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Abstract

We consider a class of ultraparabolic differential equations that satisfy the Horman-
der’s hypoellipticity condition and we prove that the weak solutions to the equation with
measurable coefficients are locally bounded functions. The method extends the Moser’s
iteration procedure and has previously been employed in the case of operators verifying
a further homogeneity assumption. Here we remove that assumption by proving some
potential estimates and some ad hoc Sobolev type inequalities for solutions.
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1 Introduction

We consider a class of second order partial differential equations of Kolmogorov-Fokker-Planck

type with measurable coefficients in the form

mo N
Lu(z,t) = Z O, (aij(z, )0y u(z, 1)) + Z bijriOg;u(z,t) — Opu(w,t) =0

(1.1)
i,j=1 4j=1
where (z,t) = (z1,...,2n,t) = z denotes the point in RV*! and 1 < mg < N.
In order to state our assumptions, we define the principal part of L as follows
K=A,,+Y, (1.2)
where A,,, is the Laplace operator in the variables z1,...,Zy, and Y is the first order part
of L:
N

Y = Z bijxiaxj — 8t. (13)

4,j=1

Our assumptions are:
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[H.1] the principal part K of L is hypoelliptic (i.e. every distributional solution of Ku =0
is a C* function);

[H.2] the coefficients a;j, 1 < i,j < mg, are real valued, measurable functions of z.
Moreover a;; = aj;, 1 <1,j5 < mo, and there exists a positive constant p such that

for every z € RN+ and & e R™0. The matriz B = (bij)i,jzl,_.,7N 18 constant.

In the sequel, an equation of the form (1.1) satisfying [H.1]-[H.2] will be simply called
a KFP equation. A well-known criterion for the hypoellipticity of K is the Hormander’s
condition [16] which in our setting reads:

rank Lie (Op,, ..., 0r,,,Y) (2) = N +1, Vz e RNt

where Lie (8961, ooy Opps Y) denotes the Lie algebra generated by the first order differential
operators (vector fields) Oy, ..., 0z, ,Y. Then [H.1] only depends on mg and on the first
order part of L. We explicitly remark that uniformly parabolic operators (for which mg = N
and B = 0) are KFP operators and the related principal part is the usual heat operator in
RN On the other hand, there are also several examples of degenerate KFP operators, i.e.
with myg strictly lesser than IV, from diffusion theory and mathematical finance.

Example 1.1 Consider the following kinetic equation
of — (v, Vo f) = 9(f), t>0, zeR", veR" (1.4)

where n > 1 and Q(f) is the so-called “collision operator” which can take either a linear or
a non linear form. The solution f corresponds at each time t to the density of particles at
the point x with velocity v. If

Q(f) = divy (Vo f +v f),

then (1.4) becomes the prototype of the linear Fokker-Planck equation (see, for instance, [8]
and [32]) and it can be written in the form (1.1) by choosing mo =mn, N = 2n and

(I I
p=(5 %)
where I, is the identity n X n matriz.
In the Boltzmann-Landau equation (see [20], [6] and [21])

Q(f) = Z 8vi (aij(‘af)avjf) )

ij=1

the coefficients a;; depend on the unknown function through some integral expression.



Example 1.2 Equations of the form (1.1) arise in mathematical finance as well. More
specifically, the following linear KFP equation

S2055V + f(S)0yV — 0,V =0, S.t>0, MeR

with either f(S) =1log S or f(S) =S, arises in the Black € Scholes theory when considering
the problem of the pricing of Asian options (see [3]). Moreover, in the stochastic volatility
model by Hobson € Rogers, the price of an Furopean option is given as a solution of the KFP
equation

302(5 — M) (9ssV — 9sV) + (8 — M)oy V — 8,V =0,

for some positive continuous function o (see [15] and [9]). In the theory of bonds and interest
rates, KFP equations are considered in the study of the possible realization of Heath-Jarrow-
Morton [14] models in terms of a finite dimensional Markov diffusion (see, for instance, [33]
and [4]). We finally recall that nonlinear KFP equations of the form

Azu+ h(u)dyu — Ou = f(-,u), (z,y,t) € R™ x R x R.
occur in the theory of stochastic utility theory (see [1], [2], and [7]).

It is well known that the natural geometric setting for the study of KFP operators is the
analysis on Lie groups (see for instance Folland [13], Rothschild and Stein [34]).

The theory has been widely developed in the simplest case of homogeneous Lie groups.
A systematic study of this class of operators, when the coefficents a;; are constant, has
been carried out by Kupcov [18], and by Lanconelli and Polidoro [19]. The existence of a
fundamental solution has been proved by Weber [36], II'in [17], Eidelman [12] and Polidoro
[30], [29] in the case of Holder continuous coefficients a;;. Pointwise upper and lower bound
for the fundamental solution, mean value formulas and Harnack inequalities are given in [30],
[29]; Schauder type estimates have been proved by Satyro [35], Lunardi [22], Manfredini [23].

In the more general case of non-homogeneous groups, the existence of a fundamental
solution has been proved in [19] for KFP operators with constant coefficients and by Di
Francesco and Pascucci in [10] for Holder continuous coefficients. We also recall some mean
value formulas proved by Morbidelli in [25] and Harnack type inequalities in [25] and in [11].

Concerning the regularity of the weak solutions to (1.1), we recall the papers [5], [24],
[31], where the coefficients a;; satisfy a suitable vanishing mean oscillation condition. In [28]
we proved some pointwise estimate for the weak solutions to (1.1) by adapting a classical
iterative method introduced by Moser [26, 27] to the non Euclidean framework of the Lie
groups. In [28] we confined ourselves to the simplest case of homogeneous Lie groups; the
aim of this paper is to remove that assumption, in view of the above applications to physics
and finance.

