� �K�D�V�� �E�H�H�Q�� �G�H�Y�H�O�R�S�H�G�� �I�R�U�� �W�K�H�� �F�D�O�F�X�O�D�W�L�R�Q�� �R�I�� �Q�D�W�X�U�D�O�� �I�U�H�T�X�H�Q�F�L�H�V���� �P�R�G�D�O�� �V�K�D�S�H�V�� �D�Q�G��
�F�U�L�W�L�F�D�O�� �V�S�H�H�G�V�� �R�I�� �D�� �F�R�Q�W�L�Q�X�R�X�V�� �U�R�W�D�W�L�Q�J�� �V�K�D�I�W���� �F�R�Q�V�L�V�W�L�Q�J�� �R�I�� �D�� �K�R�P�R�J�H�Q�H�R�X�V�� �X�Q�L�I�R�U�P��
�7�L�P�R�V�K�H�Q�N�R�� �V�W�U�D�L�J�K�W�� �E�H�D�P���� �U�R�W�D�W�L�Q�J�� �D�W�� �F�R�Q�V�W�D�Q�W�� �D�Q�J�X�O�D�U�� �V�S�H�H�G�� �D�E�R�X�W�� �L�W�V�� �O�R�Q�J�L�W�X�G�L�Q�D�O�� �D�[�L�V��
�D�Q�G���V�L�P�X�O�W�D�Q�H�R�X�V�O�\���V�X�E�M�H�F�W�H�G���W�R���D�[�L�D�O���H�Q�G���W�K�U�X�V�W���D�Q�G���W�Z�L�V�W�L�Q�J���P�R�P�H�Q�W���>���@������

�0�R�U�H�� �L�Q�� �G�H�W�D�L�O���� �W�K�H�� �H�T�X�D�W�L�R�Q�V�� �R�I�� �P�R�W�L�R�Q�� �K�D�Y�H�� �E�H�H�Q�� �G�H�U�L�Y�H�G�� �X�Q�G�H�U�� �W�K�H�� �V�P�D�O�O�� �V�W�U�D�L�Q ��
�D�V�V�X�P�S�W�L�R�Q���L�Q���E�R�W�K���1�H�Z�W�R�Q�L�D�Q���D�Q�G���/�D�J�U�D�Q�J�L�D�Q���I�R�U�P�X�O�D�W�L�R�Q�V���I�R�U���F�O�D�U�L�I�\�L�Q�J���V�R�P�H���G�L�V�F�U�H�S�D�Q����
�F�L�H�V�� �I�R�X�Q�G�� �D�P�R�Q�J�� �U�H�I�H�U�H�Q�F�H�V�� �>�������@�� �D�Q�G�� �>���@���� �0�R�G�D�O�� �D�Q�D�O�\�V�L�V�� �R�I�� �W�K�H�� �U�R�W�D�W�L�Q�J�� �V�K�D�I�W�� �X�Q�G�H�U��

�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B��

�*�(�)�����������������8�Q�G�L�F�H�V�L�P�D���*�L�R�U�Q�D�W�D���G�L���6�W�X�G�L�R���(�W�W�R�U�H���)�X�Q�D�L�R�O�L�����������O�X�J�O�L�R���������������%�R�O�R�J�Q�D

��

79



�F�R�P�E�L�Q�H�G�� �O�R�D�G�V�� ���P�L�V�V�L�Q�J�� �L�Q�� �W�K�H�� �O�L�W�H�U�D�W�X�U�H���� �K�D�V�� �W�K�H�Q�� �E�H�H�Q�� �G�H�Y�H�O�R�S�H�G�� �I�R�U�� �E�R�W�K�� �F�R�P�S�O�H�[�� �D�Q�G��
�U�H�D�O�� �G�L�V�S�O�D�F�H�P�H�Q�W�� �Y�D�U�L�D�E�O�H�V���� �K�L�J�K�O�L�J�K�W�L�Q�J�� �W�K�H�� �V�W�U�X�F�W�X�U�H�� �R�I�� �W�K�H���D�O�J�H�E�U�D�L�F�� �D�Q�G�� �G�L�I�I�H�U�H�Q�W�L�D�O��
�R�S�H�U�D�W�R�U�V���L�Q�Y�R�O�Y�H�G���D�Q�G���W�K�H���E�L�±�R�U�W�K�R�J�R�Q�D�O�L�W�\���S�U�R�S�H�U�W�L�H�V���R�I���W�K�H���H�L�J�H�Q�I�X�Q�F�W�L�R�Q�V����

�7�K�H�� �H�I�I�H�F�W�V�� �R�I�� �Y�D�U�\�L�Q�J�� �W�K�H�� �P�R�G�H�O���P�D�L�Q�� �J�R�Y�H�U�Q�L�Q�J�� �S�D�U�D�P�H�W�H�U�V���� �L�G�H�Q�W�L�I�L�H�G���L�Q�� �V�O�H�Q�G�H�U�Q�H�V�V��
�U�D�W�L�R���� �D�Q�J�X�O�D�U�� �V�S�H�H�G���� �D�[�L�D�O�� �H�Q�G�� �W�K�U�X�V�W�� �D�Q�G�� �W�Z�L�V�W�L�Q�J�� �P�R�P�H�Q�W���� �K�D�Y�H�� �E�H�H�Q�� �V�W�X�G�L�H�G�� �R�Q�� �Q�D�W�X�U�D�O��
�I�U�H�T�X�H�Q�F�L�H�V���� �P�R�G�D�O�� �V�K�D�S�H�V�� �D�Q�G�� �F�U�L�W�L�F�D�O�� �V�S�H�H�G�V�� �R�I�� �W�K�H�� �U�R�W�D�W�L�Q�J�� �V�K�D�I�W���� �W�K�H�� �Z�K�R�O�H�� �D�Q�D�O�\�V�L�V��
�F�D�U�U�L�H�G�� �R�X�W�� �Z�R�U�N�L�Q�J�� �Z�L�W�K�� �Q�R�Q�G�L�P�H�Q�V�L�R�Q�D�O�� �S�D�U�D�P�H�W�H�U�V�� �D�Q�G�� �Y�D�U�L�D�E�O�H�V���� �6�R�P�H�� �I�X�U�W�K�H�U�� �L�Q�V�L�J�K�W�V��
�K�D�Y�H�� �E�H�H�Q�� �S�U�R�Y�L�G�H�G�� �R�Q�� �S�D�U�W�L�F�X�O�D�U�� �D�V�S�H�F�W�V���� �V�X�F�K�� �D�V�� �W�K�H�� �D�Q�D�O�\�V�L�V���R�I�� �W�K�H�� �F�X�W�±�R�I�I�� �7�L�P�R�V�K�H�Q�N�R��
�E�H�D�P���I�U�H�T�X�H�Q�F�L�H�V���>���@���L�Q�F�O�X�G�L�Q�J���W�K�H���H�I�I�H�F�W�V���R�I���J�\�U�R�V�F�R�S�L�F���P�R�P�H�Q�W�V���D�Q�G���H�[�W�H�U�Q�D�O���O�R�D�G�V���>���@�����D�V��
�G�L�V�S�O�D�\�H�G�� �L�Q�� �W�K�H�� �I�L�J�X�U�H�� �D�E�R�Y�H�� ���V�K�R�Z�L�Q�J�� �W�K�H�� �F�R�P�S�O�H�[�� �H�[�S�R�Q�H�Q�W�V��a�� �R�I�� �P�R�G�D�O�� �V�K�D�S�H�V�� �D�V�� �I�X�Q����
�F�W�L�R�Q�V���R�I���W�K�H���H�L�J�H�Q�I�U�H�T�X�H�Q�F�L�H�V���O�����D�Q�G���W�K�H���V�Z�L�W�F�K���R�U���F�X�W�±�R�I�I���I�U�H�T�X�H�Q�F�L�H�V���L�Q���Z�K�L�F�K���U�H�D�O���Y�D�O�X�H�V��
�R�I���W�K�H���H�[�S�R�Q�H�Q�W�V��a���E�H�F�R�P�H���L�P�D�J�L�Q�D�U�\������

�7�K�H�� �U�H�V�X�O�W�V�� �R�I�� �W�K�L�V�� �V�W�X�G�\�� �F�R�Q�V�W�L�W�X�W�H�� �W�K�H�� �E�D�V�L�V�� �I�R�U�� �I�X�U�W�K�H�U�� �G�H�Y�H�O�R�S�P�H�Q�W�V���� �L�Q�F�O�X�G�L�Q�J��
�F�R�P�S�D�U�L�V�R�Q���Z�L�W�K���I�L�Q�L�W�H���H�O�H�P�H�Q�W���P�R�G�H�O�V���D�Q�G���U�R�W�R�U���V�W�D�E�L�O�L�W�\���D�Q�D�O�\�V�L�V���X�Q�G�H�U���F�R�P�E�L�Q�H�G���O�R�D�G�V������

�5�(�)�(�5�(�1�&�(�6��

�>���@�'�L�P�H�Q�W�E�H�U�J�����)���0������������������Flexural vibrations of rotating shafts�����%�X�W�W�H�U�Z�R�U�W�K�����/�R�Q�G�R�Q��
�>���@�*�U�H�H�Q�K�L�O�O���� �$���*������ ������������ �³�2�Q�� �W�K�H�� �V�W�U�H�Q�J�W�K�� �R�I�� �V�K�D�I�W�L�Q�J�� �Z�K�H�Q�� �H�[�S�R�V�H�G�� �E�R�W�K�� �W�R�� �W�R�U�V�L�R�Q�� �D�Q�G�� �W�R�� �H�Q�G

�W�K�U�X�V�W�´�����3�U�R�F�H�H�G�L�Q�J�V���R�I���W�K�H���,�Q�V�W�L�W�X�W�L�R�Q���R�I���0�H�F�K�D�Q�L�F�D�O���(�Q�J�L�Q�H�H�U�V����,���������±����������
�>���@�(�V�K�O�H�P�D�Q���� �5���/���� �D�Q�G�� �(�X�E�D�Q�N�V���� �5���$������ ������������ �³�2�Q�� �W�K�H�� �F�U�L�W�L�F�D�O�� �V�S�H�H�G�V�� �R�I�� �D�� �F�R�Q�W�L�Q�X�R�X�V�� �U�R�W�R�U�´���� �7�U�D�Q����

