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Abstract

We prove a global Harnack inequality for a class of degenerate evolution operators by
using repeatedly an invariant local Harnack inequality. As a consequence we obtain an
accurate Gaussian lower bound for the fundamental solution for some meaningful families of
degenerate operators.

1 Introduction
In this paper we consider a class of linear second order operators in RV*+! of the form
m
L=> X, +Xo— 0. (1.1)
p=1

In (1.1) the X,’s are smooth vector fields on RV, i.e. denoting z = (z,t) the point in RV*!
Xp(x):Zag?(x)@x]., p=0,...,m,

where any a? is a C*° function. For our purposes, in the sequel we also consider the X,’s as

vector fields in RV and we denote
Y =Xo— 0, and AX=MX1+ -+ A X, (12)

for A = (A1,...,\n) € R™. We say that a curve v : [0,7] — RN* is L-admissible if it is
absolutely continuous and satisfies

V() =A(s) X(v(5) +Y(1(s)),  ae in[0,T],

for suitable piecewise constant real functions A1, ..., A,. We next state our main assumptions:
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[H.1] there exists a homogeneous Lie group G = (}RN tlo.§ ,\) such that

(i) X1,...,Xm, Y are left translation invariant on G;

(ii) Xi,..., X, are d\-homogeneous of degree one and Y is d-homogeneous of degree two;

[H.2] for every (z,t),(&,7) € RV*! with ¢t > 7, there exists an L-admissible path « : [0,7] —
RN*! such that v(0) = (z,t), v(T) = (£, 7).

In the next section we recall the definition and the main properties of homogeneous Lie groups.
Operators of the form (1.1), verifying assumptions [H.1]-[H.2], have been introduced by Kogoj
and Lanconelli in [7] and [8]. Under these hypotheses the Hérmander condition holds:

rank Lie{X1,..., X, Y (2) = N+1,  Vze RVt (1.3)

hence L in (1.1) is hypoelliptic (i.e. every distributional solution to Lu = 0 is smooth; see, for
instance, Proposition 10.1 in [7]) and has a fundamental solution I which is smooth out of the
pole and d)-homogeneous of degree 2 — Q:

[ (6)2) = 79T (2), A>0, (1.4)

(here @ denotes the homogeneous dimension of G, see Section 2). Hence operator (1.1) belongs
to the general class of hypoelliptic operators on homogeneous groups first studied by Folland
[5], Rothschild and Stein [18], Nagel, Stein and Wainger [13].

An invariant (local) Harnack inequality for L is proved in [7] and one-side Liouville theorems
are given in [8]. The main goal of this note is to prove the following non-local Harnack inequality:

Theorem 1.1 Let zp = (xo,t9) € RN+ and s > 0. There exist two constants ¢,C > 1, only
dependent on L, such that

u(exp(s(A- X +Y)(z0)) < C P u(z0), (1.5)
for every non-negative solution u to Lu = 0 in RN x Jtg — cs,tg], A € R™.

The connectivity assumption [H.2] and Theorem 1.1 directly yield a global Harnack inequality
for positive solutions to Lu = 0 of the form:

u(x,t) < H(x,t,&,7)u(&, 1), V(x,t), (f,T)]RNH, t<T. (1.6)

When we are able to find explicitly an L-admissible path v connecting (z,t) to (&, 7), then we can
express explicitly H(x,t,£, 7) and obtain a more useful estimate. Aiming to take into account of
the homogeneous structure of the Lie group, we construct such a v by considering separately the
commutators of different homogeneity of Xi,..., X,,,Y. We remark that these commutators
can be conveniently approximated by L-admissible paths: for instance, the direction of the
commutator [X,, X,| can be obtained by using the integral curves of X,,, X, —X,, —X,. To be
more specific, by using the Campbell-Hausdorff formula, we have

XotY o (XatY o o XptY o = XotY _ AV HXp X+ B2



where the error term Ry contains commutators dy —homogeneous of order greater than two. This
fact is well-known and has been used by many authors in the study of the regularity of “elliptic”
and “parabolic” operators of the form

m m
dXp  and Y X2-4, (1.7)
p=1 p=1

respectively. However the study of operator (1.1) involves commutators of the form [X,,, Y] that
do not occur in the examples (1.7). In this case, we have to use a different combination of vector

fields, namely
XptY o o XptY _ 2V HXp Y]+ Ry

where R3 is an error term of order three. The above argument can be adapted to commutators
of higher length and leads to an explicit estimate of H in (1.6). This estimate is given in Section
4, Proposition 4.1, in the case of a Lie algebra of step three. We plan to consider Lie groups of
higher step in a future study.

As a consequence of Proposition 4.1 we get the following lower bound for I':

Proposition 1.2 Let L be the operator in (1.1) on a group of step three and I" its fundamental
solution. There exists a positive constant C' such that

Me.f) > S clele V(z.t) € RN x Rt 1.8
(m,)_t%eXp—t—g, (z,t) e RN x RT. (1.8)

Here | - |g denotes the homogeneous norm in G (see Section 2).

In the above statement I'(-) denotes the fundamental solution of L with pole at the origin. Due
to the left o-invariance of T, we have that I'(z,¢) = I'({"! 0 ) and a lower bound analogous to
(1.8) also holds for I'(+, ().