We recall that the Moser’s method is based on a combination of a Caccioppoli type
estimate with the classical embedding Sobolev inequality. Due to the strong degeneracy of
the KFP operators, we encountered in [28] a new difficulty: the natural extension of the
Caccioppoli estimates gives an L12OC bound only of the first order derivatives 9y, u, ..., 0y, u
of the solution u of (1.1), but it does not give any information on the other spatial directions.



The main idea used in [28] is to prove a Sobolev type inequality only for the solutions to (1.1),
by using a representation formula for the solution w in terms of the fundamental solution of
the principal part K of L. More specifically, let u be a solution to (1.1), then

mo
Ku=(K-Lu=Y 0.,F, (1.5)
=1

where

mo
Flzz(él]_aw)axjua 'l‘Zl,..,ij_
j=1

Since the F;’s depend only on the first order derivatives d;;u, j = 1, ..., mq, the Caccioppoli
inequality yields an ngcl—estimate of the right hand side of (1.5). Thus, by using some
potential estimate for the fundamental solution of K, we prove the needed bound for the Lf oc
norm of wu.

The proof of the Caccioppoli type inequality plainly extends to non-homogeneous groups,
whereas the Sobolev inequalities used in [28] heavily rely on the homogeneity of the fun-
damental solution. The main results of this paper are some LP potential estimates for the
convolution with the non-homogeneous fundamental solution I' of K and with the derivatives
Oz, T, ... ,ﬁxmol“, that are given in Section 3, Theorem 3.1. Section 2 contains some known
facts about K and on the related Lie group. Section 4 is devoted to the Moser’s iterative
procedure.

In order to state our main results we introduce some notations. We denote by D =
(Ozyy- -+, 0zy), (- ) respectively the gradient and the inner product in RY. Besides, Dy, is
the gradient with respect to the variables z1, ..., zm,. We also write operator L in (1.1) and
the vector field Y defined in (1.3) in a more compact form:

L=div(AD)+Y, Y ={z,BD)—d, (1.6)
where A = (aij)1<ij<n, aij = 0 if ¢ > mg or j > my.

Definition 1.3 A weak solution of (1.1) in a subset Q of RNT! is a function u such that
U, Dy, Yu € L2 (Q) and

loc

/—(ADu, Dy) + oY u =0, Vo € C5°(9). (1.7)
Q

In the sequel we will also consider weak sub-solutions of (1.1), namely functions u such
that u, Dy, u, Yu € L2 (Q2) and

loc
/—(ADu, Dy) + ¢Yu >0, Vo € C5° (), ¢ > 0. (1.8)
Q

Moreover u is a weak super-solution of (1.1) if —u is a sub-solution. Clearly, if u is a sub and
super-solution of (1.1), then it is a solution.



As we shall see in Section 2, the natural geometry underlying operator L is determined
by a suitable homogeneous Lie group structure on RN*1. Our main results below reflect this
non-Euclidean background. Let “o” denote the Lie product on RV*! defined in (2.2), and
consider the cylinder

Ry ={(z,t) eRN xR | |z| <1, |t| <1}
For every zy € RN*! and r > 0, we set
Ro(z0) = 2000, (R1) ={z € RN | 2=2706,(C), (€ Ry} (1.9)
We also denote R, = R,-(0). Our main result is the following

Theorem 1.4 Let u be a non-negative weak solution of (1.1) in Q. Let zy € Q and r, o,
0< g <o <r <1, be such that R,(z9) C Q. Then there exists a positive constant ¢ which
depends on p and on the homogeneous dimension @ (cf. (2.10)) such that, for every p > 0,
it holds

c

sup W < ———— / uP. 1.10

Ry (1= 0P 10
Ry (20)

Estimate (1.10) also holds for every p < 0 such that u? € L*(R.(z0)).

Remark 1.5 Sub and super-solutions also verify estimate (1.10) for suitable values of p (see
Corollary 4.5). More precisely, (1.10) holds for

(i) p > 1 orp <0, if u is a non-negative weak sub-solution of (1.1) such that uP €
LY(Ry(20));

(ii) p €]0, %[, if u is a non-negative weak super-solution of (1.1). In this case, the constant
c in (1.10) also depends on p.

A direct consequence of Theorem 1.4 is the local boundedness of weak solutions to (1.1).

Corollary 1.6 Let u be a weak solution of (1.1) in Q. Let zg, 0,7 as in Theorem 1.4. Then,
we have )
p
c
wp ol < | oS [ WP Wz (1.11)
Rol(z0) (r—0)Qt2
Ry (20)

where ¢ = ¢(Q, ).

The following result restores the analogy with the classical result by Moser. Denote
Rr_(xo,to) = Rr(xo,t()) N {t < to}, then

Proposition 1.7 Let u be a non-negative weak solution of (1.1) in Q. Let zg € Q and r, o,

0<% <po<r <1, be such that Ry (20) C Q. Suppose that uP € L' (R, (2)), for some
p < 0. Then there exists a positive constant ¢ which depends on p and on the homogeneous
dimension Q) such that

sup uf < S / uP.

R, (20) (T - Q)Q+2 R (20)




2 Preliminaries

In this section we recall some known facts about the principal part K of L, and we give some
preliminary results. We first recall that K is invariant with respect to a Lie product in RV+1.