�V�D�F�W�L�R�Q�V�� �R�I�� �W�K�H�� �$�P�H�U�L�F�D�Q�� �6�R�F�L�H�W�\�� �R�I�� �0�H�F�K�D�Q�L�F�D�O�� �(�Q�J�L�Q�H�H�U�V���� �-�R�X�U�Q�D�O�� �R�I�� �(�Q�J�L�Q�H�H�U�L�Q�J�� �I�R�U�� �,�Q�G�X�V�W�U�\
�����������������±����������

�>���@ �&�K�R�L�����6���+�������3�L�H�U�U�H�����&�����D�Q�G���8�O�V�R�\�����$���*�������������������³�&�R�Q�V�L�V�W�H�Q�W���P�R�G�H�O�L�Q�J���R�I���U�R�W�D�W�L�Q�J���7�L�P�R�V�K�H�Q�N�R���V�K�D�I�W�V
�V�X�E�M�H�F�W���W�R���D�[�L�D�O���O�R�D�G�V�´�����$�6�0�(���-�R�X�U�Q�D�O���R�I���9�L�E�U�D�W�L�R�Q���D�Q�G���$�F�R�X�V�W�L�F�V �����������������±��������

�>���@ �:�L�O�O�H�P�V�����1�����D�Q�G���+�R�O�]�H�U�����6�������������������³�&�U�L�W�L�F�D�O���V�S�H�H�G�V���R�I���U�R�W�D�W�L�Q�J���V�K�D�I�W�V���V�X�E�M�H�F�W�H�G���W�R���D�[�L�D�O���O�R�D�G�L�Q�J���D�Q�G
�W�D�Q�J�H�Q�W�L�D�O���W�R�U�V�L�R�Q�´�����7�U�D�Q�V�D�F�W�L�R�Q�V���R�I���W�K�H���$�6�0�(�����-�R�X�U�Q�D�O���R�I���(�Q�J�L�Q�H�H�U�L�Q�J���I�R�U���,�Q�G�X�V�W�U�\ ���������������±��������

�>���@ �'�X�E�L�J�H�R�Q�����6�����D�Q�G���0�L�F�K�R�Q�����-���&�������������������³�*�\�U�R�V�F�R�S�L�F���E�H�K�D�Y�L�R�X�U���R�I���V�W�U�H�V�V�H�G���U�R�W�D�W�L�Q�J���V�K�D�I�W�V�´�����-�R�X�U�Q�D�O���R�I
�6�R�X�Q�G���D�Q�G���9�L�E�U�D�W�L�R�Q�����������������±��������

�>���@ �'�H�� �)�H�O�L�F�H���� �$���� �D�Q�G�� �6�R�U�U�H�Q�W�L�Q�R���� �6������ ������������ �³�,�Q�V�L�J�K�W�V�� �L�Q�W�R�� �W�K�H�� �J�\�U�R�V�F�R�S�L�F�� �E�H�K�D�Y�L�R�X�U�� �R�I�� �D�[�L�D�O�O�\�� �D�Q�G
�W�R�U�V�L�R�Q�D�O�O�\���O�R�D�G�H�G���U�R�W�D�W�L�Q�J���V�K�D�I�W�V�´�����3�U�R�F�H�H�G�L�Q�J�V���R�I���W�K�H�������W�K���,�Q�W�H�U�Q�D�W�L�R�Q�D�O���&�R�Q�I�H�U�H�Q�F�H���R�Q���6�R�X�Q�G���D�Q�G
�9�L�E�U�D�W�L�R�Q�����,�&�6�9�����������/�R�Q�G�R�Q���������±���������-�X�O�\������������

�>���@ �6�W�H�S�K�H�Q���� �1���*������ ������������ �³�7�K�H�� �V�H�F�R�Q�G�� �V�S�H�F�W�U�X�P�� �R�I�� �7�L�P�R�V�K�H�Q�N�R�� �E�H�D�P�� �W�K�H�R�U�\�±�I�X�U�W�K�H�U�� �D�V�V�H�V�V�P�H�Q�W�´��
�-�R�X�U�Q�D�O���R�I���6�R�X�Q�G���D�Q�G���9�L�E�U�D�W�L�R�Q���������������������±����������

�,�P�>a�@��

�5�H�>a�@��

�O��

80



�5�,�/�(�9�$�=�,�2�1�,�� �6�3�(�5�,�0�(�1�7�$�/�,�� �(�� �0�2�'�(�/�/�$�=�,�2�1�(��
�1�8�0�(�5�,�&�$���'�(�,�� �)�(�1�2�0�(�1�,�� �'�,�1�$�0�,�&�,�� �'�2�9�8�7�,�� �$�/�/�$��
�&�$�9�,�7�$�=�,�2�1�(���,�1���3�2�0�3�(���$�'���,�1�*�5�$�1�$�*�*�,���(�6�7�(�5�1�,��

�$�����%�H�U�W�D�]�]�L�Q�L�������0�����%�D�W�W�D�U�U�D�������(�����0�X�F�F�K�L�������*�����'�D�O�S�L�D�]��

1Engineering Department, Università degli Studi di Ferrara, Italy 
E-mail: anna.bertazzini@unife.it , mattia.battarra@unife.it, emiliano.mucchi@unife.it,��
giorgio.dalpiaz@unife.it

�.�H�\�Z�R�U�G�V����cavitazione, modellazione 

�6�2�0�0�$�5�,�2���(�6�7�(�6�2��

�1�H�J�O�L���X�O�W�L�P�L���D�Q�Q�L�����V�R�Q�R���V�H�P�S�U�H���S�L�•���Q�X�P�H�U�R�V�H���O�H���D�S�S�O�L�F�D�]�L�R�Q�L���Q�H�O���F�D�P�S�R���G�H�O�O�
�D�X�W�R�P�R�W�L�Y�H���L�Q��
�F�X�L���O�H���S�R�P�S�H���D�G���L�Q�J�U�D�Q�D�J�J�L���H�V�W�H�U�Q�L���Y�H�Q�J�R�Q�R���G�L�U�H�W�W�D�P�H�Q�W�H���F�R�O�O�H�J�D�W�H���D�O�O�
�D�O�E�H�U�R���P�R�W�R�U�H�����L�Q�Y�H�F�H��
�F�K�H�� �D�G�� �X�Q�� �P�R�W�R�U�H�� �H�O�H�W�W�U�L�F�R���� �R�S�H�U�D�Q�G�R�� �G�L�� �F�R�Q�V�H�J�X�H�Q�]�D�� �D�G�� �D�O�W�H�� �Y�H�O�R�F�L�W�j�� �H�� �D�O�W�H�� �S�R�U�W�D�W�H���� �,�O��
�U�D�J�J�L�X�Q�J�L�P�H�Q�W�R���G�L���W�D�O�L���F�R�Q�G�L�]�L�R�Q�L���G�L���O�D�Y�R�U�R�����X�Q�L�W�R���D�O�O�D���S�U�H�V�H�Q�]�D���G�L���]�R�Q�H���G�L���E�D�V�V�D���S�U�H�V�V�L�R�Q�H����
�F�R�P�S�R�U�W�D���W�D�O�Y�R�O�W�D���O�R���V�Y�L�O�X�S�S�D�U�V�L���G�L���I�H�Q�R�P�H�Q�L���G�L���F�D�Y�L�W�D�]�L�R�Q�H���F�K�H���S�U�R�Y�R�F�D�Q�R���U�X�P�R�U�H�����S�H�U�G�L�W�D���G�L��
�S�U�H�V�W�D�]�L�R�Q�L�� �H�� �X�V�X�U�D�� �G�H�O�O�H�� �V�X�S�H�U�I�L�F�L�� �L�Q�W�H�U�Q�H���� �1�H�� �F�R�Q�V�H�J�X�H�� �O�¶�L�P�S�R�U�W�D�Q�]�D�� �G�L�� �F�R�Q�R�V�F�H�U�H�� �O�D��
�G�L�Q�D�P�L�F�D���G�L���T�X�H�V�W�L���I�H�Q�R�P�H�Q�L���S�H�U���H�O�L�P�L�Q�D�U�H�����R���T�X�D�Q�W�R�P�H�Q�R���U�L�G�X�U�U�H�����J�O�L���H�I�I�H�W�W�L���F�K�H���Q�H���G�H�U�L�Y�D�Q�R����
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�D�U�W�L�F�R�O�R���S�U�H�V�H�Q�W�D���X�Q�
�D�Q�D�O�L�V�L�� �V�S�H�U�L�P�H�Q�W�D�O�H���H���Q�X�P�H�U�L�F�D���G�H�L���I�H�Q�R�P�H�Q�L���F�D�Y�L�W�D�W�L�Y�L���L�Q���S�R�P�S�H��
�D�G���L�Q�J�U�D�Q�D�J�J�L���H�V�W�H�U�Q�L���X�W�L�O�L�]�]�D�W�H���Q�H�O���F�D�P�S�R���G�H�O�O�
�D�X�W�R�P�R�W�L�Y�H������

�/�H�� �U�L�O�H�Y�D�]�L�R�Q�L�� �V�S�H�U�L�P�H�Q�W�D�O�L�� �F�R�Q�G�R�W�W�H�� �K�D�Q�Q�R�� �F�R�Q�V�H�Q�W�L�W�R�� �G�L�� �Y�D�O�X�W�D�U�H�� �O�
�D�Q�G�D�P�H�Q�W�R�� �G�H�O��
�U�H�Q�G�L�P�H�Q�W�R�� �Y�R�O�X�P�H�W�U�L�F�R�� �G�H�O�O�D�� �S�R�P�S�D�� �H�� �O�H�� �S�U�H�V�V�L�R�Q�L�� �D�F�X�V�W�L�F�K�H�� �U�H�J�L�V�W�U�D�W�H�� �G�D�� �X�Q�� �L�G�U�R�I�R�Q�R���� �,�Q��
�J�H�Q�H�U�D�O�H���� �D�� �V�H�J�X�L�W�R�� �G�H�O�� �Y�H�U�L�I�L�F�D�U�V�L�� �G�H�L�� �I�H�Q�R�P�H�Q�L�� �G�L�� �F�D�Y�L�W�D�]�L�R�Q�H���� �L�� �Y�D�O�R�U�L�� �5�0�6�� �G�L�� �S�U�H�V�V�L�R�Q�H��
�D�F�X�V�W�L�F�D���D�X�P�H�Q�W�D�Q�R���F�R�Q�V�L�G�H�U�H�Y�R�O�P�H�Q�W�H���H���O�¶�D�Q�G�D�P�H�Q�W�R���G�H�O���U�H�Q�G�L�P�H�Q�W�R���Y�R�O�X�P�H�W�U�L�F�R���F�U�R�O�O�D�����D��
�F�D�X�V�D�� �S�U�L�Q�F�L�S�D�O�P�H�Q�W�H�� �G�H�O�O�D�� �G�L�P�L�Q�X�]�L�R�Q�H�� �G�H�O�O�D�� �S�R�U�W�D�W�D�� �Y�R�O�X�P�H�W�U�L�F�D�� �L�Q�� �X�V�F�L�W�D���� �O�D�� �S�U�H�V�H�Q�]�D�� �G�L��
�D�U�L�D���O�L�E�H�U�D���L�Q���R�O�L�R���G�H�W�H�U�P�L�Q�D���X�Q���G�H�F�U�H�P�H�Q�W�R���G�L���S�R�U�W�D�W�D���D���S�D�U�L�W�j���G�L���Y�R�O�X�P�H���G�L���I�O�X�L�G�R���H�O�D�E�R�U�D�W�R������

�'�D�� �T�X�H�V�W�H�� �F�R�Q�V�L�G�H�U�D�]�L�R�Q�L�� �Q�D�V�F�H�� �O�D�� �Q�H�F�H�V�V�L�W�j�� �G�L�� �U�H�D�O�L�]�]�D�U�H�� �X�Q�� �P�R�G�H�O�O�R�� �G�L�Q�D�P�L�F�R�� �F�K�H��
�F�R�Q�V�H�Q�W�D�� �G�L�� �G�H�V�F�U�L�Y�H�U�H�� �L�� �I�H�Q�R�P�H�Q�L�� �G�L�� �F�D�Y�L�W�D�]�L�R�Q�H�� �H�� �G�L�� �S�U�H�Y�H�G�H�U�H�� �Q�X�P�H�U�L�F�D�P�H�Q�W�H�� �L�O�� �O�R�U�R��
�V�Y�L�O�X�S�S�R�� �Q�H�O�O�H�� �F�R�Q�G�L�]�L�R�Q�L�� �R�S�H�U�D�W�L�Y�H�� �G�H�O�O�H�� �S�R�P�S�H���� �,�Q�� �S�D�U�W�L�F�R�O�D�U�H���� �q�� �V�W�D�W�R�� �P�R�G�L�I�L�F�D�W�R�� �H��
�P�L�J�O�L�R�U�D�W�R�� �X�Q�� �P�R�G�H�O�O�R�� �J�L�j�� �H�V�L�V�W�H�Q�W�H�� �>���@�� �S�H�U�� �O�D�� �V�W�L�P�D�� �G�H�O�O�D�� �G�L�V�W�U�L�E�X�]�L�R�Q�H�� �G�H�O�O�D�� �S�U�H�V�V�L�R�Q�H�� �L�Q��
�S�R�P�S�H���D�G���L�Q�J�U�D�Q�D�J�J�L�����Q�H�O���T�X�D�O�H���V�L���V�R�Q�R���L�Q�W�U�R�G�R�W�W�L���L���I�H�Q�R�P�H�Q�L���G�L���F�D�Y�L�W�D�]�L�R�Q�H�����,�Q���S�D�U�W�L�F�R�O�D�U�H���L�O��
�P�R�G�H�O�O�R���G�L���F�D�Y�L�W�D�]�L�R�Q�H���>���@���S�H�U�P�H�W�W�H���G�L���F�D�O�F�R�O�D�U�H���O�D���S�U�H�V�H�Q�]�D���G�L���D�U�L�D���D�O�O�¶�L�Q�W�H�U�Q�R���G�H�O�O�¶�R�O�L�R���H���G�L��
�Y�D�O�X�W�D�U�Q�H�� �O�¶�L�Q�I�O�X�H�Q�]�D�� �V�X�O�O�H�� �S�U�L�Q�F�L�S�D�O�L�� �J�U�D�Q�G�H�]�]�H�� �F�D�U�D�W�W�H�U�L�V�W�L�F�K�H�� �G�H�O�O�D�� �S�R�P�S�D���� �F�R�P�H�� �O�D��
�G�L�V�W�U�L�E�X�]�L�R�Q�H�� �G�L�� �S�U�H�V�V�L�R�Q�H���� �O�D���S�R�U�W�D�W�D�� �L�Q�� �X�V�F�L�W�D���� �O�H�� �I�R�U�]�H�� �Y�D�U�L�D�E�L�O�L�� �V�X�O�O�H�� �U�X�R�W�H���� �O�D�� �G�H�Q�V�L�W�j�� �H�� �L�O��
�P�R�G�X�O�R���G�L���E�X�O�N���G�H�O�O�¶�R�O�L�R��������
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�U�D�S�S�U�H�V�H�Q�W�D�W�L�� �G�D�L�� �W�U�H�� �W�H�U�P�L�Q�L�� �F�K�H�� �O�D�� �F�R�V�W�L�W�X�L�V�F�R�Q�R���� �/�D�� �S�R�P�S�D�� �P�R�Q�R�V�W�D�G�L�R�� �L�Q�� �H�V�D�P�H�� �q�� �V�W�D�W�D��
�V�F�K�H�P�D�W�L�]�]�D�W�D���D�W�W�U�D�Y�H�U�V�R���X�Q���P�R�G�H�O�O�R���D���S�D�U�D�P�H�W�U�L���F�R�Q�F�H�Q�W�U�D�W�L���L�Q���F�X�L���L���Y�R�O�X�P�L���G�L���F�R�Q�W�U�R�O�O�R���V�R�Q�R��
�L�� �Y�R�O�X�P�L�� �F�K�H�� �V�L�� �F�U�H�D�Q�R�� �Q�H�J�O�L�� �V�S�D�]�L�� �W�U�D�� �G�X�H�� �G�H�Q�W�L�� �F�R�Q�V�H�F�X�W�L�Y�L�� �G�L�� �F�L�D�V�F�X�Q�D�� �U�X�R�W�D���� �O�¶�H�T�X�D�]�L�R�Q�H��
�Y�L�H�Q�H���U�L�V�R�O�W�D���S�H�U���R�J�Q�L���Y�R�O�X�P�H���H���Y�L�H�Q�H���W�U�R�Y�D�W�D���U�H�O�D�]�L�R�Q�H���F�R�Q���O�H���D�O�W�U�H���J�U�D�Q�G�H�]�]�H���F�D�U�D�W�W�H�U�L�V�W�L�F�K�H��
�S�H�U���Y�D�O�X�W�D�U�H���O�¶�L�Q�I�O�X�H�Q�]�D���G�H�O�O�D���F�D�Y�L�W�D�]�L�R�Q�H���V�X�O�O�D���G�L�Q�D�P�L�F�D���G�H�O�O�D���S�R�P�S�D������
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SOMMARIO ESTESO
I test di vibrazione controllati sono utilizzati per veri“care che un componente sia in grado
di resistere alle condizioni operative per il qualeé progettato. L•utilizzo di test multiassiali
(Multiple-Input Multiple-Output, MIMO), permette di replicare fedelmente in laboratorio tali
condizioni operative.

Nei test controllati, l•algoritmo di controllóe in grado di regolare i voltaggi che alimen-
tano gli shakers in modo che la risposta accelerometrica in determinati punti della struttura
sia tale da restituire il target de“nito dall•utente. Nei test di quali“ca ad eccitazione stocas-
tica, le speci“che da replicare sono fornite in frequenza in termini di Power Spectral Density
(PSD). Nel caso speci“co di test MIMO, tali speci“che non possono limitarsi alle sole PSD
ma vanno incluse ulteriori informazioni derivanti dalla cross-correlazione tra i vari canali di
controllo, de“nite in termini di Cross Spectral Density (CSD). In questo caso il target per
l•algoritmo di controllo si trasforma in una matrice, la cosiddetta Matrice di Riferimento,
in cui gli elementi della diagonale sono le PSD e gli elementi fuori dalla diagonale le CSD.
Tale matrice per poter essere replicata, deve necessariamente essere una matrice semi-de“nita
positiva. Spesso peró le informazioni derivanti dalle CSD non sono note. Un esempioé rap-
presentato dal caso in cui il test di quali“ca venga eseguito seguendo una normativa tecnica.
Le normative infatti, essendo de“nite per test monoassiali, forniscono solamente i pro“li PSD
da replicare in determinati punti della struttura e spetta dunque al test engineer completare
l•intera Matrice di Riferimento de“nendo le CSD in termini di fasi e coerenze tra i vari canali
di controllo. Non tutte le combinazioni di fasi e coerenze generano matrici semi-de“nite
positive e dunque controllabili dall•algoritmo.

Ad oggi, sebbene diversi autori abbiano trattato il problema [1, 2], non esiste una pro-
cedura di generazione del target che sia solida ed af“dabile. L•obbiettivo di questa ricerca
é quello di de“nire un metodo che permetta, partendo dalle speci“che fornite sotto forma di
PSD e da alcune scelte iniziali fatte dall•utente, di completare l•intera Matrice di Riferimento
in modo tale che questa sia semi-de“nita positiva e dunque utilizzabile per eseguire il test.
�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B��
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Figure 1. Principio delPhase Pivoting

Figure 2. a) Matrice di Riferimento per tre canali di controllo utilizzando il metodo della
potenza minima;b) Potenza totale richiesta dagli shakers per eseguire il test.

L•idea alla base del metodo risiede nel fornire una relazione “sica tra tutti i possibili
pro“li di fasi nel caso di elevata coerenza tra i canali di controllo. In Fig.1é rappresentato il
caso di tre canali di controllo. In questo caso, de“nito lo sfasamento tra due coppie di canali
di controllo (� 12 ed� 13), la terza fase risulta automaticamente “ssata (� 23 = � 13 Š � 12).