The above estimate looks rather rough, since it is natural to expect % in the exponent in
(1.8). Indeed the following Gaussian upper bound has been proved by by Kogoj and Lanconelli
in [7]: )

[(z,t) < %exp (—'2’?) , Ve e RN, t >0, (1.9)
t 2
being C' a positive constant. However it is known that the fundamental solution of the (Kol-
mogorov) operator 3%1 + 2103, — O is

[(z1,22,t) =

3 2 2
373 €XP <_1‘1 _ gtz 3:62) , r1,22 €ER, t > 0; (1.10)
T

see (1.19) below. In particular

6
V3 3 V3 (0, z2)
[0, z2,t) = 572 CXP <_3t§> = 5,73 &XP _3|7§3’G . (1.11)

On the other hand, we have

2
\/3 $2 \/g ‘(xlvo)
F<x1707t> = Wexp (_t1> - 27Tt2 €Xp _fG )




so that neither (1.8) nor (1.9) are sharp. However we can hope to sharpen (1.8) at least in some
component of x. The following example shows that further hypotheses on the operator L are
needed to obtain such a result. Consider the operator L = X? 4+ Y in R?, where

X =0, + 3m128$2, and Y =210z, — 0.

It is straightforward to verify [H.1], [H.2] for L (the dilations are 8y (21, 2o, t) = (Az1, A3z2, A2t)).
The fundamental solution is I'(x1, 29,t) = ['(z1, 22 — 23,t) with T in (1.10), then

= V3 S SN N
F(a:l,O,t):Wexp - -3 2 -3 3

), V(z1,t) € R x RT. (1.12)

We close the introduction with some examples of operators that motivate our study. In
these particular cases we will give sharp estimates for the case of a Lie algebra of step three (see
Propositions 5.1, 5.2 and 5.3 below).

Example 1.3 (HEAT OPERATORS ON CARNOT GROUPS) Consider the operator L in (1.1)
under assumptions [H.1] and

rank Lie{X1,...,Xm}(z) = N, Ve e RY. (1.13)

In this case G = (RY,0,68,) is a Carnot (or stratified) group (see, for instance, [5] and [20]).
Under assumption [H.1], condition (1.13) implies

Xo espan{[Xp,Xq] | b,q= 1,...,771}.
Condition (1.13) is trivially satisfied when X = 0 in (1.1) and we have
L=0NAg -0, (1.14)

where as usual Ag denotes the canonical sub-Laplacian on G:

Angiﬁ.
p=1

We recall the well-known Gaussian upper and lower bounds for heat kernels due to Jerison
and Sanchez-Calle [6], Kusuoka and Stroock [10], Varopoulos, Saloff-Coste and Coulhon [20].
These results apply to Lie groups which are not necessarily homogeneous. We also quote the
more recent and accurate estimates by Saloff-Coste and Stroock [19], Bonfiglioli, Lanconelli and
Uguzzoni [3].

More generally condition (1.13) means that the operator (1.1) has the form

L= Ag+ Xo— 0, (1.15)

with Xy € Lie{Xl, ce Xm}. The results in [6] and [10] apply to the above operator when X, €
span{X,, [Xy, Xy] | p,g¢,r=1,...,m}. Operator (1.15), without other assumption on Xy, has
been considered by Alexopoulos in [1]. We also recall that Cao and Yau [4] proved some sharp
estimates of the fundamental solution under the assumption that span{X,, [X,, X;] | p,q,r =
1,...,m}(z) =RY for every x € RN and Xy € span{X, | p=1,...,m}.



Example 1.4 (KOLMOGOROV TYPE OPERATORS) Assume X, = 0p, p = 1,...,m, and the
coefficients of Xo are linear functions of x € RV :

X() = (x,BV>
for a constant N x N matriz B. Then
m
L=>Y 02+ Xo— 0. (1.16)
p=1

This kind of operator has been extensively studied (see [12] and [11] for a comprehensive bibli-
ography). It is known that [H.1]-[H.2] for L are equivalent to the following hypothesis:

[H.3] the matrix B takes the form

0 By 0 --- 0
0 0 By --- 0
B=|: : : - (1.17)
0O 0 0 --- B,
o 0 0o --- 0
for some basis of RY, where By, is a dj x dp,1 matrix of rank dy, k = 1,2,...,n with

m=d; >dy>--->dpy1>1land dy+---+dpy1 = N.

The equivalence of [H.3] and the couple of hypotheses [H.1]- (1.3) has been proved in [12]. As said
before [H.1]-[H.2] yield [H.1]-(1.3), on the other hand in [17] it is proved the converse implication
for Kolmogorov operators.

Under assumption [H.3], the dilations are

oy = diag( Mgy, NIy, ., A" A2, A >0, (1.18)

where Iy, is the dj x dj, identity matrix. Moreover the fundamental solution of L in (1.1) is
explicitly known:

= ! ex —1 )z, x
M) = s o (50 ), (1.19)

fort >0, and I'(z) = 0 for ¢ < 0. In (1.19), we denote
¢
E(t) = exp(—tBT) and C(t / E(s)AE" (s (1.20)
0

where BT is the transpose matrix of B. We remark that condition [H.3] ensures that C(t) > 0
for any t > 0 (cf. Proposition A.1 in [12], see also [9]). In this case the group law is

(x,t)o (&71) = (E+ E(T)z,t +7), (z,t), (€,7) € RNTL, (1.21)

In the sequel we call K = (RV+1, o) a Kolmogorov group.



Non-local Harnack inequalities for this kind of operator are proved in [15], moreover Gaussian
estimates for the fundamental solution are given in [16], [17] and [14] in the case of non-constant
coefficients of the second order derivatives.

More general examples of operators of the form (1.16), with polynomial (non-linear) coeffi-
cients are:

Ly = 02 + 02, + 2105, + 212205, — O, Ly = 02 + 2105, + 2304, — Oy

Note that although both L; and Ls satisfy [H.1] and the well-known hypoellipticity Hérmander
condition, only L; fulfills [H.2].