More specifically, we let
E(s) = exp(—sBT), s € R, (2.1)

and we denote by £¢, ¢ € RN+ the left translation l¢(z) = (o z in the group law
(€, t) 0 (&,7) = (E+ E(T)a,t+7), (1), (&,7) € RV, (2.2)

then we have
Ko fg = EC oK.

We recall that, by Proposition 2.1 of [19], hypothesis [H.1] is equivalent to assume that
for some basis on R, the matrix B has the canonical form

x By 0 --- 0
* x By .- 0
. . . (2.3)
* % * - B,
where By is a myi_1 X mg matrix of rank my, k=1,2,...,r with
'
mg>my > ...my > 1, and ka:N,
k=0

and the blocks denoted by “x” are arbitrary.
We denote by I'(+,¢) the fundamental solution of K in (1.2) with pole in ¢ € R¥*1. An
explicit expression of I'(+, () has been constructed in [16] and [18]:

[(2,¢) =0(¢ 02,0, Vz(eRVT 24,

where

w2

P (0).(0,0)) — | Voo @ (CHCT Wa) —tu®) e >0

0 ift <o,

(2.4)

and

C(t) = j E(s) (I’go 8) ET(s)ds
0

(E(-) is the matrix defined in (2.1) and I, is the my x mp identity matrix). Note that
hypothesis [H.1] implies that C(t) is strictly positive for every positive ¢ (see Proposition A.1



in [19]). If we denote by K* the formal adjoint of K : K* = A,,, + Y*, and by I'* its
fundamental solution, then

I'*(z,¢) =T(¢, 2), for every z, e RNl 2 £ (. (2.5)

Let us explicitly note that, since Y* = —Y — tr B, we have

/ *(z,t,6,0)dé = et B, for every (z,t) € RV x RY.
RN

Let Ko = Ay, + Yp be an operator satisfying condition [H.1], where Yy = (x, BoD) — 0,
and

0O B 0 --- 0
0 0 By --- 0
Bo=|: S (2.6)
o o o0 --- B,
o 0 0 --- 0

Then K| is invariant with respect to the dilations defined as
Oy = diag( Mg, NIy s .o, AL, A2) = diag(Dy, A?), A >0, (2.7)

where I,,, denotes the mj x my, identity matrix. More specifically (see Proposition 2.2 of
[19]) we have that
Koo 6y =\ ()0 Kp), for every A > 0. (2.8)

In (2.8) “0” denotes the composition law related to Ky. The converse implication is also true:
K is invariant with respect to the dilations (0))x>¢ if, and only if, the *-blocks of B in (2.3)
are zero matrices. In that case the corresponding matrices Ey and Cy U satisfy

Eo(\%s) = DxEo(s) D1, Cot(AT%t) = DACy () Dy (2.9)

for any s,t € R and A > 0. The fundamental solution I'y of Ky is a homogeneous function
with respect to (0))x>0, namely

Lo(8x(2),0) = A"9Iy(z,0), for every z € RN\ {0}, A >0,

where
Q=mo+3mi+ -+ (2r+1)m,. (2.10)

We denote by || - || the following norm:

o= (S ) T
z|| = x4+ |t 2

J

=1

where a; = (2r +1)! if 1 < j <mg and

_(@r+1)! - il Py b Lege
aj_T—i-l’ 1 +;mi_j_;mi, <KkK<ST.

7



Note that || - || is dy-homogeneous of degree 1, i.e.
10xz]] = Allz]| for every A > 0. (2.11)

We will denote by
B(¢0)={z e RV 1|l oz| < 0} (2.12)

the ball with center at ¢ € R¥*! and radius ¢ > 0. As we will see in Section 3 (formula
(3.17)) we have
meas B(C, o) = 0¥ meas B(0, 1),

(“meas” denotes the Lebesgue measure) then the natural number @ + 2 will be called the
homogeneous dimension of RNHL with respect to (6) x>0

It is known that homogeneous operators provide a good approximation of the non-
homogeneous ones. In order to be more specific, consider any operator K = A,,,+(x, BD)—0,
satisfying condition [H.1]. Denote by By the N x N matrix obtained by annihilating the -
blocks of B, define Ko = A, + (x, BoD) — 0; and denote by I'y its fundamental solution of
Ky. Then, for every b > 0, there exists a positive constant a such that

%I‘o(z) <T(z) <alo(2)

for every z € RV*! such that T'g(z) > b (see [19], Theorem 3.1). The above result says that,
in some sense, I'g shares some homogeneity properties with I', so that we can use the norm
||-]] also when K is not invariant with respect to (6)a>0. We explicitly note that the dilations
(0x) x>0 only depend on the matrix B.

For every A €]0,1] we set

Ky = )2 (5AOK05§). (2.13)
In order to explicitly write K and its fundamental solution, we note that, if
By, By 0 e 0
By By By -+ 0
B=| : Lo
By—10 Br-1a By o0 By
Br,O B'r,l B’I’,Q e Br,'r

where B; ; are the m; x m; blocks denoted by “x” in (2.3), then K\ = A, + Y\, where

Yy := (x, B\D) — 0 (2.14)
and
M By B 0 e 0
A By A2By B, )
By = )\2DABD% — : : : ) : (2.15)
AQTBr—l,O )\27’—237,_171 )\27"_437“—1,2 to Br
)\2r+23r’0 )\ZTBr,l )\27“72371’2 .. )\237« ,

)