In Fig.2 sono mostrati i risultati ottenuti controllando lo shaker 3D (Dongling 3ES-10-
HF-500) dell•Universit́a di Ferrara. In questo caso, partendo dalle speci“che del test (PSD
standard da 1 gRMS), sono stati de“niti dei pro“li di fase e coerenza che restituiscono una
Matrice di Riferimento (Fig.2 a) che oltre ad essere semi-de“nita positiva, sia anche in grado
di minimizzare la potenza totale richiesta dagli shakers per eseguire il test (Fig.2 b, si con-
fronta il metodo della potenza minima rappresentato dalla linea blu, rispetto ad altri metodi).
Tale metodo di generazione del target permette di ritardare il limite massimo raggiungibile
dagli shakers (DACs Overload) ed ottenere dunque migliori performance pur mantenendo
“ssate le speci“che del test.
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�Y�L�H�Z���� �V�L�P�X�O�D�W�R�U�� �U�H�V�X�O�W�V�� �V�K�R�Z�H�G�� �W�K�D�W�� �W�K�H�� �G�H�Y�H�O�R�S�H�G�� �V�X�U�I�D�F�H�V�� �D�Q�G���W�K�H�L�U�� �D�F�F�X�U�D�W�H�� �S�R�V�L�W�L�R�Q�L�Q�J��
�D�O�O�R�Z���U�H�S�O�L�F�D�W�L�R�Q���R�I���W�K�H���V�X�E�M�H�F�W���Q�D�W�X�U�D�O���P�R�W�L�R�Q�����)�L�J������������ �0�R�U�H�R�Y�H�U�����W�K�H���D�U�W�L�F�X�O�D�U�� �P�R�W�L�R�Q���U�H��
�V�S�H�F�W�V�� �W�K�H�� �M�R�L�Q�W�� �F�R�Q�V�W�U�D�L�Q�W�V���� �V�W�U�H�W�F�K�L�Q�J�� �R�U�� �O�D�[�L�W�L�H�V�� �R�I�� �O�L�J�D�P�H�Q�W�V�� �Z�H�U�H�� �Q�R�W�� �R�E�V�H�U�Y�H�G�� �D�Q�G�� �D�U��
�W�L�F�X�O�D�U���F�R�Q�W�D�F�W���Z�D�V���P�D�L�Q�W�D�L�Q�H�G���E�H�W�Z�H�H�Q���V�X�U�I�D�F�H�V���R�Y�H�U���W�K�H���I�X�O�O���I�O�H�[�L�R�Q���D�U�F����
�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B��

�*�(�)�����������������8�Q�G�L�F�H�V�L�P�D���*�L�R�U�Q�D�W�D���G�L���6�W�X�G�L�R���(�W�W�R�U�H���)�X�Q�D�L�R�O�L�����������O�X�J�O�L�R���������������%�R�O�R�J�Q�D��
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�>���@ �6�D�Q�F�L�V�L�� �1������ �=�D�Q�Q�R�O�L�� �'������ �3�D�U�H�Q�W�L���&�D�V�W�H�O�O�L�� �9������ �%�H�O�Y�H�G�H�U�H�� �&������ �D�Q�G�� �/�H�D�U�G�L�Q�L�� �$������ ������������ �³A one-degree-of-
freedom spherical mechanism for human knee joint modelling�´���� �3�U�R�F�H�H�G�L�Q�J�V�� �R�I�� �W�K�H�� �,�Q�V�W�L�W�X�W�L�R�Q�� �R�I
�0�H�F�K�D�Q�L�F�D�O���(�Q�J�L�Q�H�H�U�V�����3�D�U�W���+�����-�R�X�U�Q�D�O���R�I���(�Q�J�L�Q�H�H�U�L�Q�J���L�Q���0�H�G�L�F�L�Q�H������������������������������������

�>���@ �3�D�U�H�Q�W�L���&�D�V�W�H�O�O�L���9�������&�D�W�D�Q�L���)�������6�D�Q�F�L�V�L���1�������D�Q�G���/�H�D�U�G�L�Q�L���$�������������������³Improved orthopaedic device�´�����3�&�7
�3�D�W�H�Q�W���:�2������������������������

�>���@ �/�L�Y�H�U�D�Q�L�� �(������ �)�R�U�W�X�Q�D�W�R�� �$������ �/�H�D�U�G�L�Q�L�� �$������ �%�H�O�Y�H�G�H�U�H�� �&������ �6�L�H�J�O�H�U�� �6������ �&�H�V�F�K�L�Q�L�� �/������ �D�Q�G�� �$�V�F�D�U�L�� �$������ ����������
�³Fabrication of Co–Cr–Mo endoprosthetic ankle devices by means of Selective Laser Melting (SLM)�´��
�0�D�W�H�U�L�D�O�V���D�Q�G���'�H�V�L�J�Q����������������������������

�)�L�J�X�U�H���������3�U�R�F�H�G�X�U�H���I�R�U���W�K�H���G�H�Y�H�O�R�S�P�H�Q�W���R�I���W�K�H���S�D�W�L�H�Q�W���V�S�H�F�L�I�L�F���S�U�R�V�W�K�H�V�L�V���E�D�V�H�G���R�Q���D�U�W�L�F�X�O�D�U���P�R�G�H�O�V����

�7�K�H�� �F�R�P�E�L�Q�H�G�� �X�V�H�� �R�I�� �P�H�D�V�X�U�H�P�H�Q�W�V�� �R�Q�� �W�K�H�� �S�D�W�L�H�Q�W�� �D�Q�G�� �S�H�U�V�R�Q�D�O�L�]�H�G�� �D�U�W�L�F�X�O�D�U�� �P�R�G�H�O�V��
�S�U�R�Y�H�G���S�U�R�P�L�V�L�Q�J���W�R���G�H�Y�H�O�R�S���S�U�R�V�W�K�H�W�L�F���F�R�P�S�R�Q�H�Q�W�V���D�E�O�H���W�R���U�H�S�U�R�G�X�F�H���W�K�H���Q�D�W�X�U�D�O���M�R�L�Q�W���P�R��
�W�L�R�Q���R�I�� �W�K�H�� �S�D�W�L�H�Q�W���� �U�H�V�S�H�F�W�L�Q�J�� �W�K�H�� �D�Q�D�W�R�P�L�F�D�O�� �V�W�U�X�F�W�X�U�H�V���� �7�K�H���P�R�G�H�O���L�Q�G�H�H�G���S�U�R�Y�H�G���W�R�� �E�H�� �D��
�X�V�H�I�X�O�� �W�R�R�O���E�R�W�K�� �W�R�� �L�G�H�Q�W�L�I�\�� �W�K�H�� �M�R�L�Q�W���F�R�Q�V�W�U�D�L�Q�W�V�� �W�R�� �E�H�� �F�R�Q�V�L�G�H�U�H�G���L�Q�� �W�K�H�� �G�H�V�L�J�Q���� �D�Q�G���W�R�� �G�H��
�W�H�U�P�L�Q�H�� �W�K�H�� �H�I�I�H�F�W�� �R�Q�� �W�K�H�� �D�U�W�L�F�X�O�D�U�� �P�R�W�L�R�Q�� �R�I�� �W�K�H�� �F�R�Q�V�W�U�D�L�Q�W�V�� �D�G�G�H�G�� �E�\�� �W�K�H�� �S�U�R�V�W�K�H�V�L�V���� �W�K�X�V��
�D�O�O�R�Z�L�Q�J�� �R�S�W�L�P�L�]�D�W�L�R�Q�� �R�I�� �W�K�H�� �S�U�R�V�W�K�H�V�L�V�� �V�K�D�S�H�� �D�Q�G�� �S�R�V�L�W�L�R�Q���� �7�K�H�� �D�S�S�U�R�D�F�K�� �L�V�� �E�D�V�H�G�� �R�Q�� �D�U��
�W�L�F�X�O�D�U���P�R�G�H�O�V���S�U�H�Y�L�R�X�V�O�\���S�U�H�V�H�Q�W�H�G���D�Q�G���Y�D�O�L�G�D�W�H�G���>���@�����E�X�W���L�W���F�D�Q���E�H���J�H�Q�H�U�D�O�L�]�H�G���Z�L�W�K���G�L�I�I�H�U��
�H�Q�W���D�U�W�L�F�X�O�D�U���P�R�G�H�O�V�����7�K�L�V���D�S�S�U�R�D�F�K���L�V���S�D�U�W�L�F�X�O�D�U�O�\���H�I�I�L�F�L�H�Q�W���L�I���W�K�H���S�U�R�V�W�K�H�W�L�F���F�R�P�S�R�Q�H�Q�W���J�H��
�R�P�H�W�U�\�� ���V�K�D�S�H�� �D�Q�G�� �S�R�V�L�W�L�R�Q���� �L�V�� �F�R�P�S�O�H�W�H�O�\�� �S�H�U�V�R�Q�D�O�L�]�H�G�� �R�Q�� �W�K�H�� �S�D�W�L�H�Q�W���� �)�U�R�P�� �W�K�L�V�� �S�R�L�Q�W�� �R�I��
�Y�L�H�Z�����W�K�H�����'���S�U�L�Q�W�L�Q�J���W�H�F�K�Q�R�O�R�J�\���Z�L�W�K���F�R�E�D�O�W���F�K�U�R�P�H���D�O�O�R�\���X�V�H�G���K�H�U�H���Q�R�W���R�Q�O�\���S�U�R�Y�H�G���X�V�H��
�I�X�O���I�R�U���W�K�L�V���V�W�X�G�\�����E�X�W���D�O�V�R���U�H�Y�H�D�O�H�G���J�U�H�D�W���S�R�W�H�Q�W�L�D�O�L�W�L�H�V���I�R�U���I�X�W�X�U�H���L�Q�G�X�V�W�U�L�D�O���D�S�S�O�L�F�D�W�L�R�Q�V����
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�0�D�Q�\���H�Q�J�L�Q�H�H�U�L�Q�J���D�S�S�O�L�F�D�W�L�R�Q�V���E�H�Q�H�I�L�W���I�U�R�P���F�R�P�S�D�F�W�����O�L�J�K�W�Z�H�L�J�K�W���V�W�U�X�F�W�X�U�H�V���W�K�D�W���V�X�S�S�R�U�W��
�O�R�D�G�V���L�Q���D�Q���H�I�I�L�F�L�H�Q�W���D�Q�G���F�R�V�W���H�I�I�H�F�W�L�Y�H���Z�D�\�����5�H�F�H�Q�W���S�U�R�J�U�H�V�V���L�Q���W�K�H���G�H�V�L�J�Q���D�Q�G���I�D�E�U�L�F�D�W�L�R�Q���R�I��
�V�D�Q�G�Z�L�F�K���V�W�U�X�F�W�X�U�H�V���Z�L�W�K���R�S�H�Q���F�H�O�O���W�U�X�V�V���F�R�U�H�V���U�H�S�U�H�V�H�Q�W���D���Y�D�O�X�D�E�O�H���D�O�W�H�U�Q�D�W�L�Y�H���W�R���K�R�Q�H�\�F�R�P�E��
�F�R�U�H���G�H�V�L�J�Q�V���>���@�����,�Q���D���W�U�X�V�V���F�R�U�H���V�D�Q�G�Z�L�F�K�����W�K�H���I�D�F�H�V���R�I���W�K�H���S�D�Q�H�O���D�U�H���F�R�Q�Q�H�F�W�H�G���E�\���D���V�L�Q�J�O�H����
�R�U�� �P�X�O�W�L���O�D�\�H�U�H�G�� �O�D�W�W�L�F�H�� �R�I�� �V�W�U�D�L�J�K�W�� �E�H�D�P�V���� �D�U�U�D�Q�J�H�G�� �D�V�� �D�� �S�H�U�L�R�G�L�F�� �U�H�S�H�W�L�W�L�R�Q�� �R�I�� �X�Q�L�W�� �F�H�O�O�V��
���W�H�W�U�D�K�H�G�U�D�O���� �S�\�U�D�P�L�G�D�O�� �R�U�� �R�W�K�H�U�� �U�H�J�X�O�D�U�� ���'�� �V�K�D�S�H�V������ �7�K�H�� �U�H�O�D�W�L�Y�H� � �G�H�Q�V�L�W� \� � �F�D�Q� � �E�H� � �Y�H�U� \� � �O�R�Z� �
�Z�K�L�O�H�� �U�H�W�D�L�Q�L�Q�J�� �V�L�J�Q�L�I�L�F�D�Q�W�� �V�W�U�H�Q�J�W�K�� �D�Q�G�� �V�W�L�I�I�Q�H�V�V�� �E�H�F�D�X�V�H�� �W�K�H���H�O�H�P�H�Q�W�D�O�� �E�H�D�P�V�� �Z�R�U�N�� �L�Q��
�W�H�Q�V�L�R�Q���F�R�P�S�U�H�V�V�L�R�Q���� �7�K�H�V�H�� �Q�H�Z�� �H�Q�J�L�Q�H�H�U�H�G�� �P�D�W�H�U�L�D�O�V�� �K�D�Y�H�� �P�H�F�K�D�Q�L�F�D�O�� �S�U�R�S�H�U�W�L�H�V�� �W�K�D�W��
�F�R�P�S�D�U�H�� �I�D�Y�R�X�U�D�E�O�\�� �W�R�� �K�R�Q�H�\�F�R�P�E�� �F�R�U�H�V�� �D�Q�G���� �W�K�D�Q�N�V�� �W�R�� �W�K�H�� �L�Q�Q�H�U���R�S�H�Q�� �V�S�D�F�H���� �W�K�H�\�� �D�G�G��
�P�X�O�W�L�I�X�Q�F�W�L�R�Q�D�O�� �S�R�V�V�L�E�L�O�L�W�L�H�V�� �W�R�� �W�K�H�� �V�\�V�W�H�P�� ���H���J������ �F�U�R�V�V�� �I�O�R�Z�� �K�H�D�W�� �H�[�F�K�D�Q�J�H���� �I�O�X�L�G�� �V�W�R�U�D�J�H����
�Z�L�U�L�Q�J���D�Q�G���S�L�S�L�Q�J���S�D�V�V�D�J�H�V�����H�W�F���������2�S�H�Q���F�H�O�O���W�U�X�V�V���F�R�U�H�V���K�D�Y�H���F�R�O�O�D�W�H�U�D�O���D�G�Y�D�Q�W�D�J�H�V���L�Q���W�H�U�P�V��
�R�I���F�R�U�U�R�V�L�R�Q���U�H�V�L�V�W�D�Q�F�H�����G�D�P�D�J�H���W�R�O�H�U�D�Q�F�H���D�Q�G���D�U�H���P�R�U�H���H�D�V�L�O�\���I�R�U�P�H�G���L�Q�W�R���F�R�P�S�O�H�[���F�X�U�Y�H�G��
�V�K�D�S�H�V���W�K�D�Q���F�R�Q�Y�H�Q�W�L�R�Q�D�O���K�R�Q�H�\�F�R�P�E�V�����.�D�J�R�P�H���W�U�X�V�V���F�R�U�H���J�H�R�P�H�W�U�L�H�V���D�U�H���D�O�V�R���L�G�H�D�O�O�\���V�X�L�W�H�G��
�I�R�U���L�Q�W�H�U�Q�D�O���D�F�W�X�D�W�L�R�Q���W�K�X�V���F�R�Q�W�U�L�E�X�W�L�Q�J���W�R���W�K�H���P�D�Q�X�I�D�F�W�X�U�H���R�I���D�G�D�S�W�L�Y�H���R�U���P�R�U�S�K�L�Q�J���L�Q�W�H�J�U�D�O��
�V�W�U�X�F�W�X�U�H�V���� �7�K�H�� �Y�L�E�U�R�D�F�X�V�W�L�F�� �S�H�U�I�R�U�P�D�Q�F�H�� �R�I�� �I�O�D�W���R�U�� �F�X�U�Y�H�G���S�D�Q�H�O�V�� �Z�L�W�K�� �W�U�X�V�V���O�L�N�H�� �F�R�U�H�V�� �K�D�V��
�D�W�W�U�D�F�W�H�G���W�K�H���D�W�W�H�Q�W�L�R�Q���R�I���U�H�V�H�D�U�F�K�H�U�V���V�L�Q�F�H���O�R�Q�J���E�H�F�D�X�V�H���R�I���W�K�H���S�R�V�V�L�E�L�O�L�W�\���W�R���W�D�L�O�R�U���W�K�H���P�D�W�H�U�L�D�O��
�W�R���V�S�H�F�L�I�L�F���G�H�V�L�J�Q���Q�H�H�G�V����

�7�U�D�G�L�W�L�R�Q�D�O�� �D�S�S�U�R�D�F�K�H�V�� �W�R�� �I�D�E�U�L�F�D�W�L�Q�J�� �W�U�X�V�V�� �F�R�U�H�� �V�D�Q�G�Z�L�F�K�� �V�W�U�X�F�W�X�U�H�V�� �I�U�R�P�� �H�Q�J�L�Q�H�H�U�L�Q�J��
�P�H�W�D�O�V���L�Q�F�O�X�G�H���L�Q�Y�H�V�W�P�H�Q�W���F�D�V�W�L�Q�J�����H�O�H�F�W�U�R�G�L�V�F�K�D�U�J�H���R�U���O�D�V�H�U���D�E�O�D�W�L�R�Q�����S�H�U�I�R�U�D�W�H�G���P�H�W�D�O���V�K�H�H�W��
�I�R�U�P�L�Q�J���� �Z�L�U�H�� �R�U�� �W�X�E�H�� �O�D�\���X�S�� �D�Q�G�� �Z�H�D�Y�L�Q�J�� �W�H�F�K�Q�L�T�X�H�V���� �$�O�O�� �E�X�W���W�K�H�� �O�D�E�R�X�U���L�Q�W�H�Q�V�L�Y�H�� �F�D�V�W�L�Q�J��
�D�Q�G���D�E�O�D�W�L�Q�J���W�H�F�K�Q�R�O�R�J�L�H�V���U�H�T�X�L�U�H���D�V�V�H�P�E�O�\���D�Q�G���E�R�Q�G�L�Q�J���V�W�H�S�V���W�R���F�U�H�D�W�H���W�K�H���F�H�O�O�X�O�D�U���V�W�U�X�F�W�X�U�H��
�D�Q�G���I�R�U���O�D�W�H�U���D�W�W�D�F�K�L�Q�J���L�W���W�R���I�D�F�H���V�K�H�H�W�V�����7�K�H���E�R�Q�G�L�Q�J���V�S�R�W�V���Z�K�H�U�H���W�K�H���S�D�U�W�V���D�U�H���M�R�L�Q�H�G���W�R�J�H�W�K�H�U��
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�>���@���:�D�G�O�H�\�����+���1���*�������������������³Multifunctional periodic cellular metals�´�����3�K�L�O���7�U�D�Q�V���5���6�R�F���$�������������������±������
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�>���@���'�U�D�J�R�Q�L���(�������������������³Optimal mechanical design of tetrahedral truss cores for sandwich constructions�´�����-��
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�.�H�\�Z�R�U�G�V����travi curve, paradosso, diminuzione tensioni flessionali diminuendo l’area. 