Example 1.5 (OPERATORS ON LINKED GROUPS) Let L = GAK be the linked group of a Carnot
group G on R™ x R™ and a Kolmogorov group K on R™ x R" x R, as defined by Kogoj and
Lanconelli in [7] (Sect. 10). We consider the operator

L=Ag+Y. (1.22)

For reader’s convenience, we recall here the definition of link of Carnot and Kolmogorov groups.
Consider a Carnot group

G= (Rm x Rn,o,aﬁ) :
where (z,y) denotes the point in R™ x R™ and assume that
Xp =0, +dP(z,y)V,y, p=1,...,m. (1.23)
Hence the dilations and the group law take the following form:
K@ y) = (e, 05y), (@y)o@.,y)=(z+2,Q,y.2.y)).
Moreover the Kolmogorov group is!
K — (Rm X R” % R,o,5§<> :
where we denote (x,w,t) the point in R™ x R" x R. We assume that
Y = Xo(z,w) — 0y = ((z,w), BV (3,4)) — O (1.24)
The dilations (1.18) and the group law (1.21) will be denoted by:
(5]1)\{(56, w,t) = (Ax,pﬂ§w, )\Qt), (z,w,t)o (', t) = (a: +2', R(z,w, t, 2, w' '), t + t') )
The link I. = GAK is defined as follows:
L= (Rm ¥ R" x R xR,o,ég\‘) ,

where
8% (z,y,w,t) = (Aw, pfy, pPw, \t)

198}

1We use the same notation “o” for the composition law in different groups; the context will avoid ambiguity.



and
(z,y,w,t)o (&, ¢, 0, 1) = (z + 2, Q(z,y, 2", y/), R(z,w, t, 2", w', ¢'),t + 1) . (1.25)

It turns out that L is a homogeneous group, the X,’s and Y (considered as vector fields on
R™ x R™ x R" x R) satisfy [H.1]-[H.2] (see Propositions 10.4 and 10.5 in [7]). Let explicitly note
that the operations defined in IL extend the ones in G and K. In particular we have

(z,,0,0) 0 (z,4/,0,0) = ((z,y) o (¢/,9),0,0) . (1.26)

2 Preliminaries

In this section we briefly recall the basic properties of homogeneous Lie groups and exponential
mappings.

A Lie group G = (}RN 1 o) is called homogeneous if there exists a family of dilations (Jy)y~
exists on G. In our setting, hypotheses [H.1]-[H.2] imply that R" has a direct sum decomposition

RY=Vie---aV,
such that, if z = 2 + ... 4+ 2(") with 2(*) € V},, then the dilations are
Sz 4+ 2™ ) = a4 A2 N2, (2.1)
for any (z,t) € R¥*1 and A > 0. We may assume that

1):(azl,...,xml,O,...,O)eVl,
x(k):(O,...,O,mgk),... 2 0,...,0) € Vj,

bl mpg ) N
for some basis of RYV, where

(k) . L.
T, = Ty etmp 1 i i=1,...,mp =dimV;.

The natural number

Q:Zk’mk—i-Q
k=1

is usually called the homogeneous dimension of G with respect to (0y). We also introduce the
following dy-homogeneous norms on RY¥*! and R¥:

1

n  my 2n! 2n!

I ble =[S0 (a8) F +pm]
k=1 j=1
\:U|G:max{’x§k)’% \ kzl,...,n,izl,...,mk}.



Since Xi,...,X,, and Y are smooth vector fields which are Jy-homogeneous respectively of
degree one and two, it is not difficult to show that they must be of the form

Xp:Zaﬁ_l(x(l),...,x(kfl))~V(k), p=1,...,m,
k=1
Y = Zbk_g(x(l), ce ,$(k_2)) : V(k) - 8,5,
k=2

where

vk — (0’---70’3:05’“%“-’8;55,':;70»“-’0)'

and ai and by are dy—homogeneous polynomial functions of degree k with values in Vi1 and
Viro respectively. Let us explicitly note that hypothesis [H.2] and formula (2.2) imply that
span{X1(0),..., Xm(0)} = V4; then we may assume m = m; and X,(0) =e, forp=1,...,m
where {e;}1<;<n denotes the canonical basis of RY. We also remark that, by [H.2] and (2.2),
span{Xg(O), [Xp, X (0)} = Vh; then, in the particular case of a Kolmogorov group, Vo = {0}
necessarily.

We denote by g the Lie algebra of G. For any X € g, z € RV¥*! and s € R, we let
exp(sX)(z) = v(s), where ~ is the (unique and globally defined) solution to the Cauchy problem

We also use the following notation eX = exp(X)(0) and recall that
exp(X)(z) = z o e¥, VX €g, z€ RVt

In the sequel we use the well-known Campbell-Hausdorff formula which we recall here for greater
convenience:

X 0 oZ — X+Z+3[X. 21+ 15X ~Z[X,Z]|+Rs (2.3)

where R3 are commutators of length greater than three.

3 Proof of Theorem 1.1

We prove Theorem 1.1 by constructing a Harnack chain by means of the Harnack inequality
proved in [7]. We recall that a set {zp,...,2x} C O, where O is an open subset of RV*1 s said
a Harnack chain of length k if a positive constant C' exists such that

U(ZJ) g Cu(Z]_l)’ for -7 = ]‘7 AR 7k7 (3.1)

for every non-negative solution u to Lu = 0 in O.

We choose {zp,...,z2;} along a suitable integral curve of the vector field A - X + Y. The
technique goes back to Aronson and Serrin [2] for the study of uniformly parabolic equations.
Then it has been extended in [20] to the framework of heat kernels on Lie groups and in [17] to
Kolmogorov groups.



We first recall the invariant Harnack inequality proved in [7], Theorem 7.1. Given r > 0,
£€]0,1[ and zy € RV*! we put
Cr(20) = 2006,(C1), S (20) = 20 0 6,(S8\),
where
Ci={z=(x,t) eRV"! | |z]lg <1, t<0}, S&={s=(a,-¢) | z€C1}.
13

We remark that the following result is stated in [7] only for € € |
argument used in the proof applies to every € € |0, 1].