8



The fundamental solution I'y of K is given by

N
_(@m) _ 1ot — ttr(B o
Iy (2, 1), (0,0)) NG exp (—3(Cy ' (t)z, z) — ttr(By)) ift >0,
0 if ¢ <0,

with
Bxs) =en(-sB]). G0 = [ o) (I’go 8) ET (s)ds.
0

Since the translation group related to K depends on A, it will be denoted by “0,”:

(@,t) ox (&,7) = (€ + Ea(T)a,t +7),  (x,8),(¢,7) e RVHL,
We recall that, for every given T' > 0, there exists a positive constant ¢y such that

(Co(t)z,x) (1 — er A2t t) <{(Ca(t)z,x) < (Co(t)x,x) (1 + CT)\Qt),
(C Wy y)y (1 —erX?t) <{(CH (B, y) < (Co Wy, y) (14 erA®t);

(2.16)

(2.17)

(2.18)

(2.19)

for every z,y € RNt €]0,T] and XA € [0,1] (see [19], formulas (3.23) and (3.24)). In the

sequel we will also use the following result
Lemma 2.1 Let T > 0 and cp as above. Then:

i) there exists a positive constant ¢/ such that

[ Dy (631(1) = €5 (0) D] < erx®e
for every t €]0,T] and X € [0,1];
i) there exist two positive constants c., ¢y such that
Q1 — epA?t) < det Cy(t) < (1 + epA?t),
for every (x,t) € RN x]0,T] and X € [0,1] such that t < é

PROOF. i) Since C; '(t) and C; ' (t) are symmetric, we have

|Dys (0570 = € @) Dy = sup (€52 () = 5 (1)) Doy D) <

ly|<1

cr\*t sup <C0_ t)D sy, D\/y> = cpA\?t sup <Co Dy, y) .

ly|<1 lyl<1

by the second set of inequalities in (2.19) and the second identity in (2.9). This proves the

claim.

ii) Let py be the k-th eigenvalue of D 1 CA( )D\}, and let v be one of the corresponding

eigenvector; it is not restrictive to assume that |vg| = 1. Then (2.19) yields

— N2t <y < 24).
<Co(t)D%Uk,D%Uk>(l erA°t) < p < <C0(t)D%Uk,D%Uk>(1 + e A*t);

9



so that, by (2.9),

(Co(V)vg, vg) (1 — CT)\2t) < g < (Co(V)vg, vi) (1 + CT)\2t).

Since det (D . Cx(t)D . ) is the product of its eigenvalues, from the above inequality it
t t

follows that

(1 — epA2)N < det (D%CA(t)D%) < 1+ ep 2N,
t t

for suitable positive constants ¢/, ¢, provided that ¢ is suitable small. Thus, (%) follows

from the fact that det D Vi= t% O
3 Potential estimates

In this section we prove some L9 estimates of the I'y-potential of a function f € LP(RN*1):

Iy(f)(2) = / Pa(zOf(Q)dC, =€ RN (3.1)

RN+1

We will also consider the potential I'y(D,, f), i.e.

DD )) 1=~ [ DA O£ (32)
RN-H
where Dy, ,I'\(z,t,&,7) is the gradient with respect to the variables xi,...,zn, and the

superscript in D,(é()) indicates that we are differentiating w.r.t. the variable (.
The main result of this section is the following L? estimate in the domain S = R x]0, T7.

Theorem 3.1 Let f € L*(St). There exists a positive constant ¢ = c¢(T, B) such that

ITAC) I p2e sy < el fllz2(sp)s (3.3)
ITA(Dimg )l 225 (50) < el fll2(50)s (3.4)

for every X €]0,1], where k =1+ ﬁ and k =1+ %

We first prove an uniform (in \) pointwise bound for I'y and D%())F A-

Proposition 3.2 For every T > 0 there exists a positive constant Ct such that:

Cr
IDNENG Sma (3.5)

C
(©) <__xr
Dmor)\(zaC) = HC_I oy ZHQ+1’

for every z,( € St and A €]0,1].

10



PROOF. Let z = (2,t),¢ = (£,7) € Sy and A €]0,1]. Denote w = (y,s) = ("loyz =
(x — Ex(t —7)&,t — 7). Then, in order to prove (3.5), it is sufficient to show that

|w|| 9T\ (w) < Cr, for every w € St and A €]0,1]. (3.7)
By (2.16) and Lemma 2.1 we get

_N
NUDE e
V@ (1 — er)2s)

for s < é On the other hand, (2.9) yields

r

exp (—i(Col(s)y,y)(l —epA\Zs) — N2s tr(B)>

-1 | 2 . -1
(& @Mw)—@%(UD%%I2§>ZWD%y‘m£Kh(Umm,

and (2.11) gives

1) = | (PyaDves)|| = v5 | (Pwt) | <evs(|pag] +1). 63
for a constant ¢ only dependent on the norm. Hence,
Q Q ?
I $)19Ca(w5) < Co(| D y| +1) " exp (—co\D;gy) ) (3.9)

for every (y,s) € St such that s < ﬁ, where the constants Cp, ¢y only depend on 1" and on
the matrix B. This proves the claim (3.7) for s < ﬁ

If ﬁ > T the proof is accomplished, otherwise we have to show that (3.7) holds in
the set RY x [ﬁ,T}. To that aim, we observe that detCy(s) is a positive function which
continuously depend on (s, ) in the compact set [ﬁ,T] x [0,1]. The same assertion holds

)

for the positive matrix D\/gC/\_l(s)D\/g. Then

Cx(y,s) < Crexp <—2‘D}y

where
N
(47r)—EeT\tr(B)\ ) ) .
Ci = , cl = min min (D _-Cy " (s)D_zn,n ).
' min  detCy(s) ' [51-,71%[0,1] \n|:1< vilx (5D 77>
[5e T1x[0,1] ’

Then, by using again (3.8), we get

Q.
Iy 9)1°Ta(y5) < Crs3e2(| Dy

e (o]
exp 4 ﬁy )

for every (y,s) € RN x [5=,T]. This proves that

2CT ’

Q 2
1190 0:5) < Ca D] +1) s (=] 0o (3.10)

11



for every (y,s) € Sp, where the constants Co,cy only depend on 7" and on the matrix B.
Since the right hand side of (3.10) is a bounded function, we get the claim (3.7).