�6�2�0�0�$�5�,�2���(�6�7�(�6�2��

�(�¶���Q�R�W�R���F�K�H���q���D���Y�R�O�W�H���S�R�V�V�L�E�L�O�H���G�L�P�L�Q�X�L�U�H���O�H���W�H�Q�V�L�R�Q�L���L�Q���X�Q���F�R�P�S�R�Q�H�Q�W�H���U�L�P�X�R�Y�H�Q�G�R���P�D�W�H�U�L�D�O�H����
�G�R�Y�H���O�H���J�R�O�H���V�F�K�H�U�P�R���F�R�V�W�L�W�X�L�V�F�R�Q�R���O�¶�H�V�H�P�S�L�R���S�L�•���F�R�P�X�Q�H�����1�H�O���F�D�P�S�R���G�H�O�O�H���W�U�D�Y�L���U�H�W�W�L�O�L�Q�H�H����
�V�L�� �F�R�Q�R�V�F�R�Q�R�� �V�R�O�W�D�Q�W�R���D�O�F�X�Q�H�� �V�L�W�X�D�]�L�R�Q�L�� �Q�H�O�O�H�� �T�X�D�O�L���� �U�L�P�X�R�Y�H�Q�G�R�� �P�D�W�H�U�L�D�O�H�� �G�D�O�O�H�� �]�R�Q�H�� �G�H�O�O�D��
�V�H�]�L�R�Q�H�� �W�U�D�V�Y�H�U�V�D�O�H�� �S�L�•�� �O�R�Q�W�D�Q�H�� �G�D�O�O�¶�D�V�V�H�� �Q�H�X�W�U�R���� �V�L�� �R�W�W�L�H�Q�H�� �X�Q�D�� �U�L�G�X�]�L�R�Q�H�� �G�H�O�O�H�� �W�H�Q�V�L�R�Q�L��
�I�O�H�V�V�L�R�Q�D�O�L���� �,�Q�� �W�U�D�Y�L�� �G�L�U�L�W�W�H���� �Q�R�Q���V�L�� �U�L�H�V�F�H�� �L�Q�Y�H�F�H�� �D�G�� �R�W�W�H�Q�H�U�H�� �X�Q�D�� �G�L�P�L�Q�X�]�L�R�Q�H�� �G�H�O�O�H�� �W�H�Q�V�L�R�Q�L��
�I�O�H�V�V�L�R�Q�D�O�L���U�L�P�X�R�Y�H�Q�G�R���P�D�W�H�U�L�D�O�H���G�D�O�O�H���]�R�Q�H���G�H�O�O�D���V�H�]�L�R�Q�H���Y�L�F�L�Q�H���D�O�O�¶�D�V�V�H���Q�H�X�W�U�R�����/�D���)�L�J�X�U�D������
�P�R�V�W�U�D�� �W�U�H�� �H�V�H�P�S�L�� �G�R�F�X�P�H�Q�W�D�W�L�� �G�L�� �W�D�O�H�� �F�R�P�S�R�U�W�D�P�H�Q�W�R�� �S�D�U�D�G�R�V�V�D�O�H���� �/�H�� �)�L�J�X�U�H�� ���D������ ���F������ ���H����
�U�D�S�S�U�H�V�H�Q�W�D�Q�R���O�H���V�H�]�L�R�Q�H���L�Q�L�]�L�D�O�L���� �P�H�Q�W�U�H���O�H���)�L�J�X�U�H�����E���������G���������I���� �G�H�V�F�U�L�Y�R�Q�R���O�D���U�L�P�R�]�L�R�Q�H���G�H�O��
�P�D�W�H�U�L�D�O�H���T�X�D�Q�W�L�I�L�F�D�W�D���G�D�O�O�D���S�U�R�I�R�Q�G�L�W�j���G�L���U�L�P�R�]�L�R�Q�H��t����
��

�������������������� ��

�)�L�J�X�U�D���������3�D�U�D�G�R�V�V�L���L�Q���W�U�D�Y�H���G�L�U�L�W�W�D�������������������������������������������������)�L�J�X�U�D���������3�D�U�D�G�R�V�V�L���L�Q���W�U�D�Y�H���F�X�U�Y�D����

�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B��

�*�(�)�����������������8�Q�G�L�F�H�V�L�P�D���*�L�R�U�Q�D�W�D���G�L���6�W�X�G�L�R���(�W�W�R�U�H���)�X�Q�D�L�R�O�L�����������O�X�J�O�L�R���������������%�R�O�R�J�Q�D��

95



��
�)�L�J�X�U�D���������'�L�P�L�Q�X�]�L�R�Q�H���W�H�Q�V�L�R�Q�H���I�O�H�V�V�L�R�Q�D�O�H���D�F�F�R�S�S�L�D�W�D���D���G�L�P�L�Q�X�]�L�R�Q�H���D�U�H�D����

��
��
�6�L���D�E�E�D�Q�G�R�Q�D���Q�H�O���V�H�J�X�L�W�R���O�D���W�U�D�Y�H���U�H�W�W�L�O�L�Q�H�D���S�H�U���F�R�Q�V�L�G�H�U�D�U�H���X�Q�D���W�U�D�Y�H���F�X�U�Y�D�����6�L���S�U�H�V�H�Q�W�D�Q�R��

�L�Q���)�L�J�X�U�D�������D�O�F�X�Q�L���H�V�H�P�S�L���Q�H�L���T�X�D�O�L���V�L���F�R�Q�V�H�J�X�H���X�Q�D���G�L�P�L�Q�X�]�L�R�Q�H���G�H�O�O�D���W�H�Q�V�L�R�Q�H���I�O�H�V�V�L�R�Q�D�O�H��
�W�R�J�O�L�H�Q�G�R���P�D�W�H�U�L�D�O�H���G�D�O�O�H���]�R�Q�H���G�H�O�O�D���V�H�]�L�R�Q�H���Y�L�F�L�Q�H���D�O�O�¶�D�V�V�H���Q�H�X�W�U�R�����/�H���V�H�]�L�R�Q�L���L�Q�L�]�L�D�O�L���V�R�Q�R��
�T�X�H�O�O�H���G�H�O�O�H���)�L�J�X�U�H�����D���������F���������H�������P�H�Q�W�U�H���O�H���)�L�J�X�U�H�����E���������G���������I�����G�H�V�F�U�L�Y�R�Q�R���O�D���U�L�P�R�]�L�R�Q�H���O�D�W�H�U�D�O�H��
�G�L���P�D�W�H�U�L�D�O�H�����7�D�O�H���F�R�P�S�R�U�W�D�P�H�Q�W�R���S�D�U�D�G�R�V�V�D�O�H���Q�R�Q���V�H�P�E�U�D�����H�V�V�H�U�H���V�W�D�W�R���Q�R�W�D�W�R���L�Q���S�U�H�F�H�G�H�Q�]�D��

�/�D���)�L�J�X�U�D�������T�X�D�Q�W�L�I�L�F�D���O�D���G�L�P�L�Q�X�]�L�R�Q�H���G�H�O�O�D���W�H�Q�V�L�R�Q�H���I�O�H�V�V�L�R�Q�D�O�H���P�D�V�V�L�P�D�����Q�R�U�P�D�O�L�]�]�D�W�D��
�U�L�V�S�H�W�W�R�� �D�� �T�X�H�O�O�D�� �S�U�H�V�H�Q�W�H�� �L�Q���X�Q�� �U�R�P�E�R�� �Q�R�Q�� �P�R�G�L�I�L�F�D�W�R���� �D�O�O�¶�D�X�P�H�Q�W�D�U�H�� �G�H�O�O�R�� �V�S�H�V�V�R�U�H�� �G�H�O�O�D��
�]�R�Q�D���D�V�S�R�U�W�D�W�D��t�����,�O���U�D�S�S�R�U�W�R���W�U�D���U�D�J�J�L�R���H�V�W�H�U�Q�R���H�G���L�Q�W�H�U�Q�R���G�H�O�O�D���W�U�D�Y�H���F�X�U�Y�D���q���������1�H�O���J�U�D�I�L�F�R��
�Y�L�H�Q�H�� �U�L�S�R�U�W�D�W�D�� �O�D�� �W�H�Q�V�L�R�Q�H�� �I�O�H�V�V�L�R�Q�D�O�H�� �P�D�V�V�L�P�D�� �D�Q�D�O�L�W�L�F�D�� �H�G�� �D�J�O�L�� �(�O�H�P�H�Q�W�L�� �)�L�Q�L�W�L���� �,�� �U�L�V�X�O�W�D�W�L��
�D�Q�D�O�L�W�L�F�L���H�G���D�J�O�L���(�O�H�P�H�Q�W�L���)�L�Q�L�W�L���U�L�V�X�O�W�D�Q�R���D�E�E�D�V�W�D�Q�]�D���G�L�V�F�R�U�G�D�Q�W�L�����P�D���H�Q�W�U�D�P�E�L���W�H�V�W�L�P�R�Q�L�D�Q�R��
�O�D���S�R�V�V�L�E�L�O�L�W�j���G�L���U�L�G�X�U�U�H���O�H���W�H�Q�V�L�R�Q�L���L�Q���X�Q�D���W�U�D�Y�H���F�X�U�Y�D�����U�L�P�X�R�Y�H�Q�G�R���O�D�W�H�U�D�O�P�H�Q�W�H���P�D�W�H�U�L�D�O�H������

�/�¶�H�V�H�P�S�L�R���U�L�S�R�U�W�D�W�R���L�Q���)�L�J�X�U�D�������F�R�Q�V�H�J�X�H���G�L�P�L�Q�X�]�L�R�Q�L���P�R�O�W�R���S�L�F�F�R�O�H���G�L���V�H�]�L�R�Q�H�����O�H���T�X�D�O�L��
�Q�R�Q�� �V�R�Q�R�� �S�U�D�W�L�F�D�P�H�Q�W�H�� �V�L�J�Q�L�I�L�F�D�W�L�Y�H���� �7�X�W�W�D�Y�L�D�� �q�� �S�R�V�V�L�E�L�O�H�� �S�U�H�V�H�Q�W�D�U�H�� �H�V�H�P�S�L�� �� �Q�H�L�� �T�X�D�O�L�� �O�D��
�G�L�P�L�Q�X�]�L�R�Q�H���G�L���D�U�H�D���q���L�P�S�R�U�W�D�Q�W�H�����6�L���S�H�Q�V�L���D�G���X�Q�D���V�H�]�L�R�Q�H���T�X�D�G�U�D�W�D�����G�D�O�O�D���T�X�D�O�H���V�L���U�L�P�X�R�Y�H��
�X�Q�D�� �V�W�U�L�V�F�L�D�� �R�U�L�]�]�R�Q�W�D�O�H�� �F�H�Q�W�U�D�O�H�� �V�L�P�P�H�W�U�L�F�D�� �U�L�V�S�H�W�W�R�� �D�O�� �E�D�U�L�F�H�Q�W�U�R���� �/�D�� �V�H�]�L�R�Q�H�� �U�L�V�X�O�W�D�� �F�R�V�u��
�I�R�U�P�D�W�D�� �G�D�� �G�X�H�� �S�D�U�W�L�� �G�L�V�J�L�X�Q�W�H���� �3�H�U��r �R� ��r �L���� �V�H�� �V�L�� �L�P�S�R�Q�H�� �O�D�� �F�R�Q�G�L�]�L�R�Q�H�� �F�K�H�� �O�D�� �W�H�Q�V�L�R�Q�H��
�D�O�O�¶�L�Q�W�U�D�G�R�V�V�R���Q�R�Q���Y�D�U�L�����O�D���P�D�V�V�L�P�D���G�L�P�L�Q�X�]�L�R�Q�H���G�H�O�O�¶�D�U�H�D���q���G�H�O���������S�H�U���F�H�Q�W�R���V�H�F�R�Q�G�R���O�D���W�H�R�U�L�D��
�G�H�O�O�D���W�U�D�Y�H���F�X�U�Y�D�����4�X�H�V�W�D���V�H�]�L�R�Q�H���Q�R�Q���S�R�V�V�L�H�G�H���X�Q�D���S�U�D�W�L�F�D���X�W�L�O�L�W�j�����P�D���F�R�P�X�Q�T�X�H���P�R�V�W�U�D���F�K�H��
�V�L���S�R�V�V�R�Q�R���R�W�W�H�Q�H�U�H���G�L�P�L�Q�X�]�L�R�Q�L���D�S�S�U�H�]�]�D�E�L�O�L���Q�H�O�O�D���S�U�D�W�L�F�D���L�Q�J�H�J�Q�H�U�L�V�W�L�F�D������
��
�%�,�%�/�,�2�*�5�$�)�,�$��
�>���@���1�D�Y�L�H�U�� �&�/�0�+���� ���������� �³De la résistance des corps solides.��3 ed. avec des notes et des appendices par��
M. Barre de Saint–Venant�´�����'�X�Q�R�G�����3�D�U�L�V����

96



�$�1�$�/�,�6�,�� �(�� �3�5�(�9�,�6�,�2�1�(�� �'�,�� �'�,�)�(�7�7�,�� �1�(�,�� �3�5�2�)�,�/�,��
�(�6�7�5�8�6�,��

�%�D�U�E�D�U�D���5�H�J�J�L�D�Q�L�������/�R�U�H�Q�]�R���'�R�Q�D�W�L�������/�X�F�D���7�R�P�H�V�D�Q�L����

1Department of Mechanical Engineering, University of Bologna, Italy 

E-mail: barbara.reggiani4@unibo.it, l.donati@unibo.it; luca.tomesani@unibo.it

�3�D�U�R�O�H���F�K�L�D�Y�H����saldature trasversali, estrusione, modellazione analitica, metodo agli elementi finiti

�6�7�$�7�2���'�(�/�/�¶�$�5�7�(��

�/�H�� �V�D�O�G�D�W�X�U�H�� �W�U�D�V�Y�H�U�V�D�O�L���� �X�Q�L�W�D�P�H�Q�W�H�� �D�� �T�X�H�O�O�H�� �O�R�Q�J�L�W�X�G�L�Q�D�O�L���� �V�R�Q�R�� �G�L�I�H�W�W�L�� �J�H�Q�H�U�D�W�L�� �G�X�U�D�Q�W�L�� �L�O��
�S�U�R�F�H�V�V�R���G�L���H�V�W�U�X�V�L�R�Q�H���F�R�Q�W�L�Q�X�D���G�L���P�D�W�H�U�L�D�O�L���P�H�W�D�O�O�L�F�L�����6�H���G�D���X�Q�D���S�D�U�W�H���H�Q�W�U�D�P�E�L���L���G�L�I�H�W�W�L���V�R�Q�R��
�L�Q�H�O�L�P�L�Q�D�E�L�O�L�� �F�R�Q�V�H�J�X�H�Q�]�H�� �G�H�O�� �S�U�R�F�H�V�V�R���� �G�L�Y�H�U�V�D�P�H�Q�W�H�� �G�D�O�O�H�� �V�D�O�G�D�W�X�U�H�� �O�R�Q�J�L�W�X�G�L�Q�D�O�L�� �T�X�H�O�O�H��
�W�U�D�V�Y�H�U�V�D�O�L�� �V�R�Q�R�� �F�D�U�D�W�W�H�U�L�]�]�D�W�H�� �G�D�� �S�U�R�S�U�L�H�W�j�� �P�H�F�F�D�Q�L�F�K�H�� �L�Q�I�H�U�L�R�U�L�� �U�L�V�S�H�W�W�R�� �D�O�� �P�D�W�H�U�L�D�O�H�� �E�D�V�H��
�>�������@���� �,�Q�I�D�W�W�L���� �D�O�� �W�H�U�P�L�Q�H�� �G�L�� �F�L�D�V�F�X�Q�D�� �F�R�U�V�D���� �O�D�� �S�D�U�W�H�� �W�H�U�P�L�Q�D�O�H�� �G�H�O�� �P�D�W�H�U�L�D�O�H�� �G�H�O�O�D�� �Y�H�F�F�K�L�D��
�E�L�O�O�H�W�W�D�����F�R�Q�W�H�Q�X�W�D���D�O�O�¶�L�Q�W�H�U�Q�R���G�H�O�O�D���P�D�W�U�L�F�H�����F�R�P�L�Q�F�L�D���D�G���L�Q�W�H�U�D�J�L�U�H���F�R�Q���O�D���V�X�S�H�U�I�L�F�L�H���I�U�R�Q�W�D�O�H��
�G�H�O�O�D�� �Q�X�R�Y�D�� �E�L�O�O�H�W�W�D���Q�R�U�P�D�O�P�H�Q�W�H���F�R�Q�W�D�P�L�Q�D�W�D���G�D�� �R�V�V�L�G�L���� �O�X�E�U�L�I�L�F�D�Q�W�H�� �H�� �L�P�S�X�U�L�W�j�� �J�H�Q�H�U�D�Q�G�R��
�X�Q�D���]�R�Q�D���G�L���W�U�D�Q�V�L�]�L�R�Q�H���G�L���X�Q�D���F�H�U�W�D���O�X�Q�J�K�H�]�]�D���F�K�H���G�H�Y�H���H�V�V�H�U�H���V�F�D�U�W�D�W�D�����0�H�Q�W�U�H���O�¶�L�Q�G�D�J�L�Q�H��
�V�S�H�U�L�P�H�Q�W�D�O�H���G�H�O�O�H���V�D�O�G�D�W�X�U�H���W�U�D�V�Y�H�U�V�D�O�L���U�L�V�X�O�W�D���H�V�V�H�U�H���X�Q�¶�D�W�W�L�Y�L�W�j���O�X�Q�J�D���H���F�R�P�S�O�H�V�V�D�����O�¶�L�P�S�L�H�J�R��
�G�L�� �P�R�G�H�O�O�L�� �Q�X�P�H�U�L�F�L�� �H�� �D�Q�D�O�L�W�L�F�L�� �S�H�U�P�H�W�W�H�� �X�Q�D�� �V�L�J�Q�L�I�L�F�D�W�L�Y�D�� �U�L�G�X�]�L�R�Q�H�� �G�H�O�O�H�� �W�H�P�S�L�V�W�L�F�K�H��
�S�U�H�G�L�W�W�L�Y�H�� �>���@�����$�G�� �R�J�J�L���� �G�X�H�� �I�R�U�P�X�O�H�� �V�R�Q�R�� �V�W�D�W�H�� �S�U�R�S�R�V�W�H�� �L�Q�� �O�H�W�W�H�U�D�W�X�U�D�� �S�H�U�� �O�¶�D�Q�D�O�L�V�L��
�G�H�O�O�¶�H�V�W�H�Q�V�L�R�Q�H�� �G�H�O�O�H�� �V�D�O�G�D�W�X�U�H�� �W�U�D�V�Y�H�U�V�D�O�L���� �/�D�� �S�U�L�P�D�� �I�R�U�P�X�O�D�]�L�R�Q�H�� �V�X�J�J�H�U�L�V�F�H�� �G�L�� �F�R�P�S�X�W�D�U�H��
�O�¶�H�V�W�H�Q�V�L�R�Q�H���G�H�O�O�D���V�D�O�G�D�W�X�U�D���F�R�P�H���U�D�S�S�R�U�W�R���G�H�O���Y�R�O�X�P�H���G�H�O�O�H���D�O�L�P�H�Q�W�D�]�L�R�Q�L���H���G�H�O�O�H���F�D�P�H�U�H���G�L��
�V�D�O�G�D�W�X�U�D���V�X�O�O�¶�D�U�H�D���G�H�O�O�D���V�H�]�L�R�Q�H���W�U�D�V�Y�H�U�V�D�O�H���G�H�O���S�U�R�I�L�O�R���P�R�O�W�L�S�O�L�F�D�W�R���S�H�U���L�O���Q�X�P�H�U�R���G�L���O�X�F�L���Q�H�O�O�D��
�P�D�W�U�L�F�H���>���@�����8�Q�D���V�H�F�R�Q�G�D���I�R�U�P�X�O�D�]�L�R�Q�H���S�U�H�Y�H�G�H���X�Q�D���P�R�G�L�I�L�F�D���G�H�O�O�D���S�U�H�F�H�G�H�Q�W�H���L�Q�W�U�R�G�X�F�H�Q�G�R��
�X�Q���I�D�W�W�R�U�H���P�R�O�W�L�S�O�L�F�D�W�L�Y�R�����������F�K�H���W�L�H�Q�H���F�R�Q�W�R���V�L�D���G�H�O�O�D���S�U�H�V�H�Q�]�D���G�L���]�R�Q�H���P�R�U�W�H���Q�H�O�O�D���P�D�W�U�L�F�H��
�V�L�D�� �G�H�O�O�¶�H�I�I�H�W�W�R�� �G�H�O�O�¶�D�W�W�U�L�W�R�� �F�K�H�� �U�H�Q�G�H�� �L�O�� �I�O�X�V�V�R�� �G�H�O�� �P�D�W�H�U�L�D�O�H�� �D�O�O�¶�L�Q�W�H�U�Q�R�� �G�H�O�O�D�� �P�D�W�U�L�F�H�� �Q�R�Q��
�X�Q�L�I�R�U�P�H���>���@������

�,�Q���F�R�Q�V�L�G�H�U�D�]�L�R�Q�H���G�L���T�X�H�V�W�D���O�L�P�L�W�D�W�D���O�H�W�W�H�U�D�W�X�U�D���D�Q�D�O�L�W�L�F�D�����H���L�Q���F�R�Q�V�L�G�H�U�D�]�L�R�Q�H���G�H�O���I�D�W�W�R���F�K�H��
�L�� �F�R�G�L�F�L�� �)�(�0�� �Q�R�Q�� �U�D�S�S�U�H�V�H�Q�W�D�Q�R�� �D�Q�F�R�U�D�� �X�Q�R�� �V�W�D�Q�G�D�U�G�� �L�Q�G�X�V�W�U�L�D�O�H���� �O�D�� �G�H�W�H�U�P�L�Q�D�]�L�R�Q�H�� �G�H�O�O�D��
�O�X�Q�J�K�H�]�]�D���G�L���S�U�R�I�L�O�R���G�D���V�F�D�U�W�D�U�H���S�H�U���F�R�Q�W�D�P�L�Q�D�]�L�R�Q�H���G�D���V�D�O�G�D�W�X�U�H���W�U�D�V�Y�H�U�V�D�O�L���D�Y�Y�L�H�Q�H���D�Q�F�R�U�D��
�V�X�O�O�D�� �E�D�V�H�� �G�H�O�O�¶�H�V�S�H�U�L�H�Q�]�D���� �G�L�� �D�Q�D�O�R�J�L�H�� �H�� �G�L�� �U�H�J�R�O�H�� �S�U�D�W�L�F�K�H���� �7�U�D �� �T�X�H�V�W�H���� �q�� �F�R�P�X�Q�H�� �S�U�D�W�L�F�D ��
�V�F�D�U�W�D�U�H���G�D�������D�������P�W���G�L���S�U�R�I�L�O�R���L�Q���I�X�Q�]�L�R�Q�H���G�H�O�O�R���V�S�H�F�L�I�L�F�R���U�D�S�S�R�U�W�R���G�L���H�V�W�U�X�V�L�R�Q�H�����,�Q���T�X�H�V�W�R��
�F�R�Q�W�H�V�W�R���� �V�F�R�S�R���G�H�O���O�D�Y�R�U�R�� �q�� �F�R�Q�I�U�R�Q�W�D�U�H�� �L�� �U�L�V�X�O�W�D�W�L�� �G�H�O�O�H�� �L�Q�G�D�J�L�Q�L�� �V�S�H�U�L�P�H�Q�W�D�O�L�� �H�� �Q�X�P�H�U�L�F�K�H��
�F�R�Q�G�R�W�W�H�� �G�D�J�O�L�� �D�X�W�R�U�L�� �V�X�� �D�O�F�X�Q�L�� �S�U�R�I�L�O�L�� �F�R�Q�� �O�H�� �I�R�U�P�X�O�D�]�L�R�Q�L�� �D�Q�D�O�L�W�L�F�K�H�� �D�G�� �R�J�J�L�� �S�U�H�V�H�Q�W�L�� �L�Q��
�O�H�W�W�H�U�D�W�X�U�D���F�R�Q���O�¶�R�E�L�H�W�W�L�Y�R���G�L���Y�H�U�L�I�L�F�D�U�Q�H���O�¶�D�S�S�O�L�F�D�E�L�O�L�W�j���D���O�L�Y�H�O�O�R���L�Q�G�X�V�W�U�L�D�O�H�����'�L���V�H�J�X�L�W�R���Y�L�H�Q�H��
�U�L�S�R�U�W�D�W�R���F�R�P�H���H�V�H�P�S�L�R���X�Q�R���G�H�L���F�D�V�L���L�Q�G�X�V�W�U�L�D�O�L���S�U�H�V�L���L�Q���F�R�Q�V�L�G�H�U�D�]�L�R�Q�H������

�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B�B��

�*�(�)�����������������8�Q�G�L�F�H�V�L�P�D���*�L�R�U�Q�D�W�D���G�L���6�W�X�G�L�R���(�W�W�R�U�H���)�X�Q�D�L�R�O�L�����������O�X�J�O�L�R���������������%�R�O�R�J�Q�D��

97



�&�$�6�,���'�,���6�7�8�'�,�2��

�,�O���F�D�V�R���D�Q�D�O�L�]�]�D�W�R���q���X�Q���S�U�R�I�L�O�R���H�V�W�U�X�V�R���S�U�R�G�R�W�W�R���P�H�G�L�D�Q�W�H���X�Q�D���P�D�W�U�L�F�H���D�������O�X�F�L�����)�L�J�������D�����>���@����
�/�H���V�D�O�G�D�W�X�U�H���W�U�D�V�Y�H�U�V�D�O�L���J�H�Q�H�U�D�W�H���Q�H�O�O�H�������O�X�F�L���V�R�Q�R���V�W�D�W�H���D�Q�D�O�L�]�]�D�W�H���V�S�H�U�L�P�H�Q�W�D�O�P�H�Q�W�H���P�H�G�L�D�Q�W�H��
�V�H�]�L�R�Q�D�P�H�Q�W�R���H���D�W�W�D�F�F�R���F�K�L�P�L�F�R�����H���Q�X�P�H�U�L�F�D�P�H�Q�W�H���S�H�U���O�H���G�X�H���O�X�F�L���V�L�P�P�H�W�U�L�F�K�H�����3�H�U���X�Q�R���G�H�L������
�S�U�R�I�L�O�L���O�¶�H�V�W�H�Q�V�L�R�Q�H���G�H�O�O�D���V�D�O�G�D�W�X�U�D���q���V�W�D�W�D���L�Q�R�O�W�U�H���F�D�O�F�R�O�D�W�D���D�Q�D�O�L�W�L�F�D�P�H�Q�W�H���L�Q���D�F�F�R�U�G�R���F�R�Q���O�H��
�I�R�U�P�X�O�D�]�L�R�Q�L���S�U�H�V�H�Q�W�L���L�Q���O�H�W�W�H�U�D�W�X�U�D�����,�Q���)�L�J�������E���O�¶�H�V�W�H�Q�V�L�R�Q�H���q���U�L�S�R�U�W�D�W�D���F�R�P�H���S�H�U�F�H�Q�W�X�D�O�H�� �G�L��
�V�R�V�W�L�W�X�]�L�R�Q�H���G�H�O���P�D�W�H�U�L�D�O�H���G�H�O�O�D���Y�H�F�F�K�L�D���E�L�O�O�H�W�W�D���F�R�Q���O�D���Q�X�R�Y�D���L�Q���I�X�Q�]�L�R�Q�H���G�H�O�O�R���³�V�W�R�S���P�D�U�N�´����
�V�H�J�Q�R���V�X�O���S�U�R�I�L�O�R���F�K�H���G�H�I�L�Q�L�V�F�H���L�O���I�H�U�P�R���S�U�H�V�V�D���S�H�U���F�D�U�L�F�D�P�H�Q�W�R���G�L���X�Q�D���Q�X�R�Y�D���E�L�O�O�H�W�W�D����

�&�R�P�H���V�L���S�X�z���Y�H�G�H�U�H���L�Q���)�L�J�������E�����V�H���G�D���X�Q�D���S�D�U�W�H���V�L���q���R�W�W�H�Q�X�W�R���X�Q���R�W�W�L�P�R���D�F�F�R�U�G�R���Q�X�P�H�U�L�F�R��
���)�(�0�����V�S�H�U�L�P�H�Q�W�D�O�H���S�H�U���O�D���O�X�F�H���D�Q�D�O�L�]�]�D�W�D�����V�R�O�W�D�Q�W�R���O�D���I�R�U�P�X�O�D�]�L�R�Q�H���D�Q�D�O�L�W�L�F�D���F�R�U�U�H�W�W�D���F�R�Q���L�O��
�I�D�W�W�R�U�H�� �������� �U�H�V�W�L�W�X�L�V�F�H�� �X�Q�D�� �V�W�L�P�D���� �F�R�P�X�Q�T�X�H�� �P�H�G�L�D�� �D�S�S�U�R�V�V�L�P�D�W�D���� �G�H�O�O�¶�H�Y�R�O�X�]�L�R�Q�H���� �/�D��
�I�R�U�P�X�O�D�]�L�R�Q�H���Q�R�Q���F�R�U�U�H�W�W�D���H���O�D���U�H�J�R�O�D���H�P�S�L�U�L�F�D���E�D�V�D�W�D���V�X�O���U�D�S�S�R�U�W�R���G�L���H�V�W�U�X�V�L�R�Q�H���V�R�W�W�R�V�W�L�P�D�Q�R��
�H���V�R�Y�U�D�V�W�L�P�D�Q�R���L�Q�Y�H�F�H���U�L�V�S�H�W�W�L�Y�D�P�H�Q�W�H���L�O���G�D�W�R���V�S�H�U�L�P�H�Q�W�D�O�H����

�&�2�1�&�/�8�6�,�2�1�,��

�,�O���F�D�V�R���S�U�H�V�H�Q�W�D�W�R�����X�Q�L�W�D�P�H�Q�W�H���D�J�O�L���D�O�W�U�L���L�Q�Y�H�V�W�L�J�D�W�L�����P�R�V�W�U�D���F�R�P�H���V�W�U�X�P�H�Q�W�L���Q�X�P�H�U�L�F�L���V�L�D�Q�R��
�L�Q���J�U�D�G�R���G�L���S�U�H�G�L�U�H���F�R�Q���X�Q�D���E�X�R�Q�D���D�F�F�X�U�D�W�H�]�]�D���O�D���O�X�Q�J�K�H�]�]�D���G�L���S�U�R�I�L�O�R���H�V�W�U�X�V�R���F�R�Q�W�D�P�L�Q�D�W�D��
�F�K�H�� �G�H�Y�H�� �H�V�V�H�U�H�� �V�F�D�U�W�D�W�D���� �/�H�� �I�R�U�P�X�O�D�]�L�R�Q�L�� �D�Q�D�O�L�W�L�F�K�H�� �H�G�� �H�P�S�L�U�L�F�K�H�� �D�G�� �R�J�J�L�� �S�U�H�V�H�Q�W�L�� �L�Q��
�O�H�W�W�H�U�D�W�X�U�D���� �D�O�� �F�R�Q�W�U�D�U�L�R���� �R�� �V�R�Y�U�D�V�W�L�P�D�Q�R�� �R�� �V�R�W�W�R�V�W�L�P�D�Q�R�� �V�L�J�Q�L�I�L�F�D�W�L�Y�D�P�H�Q�W�H�� �O�¶�H�V�W�H�Q�V�L�R�Q�H��
�R�S�S�X�U�H�� �I�R�U�Q�L�V�F�R�Q�R�� �V�R�O�R�� �V�W�L�P�H�� �P�H�G�L�H�� �G�H�O�O�¶�H�Y�R�O�X�]�L�R�Q�H�� �V�X�J�J�H�U�H�Q�G�R�� �O�D�� �Q�H�F�H�V�V�L�W�j�� �G�L�� �X�Q�D�� �Q�X�R�Y�D��
�I�R�U�P�X�O�D�]�L�R�Q�H���E�D�V�D�W�D���V�X���S�D�U�D�P�H�W�U�L���G�L���F�R�P�S�O�H�V�V�L�W�j���J�H�R�P�H�W�U�L�F�D���G�H�O�O�D���P�D�W�U�L�F�H����

�%�,�%�/�,�2�*�5�$�)�,�$��
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