] , however the compactness

Theorem 3.1 Let O be an open set in RNT1 containing C,(z0) for some zg € RN*! and r > 0.
Given e € |0,1], there exist two positive constants § = 0(L,c) and C = C(L,¢) such that

sup u < Cu(zp), (3.2)
83z 20)

for every non-negative solution u of L in O.
We next prove a different version of the above Harnack inequality.

Proposition 3.2 Let O be an open set in RVH1 containing Cr(29) for some zy € RN+ and
r > 0. For every R > 0 there exists two positive constants C,¢ only dependent on L and R such
that

u(zp 0 z) < Cu(zp) (3.3)

for every non-negative solution u of L in O and for every z in the paraboloid
Prr = {(z,—t) c RV | 2|4 < Rt, 0 <t <T}, (3.4)

where 0 < T < ér2.
PRrROOF. Fixed t > 0, we put

Av={(z,~1) | |2[§ < Rt}.
For every z € A; we have

1

211 < (N]2|E +1t7)° < crt,

with cp = (14 NR")%, therefore

(!
CR

A C{z = (z,—1) | ]\z\|2<th}:Sﬁ.

Since cg > 1, we can apply Theorem 3.1 with ¢ = cl_%l, then there exist 8, C' > 0, only dependent
on L and R, such that
sup u < Cu(zp), (3.5)
857 (z0)

for every non-negative solution u of L in O and for any p €10,0r|. If we put T' = 0;%1921"2 we

have A; C Sl(f) with p = /cgt < 0r when t < T. The claim follows from (3.5). O

The previous proposition states a Harnack inequality for a paraboloid of arbitrarily large
width R: we next make a suitable choice of R in order to use (3.3) in the proof of Theorem 1.1.



Proposition 3.3 There exists R > 1 only dependent on L such that
exp(s(A - X +Y))(0) € P -2, (3.6)

for any A € R™, A # 0, and s € ]0,|\|72]. The statement also holds for A\ = 0: in this case
exp(sY)(0) € Prr for any s,T > 0 with s <T.
PROOF. If A\ # 0, we set

exp(s(A- X +Y))(0) = (v(s), —s),

and recall the expressions (2.2) of the vector fields X, and Y. We aim to show that under the
condition
0<sA?<1, (3.7)

then (y(s), —s) € Pgy-2 for some suitable R > 1 only dependent on L, or in other terms
WB(s)F < Rs, i=1,....mp k=1,...,n. (3.8)

We have v(1)(s) = s\, so that
A = A < Rs

by (3.7) provided that R > 1. This proves the case kK =1 in (3.8). Next, we have
P8(s) =Y _ A al (V) (s)) + bo.
p=1

Then, for some constant vector v € Vs, we have
7P (5) = s(s]APv + bo).
By (3.7) we may choose R, only dependent on L, large enough so that
WP (s)| < Rs,  i=1,...,my

which proves the case k = 2 in (3.8). For 3 < k < n, we have
8 (s) =D Al (1 (s), - 7 E V() + be2 (VD (), /D (),
p=1

and, since ai and b, are d—homogeneous functions of degree k, a straightforward inductive
argument yields

k
2

B (s) = 53 (vo + (s]AP) Vi + -+ + (s]A[) 2 vy)

for some constant vectors v; belonging to Vj and only dependent on L. Therefore, by (3.7) we
may enlarge R = R(L) if necessary, so that (3.8) holds. The same argument applies to the case
A=0. g

We are now in position to prove Theorem 1.1. Note that, in the statement, the domain
of the solution u is the strip RY x ]to — cs, to]; here we prove inequality (1.5) under a bit less

10



restrictive assumptions. Theorem 1.1 will be a direct consequence of the following Proposition
3.4. The proof is based on the construction of a Harnack chain along the path

v(1) = exp(ts(A - X +Y))(20), T €[0,1].

where s > 0, A € R™ and zy € RVT! are given. In view of Proposition 3.3, if k is the natural
number such that

k—1
W <s S W’ (39)
we consider the set {zo, ..., 2} defined as
2 = exp (Mj’g(A-XJrY)) (z0), j=1,...k—1, (3.10)

and z = exp(s(A - X +Y))(20), and we will show that it is a Harnack chain.

Proposition 3.4 Let O be a domain of RNt 25 € O, A € R™ and s > 0. Being ¢, C
the constants in Proposition 3.2, we set r = min{ﬁ7 \/g} Suppose that C.(z;) € O for
j=0,...,k—1, where the set {2y, ..., 2} is defined in (3.10). Then

u(exp(s(A - X +Y))(20)) < CHPMu(z),

for every non-negative solution u to Lu =0 in O.

ProoOF. We first suppose s < ﬁ: in this case s = @2 and k = 1, then we apply once
Proposition 3.2 in view of (3.6).
Suppose now s > # We consider the set {zp,..., 2} defined in (3.10) and we show that

it is a Harnack chain. To this aim it suffices to note that
1
zj:zjloexp<|)\‘2()\-X+Y)>(O), j=1...,k—1,

and to recall (3.6). Then we apply Proposition 3.2 k times since in this case |\|? = &r? and
Cr(zj) € O, by our hypothesis. Note that k < 1+ s|A|? by (3.9) and the thesis easily follows. OJ

PROOF OF THEOREM 1.1. We consider the set {zo, ..., 2;} defined in (3.10) and we note that
Cr(2z;) € RN x Jtg — es, to], for any j = 0,...,k — 1, provided that we choose ¢ > 1 + % Then
the claim follows from Proposition 3.4. O

4 Global Harnack inequalities

In this section, by applying repeatedly Theorem 1.1, we prove a Harnack inequality for non-
negative solutions to Lu = 0 in a strip RY x I in the case of a Lie algebra of step three, so
that RN = V; @ Vo @ V3. We remark that [X,, [X,, X,]] and [X,,Y] are both commutators
of order three but they play a different role in our estimates; hence it is convenient to split
Vi as W @ W, where W' =span{[X,,[X,, X,]] | r,p,q=1,...,m1}, W" = V30 (W')* and,

11



accordingly, £(®) = w' 4+ w", with w’ € W’ and w” € W” (actually, the space V3 can be split in
other ways, however it seems that this choice yields better estimates, see Remark 4.7 below).