In order to simplify the proof of (3.6), we first observe that (2.5) implies

D7(’r§2)F>\(Z7 C) = DmOFX(C7 Z))

so that it is sufficient to consider O¢, I'}(§, 7, 2,t) for j =1,...,mq.
As before, we let (,0) = 271 oy ( = (6 — Ex(T — t)x,7 — t) and we note that

1 ., _ .
8 F/\(% ) = _ir/\(nvo—) (C)\ 1(_0)77)]' for J=1...,mo. (311)

We next claim that

for j=1,...,mg, (3.12)

ﬁ

for every (n,0) € RN x [T, 0[, where the constant C3 only depends on T’ and on the matrix
B, so that, by (3.8), we obtain

[0+ | (€5 (=om) ;| < &

+ 1)2. (3.13)

On the other hand, the same argument used in the proof of (3.10) gives the following estimate

) e (~eafp_o )

,0[, and (3.6) follows from (3.13) and (3.11).

1. 0)|905n.0) < Ca(|D_v

for every (n,0) € RY x [-T
We next prove (3.12):

(e (=omm),| <[ (€71 (=0) = (=o)) m), | + | (ca" (—o0m)

|

j:,‘ (DJ—T;(CXI(—U) - CJI(—U))D\/;D\/%UL‘_F

\/1—7‘ <D¢—7€51(—")D¢3Dﬁn)j‘ <

Jl—Tf HDV—? €y (=) =Co ' (=0)) D=5

‘c

F

by (2.9). From Lemma 2.1-(3) it follows that

_ 1
‘(C}\l(_a)n)j‘ < Nar- (c’T)\Q(_cr) +C4) Dﬁn ,
where Cyy depends on Cy ' (1). This proves (3.12). O

12



In view of Proposition 3.2 we define, for A € [0,1],« €]0,Q + 2[ and p > 1

I9f(2) = (meas By (0,1)) @+ / £(©)

— 0/, z e RVHL (3.14)
srn{r<ty 1€ ox 2]

where f € LP(St). We next prove a result which is analogous to the classical potential
estimates on homogeneous Lie groups (cf., for instance, Folland [13]).

Proposition 3.3 Let a €]0,Q +2[,A € [0,1] and T > 0. Consider f € LP(St) for some
p €)1, +00[. Then the function I\ f is defined almost everywhere and there exists a constant
c¢=¢(T,B,p,a) such that

I3 fllLacsey < ¢ 1 fllzeesr)s (3.15)
where q is defined by
ol o
¢ p Q+2

The proof is analogous to that in the framework of homogeneous Lie groups: the main
difference occurs in the change of variable of integration, where some extra terms appear.

Remark 3.4 Let T € RT, \ € [0,1]. For any f € L'(St) we have

/ f(C_l oy z)d( = es’\2trBf(y, s)dyds, for every z = (x,t) € St;

N N

RN x]0,t[ RN x]0,t[ (3.16)

/ f(¢ oy 2)dz = / f(y,s)dyds, for every ¢ = (§,7) € St.
RN x]m,T]|

RN x]0,T—7]

Indeed, it suffices to perform the change of variable ®(y,s) = (Ex(—s)(x —y),t — s) in the
first integral and note that detE\(—s) = eSN'B | by (2.15) and (2.17). On the other hand,
in the second integral we use the change of variable ¥(y,s) = (y + Ex(s)¢,7 + s), and note
that detJy(w) = 1.

In particular, the second identity in (3.16) yields that for every ball

Br(¢.0) = {z e RV [I¢ o2l <o}

it holds
meas By (¢, 0) = 0“2 meas By(0,1). (3.17)

We next prove a Young type inequality for the inhomogeneous Lie group related to K.
Note that the Lie group corresponding to A = 0 is homogeneous and Lemma 3.5 restores the
standard Young inequality.

Lemma 3.5 Let p,q,r € [1,00] be three constant such that % + % =1+ % and let X € [0,1].
Let f € LP(St) and g € LY(St), then the function f x) g defined as

fonglz) = /S I el

belongs to L"(St) and

AT 1-L |t(B
1f % gll (s < N £ ooy 190 Lagsy

@
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PrROOF. We argue as in the proof of the classical Young’s inequality, and use Remark 3.4.
For any «, 8 € [0,1] and p1,p2 > 0 such that p% + p% + % =1 we have

!f*Ag(Z)IS/Sm{Q}!f(C ox 2)| 7 [g(Q)1D | (¢ o 2)| [9(Q) P dC <

1

( / |£(¢ Y ox 2)[ 7" g0 dc) '
Srn{r<t}

( |t e dc) " ( NGl dc) ”
Srn{r<t} Spn{r<t}

by the Holder inequality. We then change variable in the last but one integral: by Remark
3.4 we have

Lo o) < 7 ()| duw.
STO{T<t} RNX}O,t[

Thus, by integrating in the set S, we get

TA2|trB

11 rn (579 1912 5 5y

(/ST 19(¢)| =9 (/smm} F(C oy )| dz>d<>3.