We next state a Harnack inequality for a general operator acting on a Lie algebra of step
three. Then some more accurate estimate will be given in Propositions 4.2, 4.3 and 4.4 under
geometrical conditions on the Lie group.

Proposition 4.1 Let L be the operator in (1.1) on a group of step three and let zo = (xg, to) €
RN+ T > 0. There exist two constants ¢ > 0 and C > 1, only dependent on L, such that, if u
is a non-negative solution to Lu = 0 in RN x |tg — T, to + T}, then

u(z) < exp (0(1 + ‘Z’?j%» w(z0 0 2), (4.1)

for every z = (x,s) € RV x]0,T).

The examples (1.11) and (1.12) in the introduction show that (4.1) cannot be improved in
general. We next state some sharper estimates for the operators in the Examples 1.3, 1.4 and
1.5.

Proposition 4.2 Let L be a parabolic operator on a Carnot group of step three (cf. Example
1.3) and let 29 = (zo,t9) € RNTL T > 0. There ewist two constants ¢ > 0 and C > 1, only
dependent on L, such that, if u is a non-negative solution to Lu = 0 in RV x Jto — T, to + T7,
then

u(z0) < exp (C(l + ‘i’é» (200 2), (4.2)
for every z = (x,s) € RV x]0,T].

Proposition 4.3 Let L be a Kolmogorov type operator on a group K of step three (cf. Example
1.4) and let 29 = (z0,t9) € RNTL T > 0. There exist two constants ¢ > 0 and C > 1, only
dependent on L, such that, if u is a non-negative solution to Lu = 0 in RY x Jto — T, to + T1,

then
u(zp) < exp C(l + K+ K) u(zp 0 2), (4.3)

s 53
for every z = (x,s) € RV x]0,T].

Proposition 4.4 Let L be the operator in (1.22) on a linked group L = GAK of step three.
Let 29 = (£0,m0,wo,t0) € RVTL = R™ x R x R" x R and T > 0. There exist two constants

c> 0 and C > 1, only dependent on L, such that, if u is a non-negative solution to Lu = 0 in
RN x Jtg — T, to + T, then

2 6
u(zo) < exp <C<1 + ‘(éjn)‘L + ‘w‘ﬂ‘>> u(zg 0 2), (4.4)

S 53

for every z = (&,n,w, s) € RV x]0,T].
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Before giving the proof, we introduce some notations and prove some preliminary lemmas.
Since the Lie algebra has step three, the vector fields in (2.2) take the form

Xp =0, + aﬁ’(:c“))v(?) + ag(x(l),x@))v(?’), p=1,...,m,

4.5
YV =bV® 40y (aM) VS - g, (45)
with azf : Vi — Vo and by : Vi3 — V3 linear functions, by € V5 and
ab (x(l),m(2)) = Ag(m(l)) + A} (x(Q)) (4.6)
where Ag : Vi — V3 is a bilinear function and Azf : Vo — V3 is a linear function, for

p=1...,m.

Lemma 4.5 Let z = (x — thy,t) € RN x RT with x € W” and by € Vs as in (4.5)2. There exist
two constants ¢ > 0,C > 1, only dependent on L, such that

|z
u(0) < exp (C(l + e u(z), (4.7)
for every non-negative solution u to Lu = 0 in RY x |—ct,].

PROOF. In order to apply Theorem 1.1, we aim to connect z to 0 by using suitable integral
curves of the vector fields AX,, + Y. This is possible since the Campbell-Hausdorff formula (2.3)
(with R3 = 0 since we assume that the Lie algebra has step three) yields

Y o Xty VANV (48)
To prove our claim, we select a basis

{1, Y] 1, Y]}
of W and, without loss of generality, we assume that
[X8k7Y:| — 8m1+m2+m/3+k fOI‘ k — ].7 oo ,mg. (49)

t
WeputT:M,z(]:z,

2k = Zk_1 0 e (M Xs+Y) eT(*/\’“XSkJrY), k=1,...,mj, (4.10)
and we choose A such that z,,, = 0. By (4.8), we have

2
2k = 251 0 eZTYJrT )\k[Xsk,Y}7

then, by using again the Campbell-Hausdorff formula and (4.9), we get
Zmy = % O €xp (tY + Z TQAk[XSk,Y]> = <x + Z TQAkeSi+k,0)
1<k<my 1<k<m}
The claim follows by setting Ap = —7'*2375;2 h
O

in (4.10) and applying Theorem 1.1 repeatedly.

2The term —tby in z appears in order to take into account of the constant drift of Y.
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Lemma 4.6 Let z = (x — 2tby,2t) € RN x R, with x € Vs. There exist two constants ¢ >
0,C > 1, only dependent on L, such that

u(z) < exp C<1+ Z WW’) u(z), (4.11)

t
1<k<m}

for every non-negative solution u to Lu = 0 in RN x |—ct,2t]. In (4.11)

z = (T — thy, t), (4.12)
where T € V3 is such that
57§3):0, j:l,...,mg, f§3)2$§3), ]:mg—kl,,mg

PrOOF. We connect z to Z in (4.12) by using a path moving in the direction of [X,, [X,, X,]]: in
order to apply Theorem 1.1 we use suitable integral curves of the vector fields X, +Y, X, + Y
and X, +Y. Indeed, by the Campbell-Hausdorff formula, we have

AXAY) (6Xp+y 0 eXatY o o= XptY 6—Xq+Y)

o A =XrtY) g (e—Xp+Y o e XatY o XptY g 6X4+Y) (4.13)

— 16YHA[X [Xp, Xo||+4[4Xr+ Xp+Xg, Y]
Arguing as in the proof of Lemma 4.5, we select a basis

{101 Ko Xar 1y (X 1,5 X 1}
of W' and, without loss of generality, assume that
(Xors [ Xpr> Xol] = Omy+motk for k=1,...,mj5. (4.14)

Then we put 7 = Zo = z and

_t
32mf”
B = By 1 0 AT (X +Y) (eT(,\kka+Y) 0 eT(MXg+Y) o (=M Xp +Y) o eT(—,\quker))

° 647(7Aerk+Y) o (e‘r(f)\kka+Y) o e‘r(f)\quk+Y) o eT()\kka+Y) o eT()\quk+Y))

9

(4.15)
for k =1,...,mj, where Ay, ... , Ay, Will be chosen later. By (4.13), we have
5, =Zp_1 0 6167-Y+47-3)\i[XTk,[ka ,qu}]+472,\k[xpk+qu+4XTk,Y];
moreover, by the Campbell-Hausdorff formula and (4.14), we get
t
Zmy, = X <2Y +4r2 Y (Mie,f’ + e[ Xp, + Xy +4X,,, Y]) )(z). (4.16)

1<k<m

14



Note that the approximation (4.15) of the commutator [X,, , [X,,, X4, ]| introduces in (4.16) the
“error term” [Xp, + Xg, +4X;,,Y]. Therefore we rely on (4.8) to remove it: we set zp = 2,
and

2= 2p_1 0 <64T(—>\erk+Y) ° 64T(Akx,nk+y))

o <627'(7)\kka+Y) o eQT(AkkaJrY)) o (eZT(f)\quk+Y) o eZT(Aquk+Y)>

for k =1,...,mj. By (4.8) we obtain

Zml, = % 0 €Xp <tY + 473 Z )\ieg)) = (x — thy + 473 Z )\zeg), t). (4.17)

1<k<m 1<k<m
Next we choose A\ such that
9:,(63)—{—4)\27'3:0, k=1,...,mhi,
and the claim follows from Theorem 1.1. O
Remark 4.7 Consider the vector space
W =span{[X,, [X,, X,]] | 7,p,q=1,...,mi} Nspan{[X,,,Y] | p=1,...,m1}

and suppose that it is non-trivial. Then we can use both (4.8) and (4.13) to obtain an estimate

of the form
: jz? Ek
u(0) < Cminqexp |1+ 5 ) exp 1+ ; u(z),

for z = (x — tby, t) € RN x R* with x € W. However this estimate does not improve (4.11).

Lemma 4.8 Let z = (z,3t) € Vll xRT. There exist two constants ¢ > 0,C > 1, only dependent

on L, such that
22
u(z) < exp (C’ (1 + ‘t|>> u(z), (4.18)

for every non-negative solution u to Lu = 0 in RN x |—ct, 3t], where
z = (T — 2tby, 2t) , (4.19)
with & € Vs, 7 = 203,
PROOF. We connect z to z in (4.19), by using a combination of paths of the following form
eXptY o o Xq Y o o= Xpt+Y § =X +Y _ e4y+[Xp=Xq]+2[Xp+Xq7Y}+%[Xp""Xq:[vaXq]]. (4'20)

Then we select a basis
{[XZH?X(II]? S [Xme,qu]}
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of span{[X,, Xy] | p,g=1,...,m1} and we assume, since it is not restrictive, that

(Xps Xg] = Omyin + VS k=1, my, (4.21)
for some suitable linear functions a}*?. Next we put 7 = ﬁ, zp = z and
2p = 21 0 e OEnY) 6 T (MXae+Y) o oT(“MeXp 4Y) o oT(-MXae4Y) o — 1 . (4.22)

for some Ap, ..., A, to be suitably chosen. By (4.20), we have
21 = exp <47’Y + TQ)\z[ka,qu]
1
+ 27_2)‘19[ka + Xgp, Y]+ 57—3)‘2[ka + X [ka’quH> (2h—1);

then if we let Zop = 2y,,, we get

- t
2o =exp <1OY + Z TN X s X

1<k<mg

1
2 X PN 4 X VI S P X X X 1) 2),

1<k<mag 1<k<mag

Before choosing the A\g’s, we remove the error terms [X,, + X,,,Y] and [X,, + X, , [Xp,, X4, ]]
as in the proof of Lemma 4.6. Therefore we set

Ek, = Ek_l [¢) e4T(_)\7kXPk+Y) o (eT(_gkXPk—’_Y) [¢) eT(_/\Tquk+Y) o eT</\7kXPk+Y) o eT</\2quk+Y)>

ka-i-Y) <€T(A2’€ka+y) . ef(%’qukJrY) . 67(—%’9ka+¥) . €T<—*2’€qu+y)>

o (F
o e4T( /\Tk ) o <eT<A2kka+Y> ) eT(i%ch’c+Y) o eT(/\TkXp’“+Y) o eT</\2quk+Y)>
(

o e4T /\Tk q’c+Y) <eT(/\2kX”k+Y> o eT(%quker) oeT(f%kxkarY) o eT(f%X‘”@H/)

for k =1,...,mg and, by (4.13), we have

%, =3k 1 0 632ry—%r3A2[X,,k+qu,[X,,k,qu]]—12f2>\k[xpk+qu,y}_

Then, if we set Zy = Z,, by the Campbell-Hausdorff formula, we get
Zo = exp <0tY + Y PNXp X ] —10 ) PN[X, + qu,¥]> (2).
1<k<mq 1<k<msg