We change again the variable in the last integral: in this case Remark 3.4 gives

1 2 gllrisy) <e

TA2[trB|
—1 17
1F 2 gllrespy <€ 70 Il Zam 50y 171 Lot arr (s, lgl1? 5, (57) gl orispy s (318)

From this point we conclude the proof as in the classical Case: for any given p,q,r € [1, 0]
such that %4—% =1+ 1 we choose @ = 1— 2,8 =1— 1 (note that o, 3 € [0,1]), then

p1 =2 po = % (so that ap1 = (1 - a)r and ﬁpg (1 — B)r). The proof of the Proposition
then follows from (3.18). O

PROOF OF PROPOSITION 3.3. As in the proof of Lemma 3.5, we follow a classical argument
and use Remark 3.4 when it is needed.

We first introduce some standard notation. Consider a measurable function f : 2 — R
where € denotes a measurable subset of RV, and let 87(a) = meas{z € Q : |f(z)| > a}
denote its distribution function. We say that f belongs to the space L4 (Q) (for p > 1) if
there exists a positive constant C' such that 3¢(a) < (%)p, for every positive a. In that case

11l 2r. ) = inf {C' > 0: B;(a) < (£)7},

is the weak-LP norm of f. We also recall that

1l = (p / ap-lﬁfm)da)”. (3.19)

14



In order to prove (3.15), we show that, for every p, q €]1, co] satisfying % +1= % + ﬁ,
we have

IS fll e, sy < CllfllLe (s (3.20)

for a positive constant C' depending on T, o, p and on the matrix B. The thesis follows from
the Marcinkiewicz interpolation theorem:.

In order to simplify the proof of (3.20), we assume || f|| 1r(s,) = 1, since it is not restrictive.
Moreover we write equation (3.14) as

I$(z) = /S IR USDC TS (3.21)

where a
(meas B)(0,1)) @+
[l

go(w) =

Q2
Note that, by (3.17), go has norm equal to one in the space Ly* (RV*1).

For any a > 0, we set

qo

p—1 Q+2
2 _p—1 T

= (50T
we define

Go\W), ifgozw > b, _

g (w) = 9oL T alv) gz () = ga(w) — g (w),

0, otherwise,

and

JHfz) = / (¢ ox DF(Q)AC, Trf(2) = / 0 (¢ o 2)F(Q)dC.
Srn{r<t} St

Nn{r<t}

To prove (3.20), we recall (3.21) and note that

Brgs(a) < Bys (a/2) + B, (a/2). (3.23)
We first consider the term (3 I f By the Holder inequality we get

p—1

T £(2) s( / N dc) " W s <

P

eAQTppl'“B'(/ !g;(y,8)|”zldyd8> ",
Srn{r<t}

by Remark 3.4, since we assume || f||zr(s,) = 1. By using (3.19) and (3.22) we find

p—1

p—1 — p=1
</ 90 (w9) 7 dyds) P QNI B
Srn{r<t} 9
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so that |.J; f(z)| < § for every z € Sp. Thus

5J;f(a/2) =0. (3.24)
We next consider the term I By Lemma 3.5 we have

1—2 |te(B <

2T
1T fllLe(se) <e ) Hg:;HLl(ST) 1Al (syy <

2T 175 tr(B)] lo} 1_Q+2
—_—m @
Q+2—« ’

since || f{| (s = 1 and
a 1 Q+2

[e3

+
loallsan < gra=al
by (3.19). Thus, being [[J3 £l (sp) < 95 Fllo(sy), we get
ﬁJ{i_f(a/Q) < a7 P N T=D)tx(B)] (Qf;‘_ay) p(1-%2) _ Ca™,

where the C is a positive constant that depends on T, a, p and on the matrix B (recall our
choice (3.22) of b). Then the above inequality and (3.24) give

Bref(a) < Ca™,

for any a > 0. This proves (3.20) and concludes the proof. O

Proor or THEOREM 3.1. By Proposition 3.2 we get
TA()(E)] < O (),
TA(Dmo ()] < CrIZH £(2)
for every z € Sp. Estimates (3.3) and (3.4) then follow from Proposition 3.3. O

As in the homogeneous case (see [28], Lemma 2.5) we can use the fundamental solution
I" as a test function in the definition of sub and super-solution.

Lemma 3.6 Let v be a weak sub-solution of div(ADv) + Yyv = 0 in Q. For every ¢ €
C5°(Q), » >0, and for almost every z € RV we have

[ ~14D0.D (T3 00) + Tz, oo 2 0.
Q

An analogous result holds for weak super-solutions.

Proof. For every € > 0, we set

xs(z,C)=X<M>, z,( € RV

9
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where x € C([0,+0c0l, [0,1]) is such that x(s) = 0 for s € [0,1], x(s) = 1 for s > 2 and
0 <y’ <2. By (1.8), for every € > 0 and z € RV*! we have

0< /—(AD% D (Tx(z,)xe(2,)9)) + Ta(z,)xe (2, ) pYav = —L1£(2) + Tae(2) = Iz e(2),

Q
where

Ia(2) = / (ADv, D (T5 (2, ) xe (2 )¢,
Q

De(2) = / Ty (2 )xe(2:) (—(ADv, Dg) + $Y30)
Q

I3 .(2) :/<AD’U,DX5(Z, NTA(z, ).
Q

Consider the first integral. Since @x:(z,-)ADv — @ADv in L?*(St), as ¢ — 0, (3.4) of
Theorem 3.1 gives

Ii(2) - / (ADv, D (T(2 ),
Q

as ¢ — 0, for almost every z € Sp. The same argument applies to the second and third
integrals, by (3.3) and, since I3.(z) — 0 as ¢ — 0, we conclude the proof. O

We next state, without proof, the following

Lemma 3.7 Let f € C? N Lip(R) be a monotone non-decreasing function. If f is convex
(resp. concave) and w is a weak sub-solution (resp. super-solution) of (1.1), then v = f(u)
is a weak sub-solution (resp. super-solution) of (1.1).