Finally, we annihilate the last error term, by setting

)

% =70 (er(loAkka+Y) OeT(—lO)\kka-l—Y)) o (67(10>\kqu+y) ° 67(—10,\kqu+y))
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for k =1,...,mg, and by (4.8) we have
2
zk — Zkfl o 64TY+1OT )‘k[XPk+XQk7Y]

It is easy to check that

Z = Zm, = €Xp <tY + Z 7'2/\i[ka,qu]> (2),

1<k<mg

thus, by using (4.21), we infer

72 =23 4 Z T2)\iem1+k + tby.
1<k<mg

We next choose ;. so that our claim @ = —2tbg holds. Clearly this means 7'2)\% = —(3tby +
Z)m,+k and the equation can be solved only when (3tby + ), +x < 0; however, if this is not

the case, we may exchange the role of X, and X,, in (4.22) to obtain 72A3 = (3tby + &), +k
instead. In both cases Theorem 1.1 gives

2
u(z) < exp <c’<1 + ’:—tbd)) u(z),

and the claim (4.18) follows. O

Lemma 4.9 Let z = (x,4t) € RN xR*Y. There exist two constants ¢ > 0,C > 1, only dependent

on L, such that
u(z) < exp C(l + — > u(z), (4.24)

for every non-negative solution u to Lu = 0 in RN x |—ct, 4t], where

5= (5;@) +7®), 3t> (4.25)
and (see the notations (4.5)-(4.6))
1
—(2 2 1
73 =@ 1 by — 3 Z xpaﬁ’(:r( )),
1<p<my
70 =2® 1 Ty (20 - S s 1w (xu)) s (2@ g by L S rgal(z )
2 p 3 2 1 2 3 q71
1<p<mq 1<g<my
Proor. We set
20 = z 0 eTMXIHY) o T2 XadY) o g eT(/\m1Xm1+Y)7
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for some A1,..., Ay, and 7 > 0 to be suitably chosen. By the Campbell-Hausdorff formula, we
have

20 = exp (mlTY + T Z ApXp + 72 Z 1 kApr A [ Xpr s X ]

1<p<mq 1<k<m?

+7° ) osdnAm A X (X X Jl 77 ) Cs,kAk[XmY})(Z)

1<k<m3 1<k<mq

for some constants ¢y i, ca k, c3 . (here we rearranged the sums to simplify the notations). Next
we proceed as in the previous lemmas in order to remove the error terms. We set oy, = /|c1 1
and

2k = 210 eT(akAkapk—l—Y) o eT(ak)‘quqk+Y) OeT(—ak/\kapk-i-Y) o eT(—ak)\quqk+Y)’
if 1, <0 and

2k = Z}—1 0 (A, Xy 1Y) o oT(@rAp Xpp +Y) o o7(—akAe, X, +Y) o eT(_ak)‘PkXPkJ'_Y)?

otherwise, for k = 1,...,m?. By (4.20), we have

dk>

Z) =exp <4TY — 721 kA A [ X » X + 272k [ Ap X + Mg X Y
1
- iTchkak/\pk)‘Qk [)‘kapk + Agp Xy [ka7X‘Ik]]> (2k-1)-

Then if we let Zp = z,,2, we get
Z) =exp <(m1 +4m)TY + 71 Z ApXp
1<p<mq

+7° Z C4,kAry, Apy Agy [(Xrps [Xpis X ]l + 7 Z CS,k)\k:[XkaY]> (2)

1<k<m$ 1<k<my
for some constants ¢y 1, ¢5 5. Next we set (3 = —sign(ca ) m and
= = 47 ($BEAry Xrp +Y)
° <eT(5kAkapk+Y) o eT(gkququJrY) oeT(—ﬁk)\kapk+Y) OeT(—ﬂkAququry))
° em(-%ﬁk,\rkmﬁy)

)

o (67(_ﬁk/\PkXPk+Y) o eT(_ﬁk)‘quqk""Y) o eT(Bk)\kaPk"_Y) o eT(ﬁkAquqk'i'Y))

for k=1,...,m}. By (4.13), we have

% =Zp_1 O 6167Y7C4,k73,\%xpk>\qk [(Xrp [ Xpy ,qu}]fwkﬁ[Apkxpk+,\quqk+,\rerk,Y];
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thus, if we let zyp = Zm by the Campbell-Hausdorff formula, we get

Zo = exp ((m1 +4m? + 16m3) 7Y + 1 Z MpXp + 72 Z 6, kK[ Xk, Y]> (2)

1<p<mq 1<k<m
for some constants cg ;. Finally, if we put

Ek — Zkfl o eT(_CG,kAka"FY) o 67(06,k)‘ka+Y)7 k= 17 o

by (4.8), we have

_ _ 2
Zp = Zp_10 627’Y T CG,k)\k[kay]’

and, by using again the Campbell-Hausdorff formula, we get, for 7 = t(3my + 4m? + 16m3)~1,

Z = Zpm, = exp <tY +7 Z )\po> (2).
1<p<my
Then we set A\, = —%” so that z € Vll x R. With this choice of the \p’s, it is straightforward to
check that 22 and z(® are as in the statement. O
PROOF OF PROPOSITION 4.1. Since L is invariant with respect to the left o-translations, it is
not restrictive to assume 29 = 0. We denote t = §,x = M 4+ 2@ 4w +w” and we apply Lemma
4.9 to the point z = (z,4t), then Lemma 4.8 to the point z = (37:(2) + 23, 3t), where 7@ and
z(3) are as in the statement of Lemma 4.9. We next apply Lemma 4.6 to z = (:i*(3) — 2tbg, 2t),
and finally Lemma 4.5 to z = (@" — tbg,t) (recall the notation z(3) = @' 4 @"). We thus get

|x<1)‘2 . ‘j<2)|

—/15 —1|2
+ ‘wsl + |u;3‘ > u(z), (4.26)

u(0) <exp [ Cop <1 +

for a positive constant Cy. To complete the proof, we only need to estimate the norm of the
vectors (2, @' and @”. From the definition of 22 we infer

7] < [a®] + tlbo] + cola [,
for a suitable positive constant cg, then (4.26) becomes

[«F

_l’_

(2) —1|2
‘xS |+ P |1/;3’ ) u(z). (4.27)

u(0) <exp | C1 (1 +

Analogously, from the definition of Z(3) we get

T\ —x <c 1 co|T 3+03a; x
| (3) (3)| s‘x()‘—k } (1)‘ | (1)H (2)

: (4.28)

for three positive constants c1, co and c3 depending on the operator L. Then we find

N e N

53 s s 53

|2V
u(z0) < exp C(l + +

g3

> u(z0 0 2),

19



and the claim follows. O

PROOF OF PROPOSITION 4.2. Under the assumptions W” = {0} so that, arguing as in the
proof of Proposition 4.1, we find

W [2@)] |j(3>‘%
w0 <o |61+ L L) g,

instead of (4.27). The claim follows from (4.28). O

PROOF OF PROPOSITION 4.3. In this case we have Vo = W/ = {0} and 73 = 20 + %bl (:17(1)).

Then (4.26) reads
u(0) <exp | Cy (1 + S + 3 > u(z),

and the claim plainly follows. O

PROOF OF PROPOSITION 4.4. According with the notations of Example 1.5, we have
{(5,0,0) | € € ]Rm} =W, {(0,77,0) |ne R”} =V, + W/, {(0,0,w) |w e RT} =W,

We also denote x = (£,n,w). In our setting, by (1.23) we have that ag(x(l),x@)) € W'in (4.5).
Moreover, by (1.24), by = 0 and by (x(l)) € W” in (4.5). Furthermore from the linearity of A}
and A5 in (4.6), it follows that A5 (z()), A} (2(?)) € W’ for any x € RY. Then we use (4.27) as
in the proof of Proposition 4.1, with

W= = 3 a3 (e0) 1 Ao - T aale)) ).

1<p<mq 1<g<my

5 S
" = w" + 5()1 (x(l))'

This accomplishes the proof. O

5 (Gaussian estimates

In this section we prove Proposition 1.2 for Lie groups of step three by using the Harnack
estimates of the previous section. We also give sharp Gaussian estimates for the operators in
Examples 1.3, 1.4 and 1.5.

Proposition 5.1 Let L be the parabolic operator (1.14) on a Carnot G group of step three and
let T be its fundamental solution. There exists a positive constant C' such that

2
exp <—C"xt|G> , Y(z,t) € RY x RY. (5.1)
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Proposition 5.2 Let L be the Kolmogorov operator (1.16) on a group K of step three and let
I' be its fundamental solution. There exists a positive constant C' such that

2 6
C’ 1‘(1) 1;(3)
[(z,1) > —5= exp <—C’(‘ ; i + | tB‘K , V(x,t) € RY x RT. (5.2)
/%2
Proposition 5.3 Let L be the operator in (1.22) on a linked group L. = GAK of step three
and let T be its fundamental solution. There exists a positive constant C such that

2 6
I(z,y,w,t) > ; exp (—C<’(aj’y)‘IL + ML)) . Y(z,y,w,t) e RN xRT.  (5.3)

+% t 3

PrOOF OF PROPOSITION 1.2. For ¢ € RY, we apply Proposition 4.1 to v = I with zy = (O, cﬁ),
T = 1 and z = z5 ' o (¢,1) (here ¢ is the constant in the statement of Proposition 4.1). Note
that z = (z,t) with t = ch% and, by the triangular inequality,
1
2l < llzlle < co (I(€, Dlle + Iz ls) < € (|€lc +1)
for some positive constant C’ only depending on ¢ and ¢g. Thus we find

r(6.1) > Comp (~Claft) T (0. ) = Crewp (~Cilel) (54)

c
+1

where the constant C; does not depend on ¢ € RY. To prove the claim it is sufficient to use the
homogeneity of the fundamental solution (see (1.4)). O

PROOF OF PROPOSITION 5.1. We argue exactly as above by using Proposition 4.2 instead of
Proposition 4.1. Il

PROOF OF PROPOSITION 5.2. We proceed as in the proof of Proposition 1.2 and use Proposition
4.3. By (1.21) it is easy to check that x = &, since z; ' = —z so that

(2,t) = (0, +1> (&1) = <§7c+1>

', 1) > Crexp <_Cl (‘f(l)‘Q I ’5(3)‘2>)

instead of (5.4). We conclude as in the proof of Proposition 1.2, by using the homogeneity of I
O

PROOF OF PROPOSITION 5.3. For (§,n,w) € R™ x R"™ x R", we argue again as above and use
Proposition 4.4 with zy = (O 0,0

Then we obtain

'z +1) to get the following inequality

I, n,w,1) > Cexp (—C’ (|($,y)‘i + |w|2)> , (5.5)

where (z,y,w,t) = 25 o (£,1,w,1). From (1.25) and (1.21) it follows that z; ' = —2. Thus,
using again (1.25), (1.21) and (1.26), we infer

(w,y,w,t):<000 j1>0(£,n,w,1):(€ n,w, Jlr1>

and the claim follows. O
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