4 The Moser method

In this section we prove Theorem 1.4. We first recall that, in the case of homogeneous Lie
groups, it is not restrictive to consider the unit cylinder R; since the transformations of the

form
¢ — 29 06,(C), r>0, zp€ RV (4.1)

preserve the class of differential equations considered. In our setting, we rely on the following
result.

Lemma 4.1 The function u is a weak solution of (1.1) in the cylinder R,(zo) if and only if
v defined by
v(¢) =u(z006:(¢)), (€ R,

s a solution to the equation

Lyv = div(ADv) + Y,v = 0, in Ry, (4.2)

17



where A(C) = A(zo 0 6,(C)) satisfies hypothesis [H.2] with the same constant pu as A, and Y,
is defined in (2.14).
Proof. Since Y, 08, =126, 0Y and Y is {,,-invariant, we have that
Y;'O(Sroezo :T25rogzg oY,
or, more explicitly,

Y,0(¢) = ¥, Ou(z 0 6,(¢)) = r* (YO (u 0 £:,)) (6:(¢)) = r*(Yu) (20 0 6-(C)),

where the superscript in YT(O indicates that we are differentiating w.r.t. the variable (. On
the other hand, recalling (2.2) and (2.7), we clearly have

Dinyv(¢) = DiJu(z0 0 6,(0)) = (Do) (20 81 (C))-
Thus we deduce L,v(¢) = r2(Lu)(zp o 6,(¢)) and the thesis follows. O
Lemma 4.2 There exists a constant ¢ €]0, 1] such that
20, Rey_p) C R, (4.3)
for every r € [0,1], 0 €]0,1] and z € R,.

Proof. Let ¢ €]0,1]. By the expression (2.7) of the dilations (dy), we see that
R, C {(x,t) e RN | |z] < o, |t| < 0°}.

Then the thesis is a consequence of the following inclusion: there exists a positive constant c
such that

zop, Re CH{(&,7) | |z —€&| <ece, |[t—1| < (ce)?}, Vz € Ry, 0 < p,e < 1. (4.4)
Indeed, if we choose ¢ < %, we get
zo,. R: C Ry, Vz € R,,

and this shows (4.3) with ¢ = ¢
We are left with the proof of (4.4). If { = (¢,7) € z o, R. then

(=z0,z=(T+ E.(t)x,t +1)

for some z € R.. Hence

6= al =|o+ (B0 - B0)a] <[a+ |1 max B ce. [r—t] = ] <<
T bl S —
where ¢ =1+ max |[|E.L(s)]. O
Irl,]s|<1

As a consequence of the above lemmas, we only consider the unit cylinder in the proof
of Theorem 1.4 and prove the claim for the operators of the form ZT. We point out that,
since its principal part is K., we use the group law “o,.”. Theorem 1.4 is a consequence of
the following uniform (in r) Caccioppoli and Sobolev type inequalities.
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Theorem 4.3 [Caccioppoli type inequalities] Let u be a non-negative weak solution of
(4.2) for a given r € [0,1]. Let p € R,p # 0,p # % and let 0,0 be such that % <o<p<l.
If uP € L*(R;) then Dy uP € L*(R,) and there exists a constant c, only dependent on the
homogeneous dimension @, such that

e/ p(p +¢) 2p — 1
||Dm0up||L2(Rg) < ﬂ ||Up”L2(R§)7 where €= T (45)
Theorem 4.4 [Sobolev type inequalities]|. Let v be a non-negative weak solution of

(4.2), for a given r € [0,1]. Then v € LI (Ry), k =1+ %, and there exists a constant c,
only dependent on Q and u, such that

c
ollzaery < 5— (ol L2 (ry) + 1 Dmovllz2(Ry)) » (4.6)
for every o, 0 with % <o<p<l.

The proof of above estimates can be straightforwardly accomplished proceeding as in
Theorems 3.1 and 3.3 in [28], by using the potential estimates of the previous section, and
therefore is omitted. We are now in position to prove Theorem 1.4.

Proof of Theorem 1.4. Let u be a positive solution to Lu = 0 in R,(zp). By Lemma 4.1, the
function v(¢) = u(zp o §,(¢)), is a solution to (4.2) in R;. We first prove that there exists a
positive constant ¢ such that

c
supt? < ————— /vp; (4.7)
Ry, (1—o/r)@+2
Ry
then, by the change of variable (4.1), we obtain (1.10), since

/up(zo 06,(¢))d¢ = TQ1+2 /up(zo ow)dw = TQ% / uP(z)dz, (4.8)

Rl Rr RT‘ (ZO)

by Remark 3.4.
In order to prove (4.7) it is sufficient to set § = ¢(1 — p/r), where ¢ is the constant in
Lemma 4.2, and to prove that

ZQ+2
sup vP < e’ / vP (4.9)

for every z € R,
By Lemma 4.1, the function w(¢{) = v(z o, dg(€)) is a solution of

Lygw = div(ADw) + Yygw = 0, in Ry,

where A(C) = A(z o, 69(¢)) satisfies hypothesis [H.2] with the same constant p as A. Hence,
by a change of variables analogous to that in (4.8), in order to prove (4.9), it is sufficient to
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show that there exists a positive constant c;, only depending on the constant p in hypothesis
[H.2] and on the matrix B, such that

supu? < ¢p /u” (4.10)
Ry
2 R1

for every positive solution v of Lyu = 0: in particular, we emphasize that ¢; does not depend
ono=rfel0,1].

We next prove (4.10). We first consider the case p > 0 which is technically more compli-
cated. Combining Theorems 4.3 and 4.4, we obtain the following estimate: if ¢, > 0 verify
the condition

then there exists a positive constant c¢5 = ¢(d, @, ), such that

Cs
[w|| p2n(R,) < WHU(]HL?(RT)v (4.11)
for every o, r, % <po<r<1,and o €0,1], where k = 1 + %
Fixed a suitable § > 0 as we shall specify later and p > 0, we iterate inequality (4.11) by
choosing
1 1 pr"
Qn:2<1+2n), anT, TLENU{O}

¥
2

We set v = wuz2. If p > 0 is such that

lp™ — 1| > 26, Vn € NU {0}, (4.12)
by (4.11), we obtain
K" Cs§ K"
o g ) € o i, MENULOL (413

Since

n

10" | p2e = (Ioll pauns1)™  and [0 2 = ([[ol] o)™,
we can rewrite (4.13) in the form
-
cs K
HUHLQHnH(RQnH) < ((Qn_QnJrl)Q) HUHL2~"(RQn)-

Iterating this inequality, we obtain

1

cs =
el s, < T (=253 Mollzace,

G=0 j Qj+1)2
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and letting n go to infinity, we get

supv < € [|v||p2(r,)
Ry

where )

1:[( —QJ+1))Nj7

is a finite constant, dependent on §. Thus, we have proved (4.10) with ¢; = &2, for every
p > 0 which verifies condition (4.12).

We now make a suitable choice of § > 0, only dependent on the homogeneous dimension
@, in order to show that (4.10) holds for every positive p. We remark that, if p is a number
of the form
K™(k+1)

2 9

then (4.12) is satisfied with § = (2Q +4) 7!, for every m € Z. Therefore (4.10) holds for such
a choice of p, with ¢; only dependent on @, r. On the other hand, if p is an arbitrary positive
number, we consider m € Z such that

Pm = m € 7,

K™(k+1)

9 <P < DPm+1- (4.14)

Pm =

Hence, by (4.10), we have

2
supu < c%/upm <cfm /up
R,
2

R1 Rl

s
3
RSl

so that, by (4.14), we obtain

2p
supu? <™ [ uP < c%’“‘/up.
Ry
2 R1 R1

This concludes the proof of (4.10) for p > 0.

We next consider p < 0. In this case, assuming that u > ug for some positive constant ug,
estimate (1.10) can be proved as in the case p > 0 or even more easily since condition (4.11)
is satisfied for every p < 0. On the other hand, if u is a non-negative solution, it suffices
to apply (1.10) to u + %, n € N, and to let n go to infinity, by the monotone convergence
theorem. O

Proceeding as in the proof of Theorem 1.4, we obtain the following
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Corollary 4.5 Let u be a non-negative weak sub-solution of (1.1) in Q. Let zop € Q and r, o,
% < o< r <1, such that R.(z9) C Q2. Then we have

1
P
C
e R»(20)
1
p
. C
Ry (20)

where ¢ = ¢(Q, 1). Estimate (4.16) is meaningful only when uP € L' (R,(20)).

We close this section by proving the local boundedness of weak solutions to (1.1).

Proof of Corollary 1.6. We consider a sequence (gy )nen in C*(R, [0, +00[) with the following
properties:
gn(s) | max(0, s), seR, asn— oo,

and, for every n € N, g, is a monotone increasing, convex function which is linear out of
a fixed compact set. By Lemma 3.7, (g,(u)) and (g,(—u)) are sequences of non-negative

sub-solutions of L, which converge to «™ = max(0,u) and u~ = max(0, —u) respectively.
Thus, the thesis follows applying (4.15) of Corollary (4.5) to gn(u), gn(—u) and passing at
limit as n goes to infinity. O

Proof of Proposition 1.7. As in [28], we follow the lines of the proof of Theorem 1.4, by using
the following two estimates:

» cvplp+e) _2p—1j
| Dy ||L2(R5) < Ter—2) [Pl 2y, Where &= 5 (4.17)
and c
1921 20 ) < 7 (19 2gary + 1Dmot? 2y (4.18)

for every negative p and for any o, r with % <o<r<l.

The Sobolev type inequality (4.18) can be proved exactly as Theorem 4.4, since the
fundamental solution I'(x,t, &, 7) vanishes in the set {T > t}.

In order to prove the Caccioppoli type inequality (4.17) we we follow the method used in
the proof of Theorem 4.3, by using ¢ = u?~4? as a test function, where Y, (t) is defined as

1, if s<0,
Xn(s) =< 1—-mns, if 0<s<1/n,
0, if s>1/n,
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for every n € N. Then, by letting n — oo, we find

/ 1 9 v
(1 — 2p> *(ADv, Dv) + ¢ (ADv, DY) + TYﬂJ <0.

Ry

After that, we follow the same line used in the proof of Theorem 4.3 and we obtain (4.17).
We refer to [28] for a more detailed proof of the analogous result in homogeneous Lie groups.

O
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